
❆ ❙❡❛$❝❤ ❢♦$ ❙)❛$)✐♥❣ ❚$❛❝❦/ ✐♥ ■❝❡❝✉❜❡✿ ❆ ◆❡✇ ❲✐♥❞♦✇ ❢♦$ ❉❡)❡❝)✐♥❣ ❆/)$♦♣❤②/✐❝❛❧

◆❡✉)$✐♥♦/

❇②

❑②❧❡ ❩❛❝❤❛)② ❏❡)♦

❆ ❞✐//❡)0❛0✐♦♥ /✉❜♠✐00❡❞ ✐♥ ♣❛)0✐❛❧ ❢✉❧✜❧❧♠❡♥0 ♦❢

0❤❡ )❡8✉✐)❡♠❡♥0/ ❢♦) 0❤❡ ❞❡❣)❡❡ ♦❢

❉♦❝0♦) ♦❢ ;❤✐❧♦/♦♣❤②

✭;❤②/✐❝/✮

❛0 0❤❡

❯◆■❱❊❘❙■❚❨ ❖❋ ❲■❙❈❖◆❙■◆✕▼❆❉■❙❖◆

✷✵✶✼

❉❛0❡ ♦❢ ✜♥❛❧ ♦)❛❧ ❡①❛♠✐♥❛0✐♦♥✿ ❖❝0♦❜❡) ✸✶/0 ✷✵✶✼

❚❤❡ ❞✐//❡)0❛0✐♦♥ ✇❛/ )❡✈✐❡✇❡❞ ❜② 0❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡♠❜❡)/ ♦❢ 0❤❡ ❋✐♥❛❧ ❖)❛❧ ❈♦♠♠✐00❡❡✿

❆❧❜)❡❝❤0 ❑❛)❧❡✱ ;)♦❢❡//♦)✱ ;❤②/✐❝/

❏❛② ●❛❧❧❛❣❤❡)✱ ;)♦❢❡//♦)✱ ❆/0)♦♥♦♠②

❋)❛♥❝✐/ ❍❛❧③❡♥✱ ;)♦❢❡//♦)✱ ;❤②/✐❝/

❏✉/0✐♥ ❱❛♥❞❡♥❜)♦✉❝❦❡✱ ❆//✐/0❛♥0 ;)♦❢❡//♦)✱ ;❤②/✐❝/

❑✐♠❜❡)❧② ;❛❧❧❛❞✐♥♦✱ ❆//✐/0❛♥0 ;)♦❢❡//♦)✱ ;❤②/✐❝/



✐

❆❇❙❚❘❆❈❚

◆❡✉$%✐♥♦( ❛%❡ ❛ ✉♥✐*✉❡ ❝♦(♠✐❝ ♠❡((❡♥❣❡% ✇❤✐❝❤ ❛%❡ ✐♥ $❤❡ ❡❛%❧② ($❛❣❡( ♦❢ ♦♣❡♥✐♥❣ ❛ ♥❡✇ ✇✐♥❞♦✇ $♦ $❤❡

✉♥✐✈❡%(❡✳ ❯♥❧✐❦❡ $❤❡✐% ❝♦(♠✐❝ ❜%❡$❤%❡♥✱ ♥❡✉$%✐♥♦( ❛%❡ ✉♥❞❡✢❡❝$❡❞ ❛♥❞ ✉♥❛$$❡♥✉❛$❡❞ ❛( $❤❡② $%❛✈❡❧ ❝♦(♠✐❝

❞✐($❛♥❝❡( $♦ %❡❛❝❤ $❤❡ ❊❛%$❤✳

■♥ %❡❝❡♥$ ②❡❛%( ■❝❡❈✉❜❡ ❤❛( ♣✐♦♥❡❡%❡❞ $❤❡ (❡❛%❝❤ ❢♦% ❛($%♦♣❤②(✐❝❛❧ ♥❡✉$%✐♥♦( ✇✐$❤ ❞✐(❝♦✈❡%✐❡( ♦❢ ❛ ❞✐✛✉(❡

❛($%♦♣❤②(✐❝❛❧ ♥❡✉$%✐♥♦ ✢✉① ✐♥ $✇♦ ❞✐✛❡%❡♥$ ❝❤❛♥♥❡❧( ♦❢ ♥❡✉$%✐♥♦ ❞❡$❡❝$✐♦♥❀ ✉♣✇❛%❞✲❣♦✐♥❣ ♠✉♦♥ ♥❡✉$%✐♥♦(

✇❤✐❝❤ ✉(❡ $❤❡ ❊❛%$❤ ❛( ❛ (❤✐❡❧❞ ❛❣❛✐♥($ ❜❛❝❦❣%♦✉♥❞ ❛♥❞ ♥❡✉$%✐♥♦( ✇❤✐❝❤ ❧❡❛✈❡ ❛ ❝❛(❝❛❞❡✲❧✐❦❡ ❞❡♣♦(✐$ ✇❤✐❝❤

$❛❦❡ ❛❞✈❛♥$❛❣❡ ♦❢ ❝♦%%❡❧❛$✐♦♥( ✐♥ ❛✐% (❤♦✇❡%( $♦ %❡♠♦✈❡ ❜❛❝❦❣%♦✉♥❞✳

❚❤✐( $❤❡(✐( ❢♦❝✉(❡( ♦♥ $❤❡ ✉♥❞❡%✉$✐❧✐③❡❞ ❞❡$❡❝$✐♦♥ $♦♣♦❧♦❣② ♦❢ ($❛%$✐♥❣ $%❛❝❦(✱ ♠✉♦♥ $%❛❝❦( ❢%♦♠ ♥❡✉$%✐♥♦(

✇❤♦(❡ ✐♥$❡%❛❝$✐♦♥ ✈❡%$❡① ✐( ❝♦♥$❛✐♥❡❞ ✐♥(✐❞❡ $❤❡ ❞❡$❡❝$♦%✱ $♦ ❛❝❝❡(( $❤❡ ❛($%♦♣❤②(✐❝❛❧ ✢✉① ❛♥❞ ♦❜(❡%✈❡❞ ♥❡✇

❛($%♦♣❤②(✐❝❛❧ ♥❡✉$%✐♥♦( ✐♥ ❛%❝❤✐✈❛❧ ❞❛$❛ $❤❛$ ✇♦✉❧❞ ❤❛✈❡ ♦$❤❡%✇✐(❡ %❡♠❛✐♥❡❞ ✉♥✐❞❡♥$✐✜❡❞✳ ❚❤❡(❡ ($❛%$✐♥❣

$%❛❝❦(✱ ✇❤❡♥ $%❡❛$❡❞ ♣%♦♣❡%❧②✱ ❝❛♥ $❛❦❡ ❛❞✈❛♥$❛❣❡ ♦❢ ❛ ✈❡%② ($%♦♥❣ ❡✛❡❝$ ❝❛❧❧❡❞ $❤❡ ❞✐%❡❝$ (❡❧❢✲✈❡$♦ $♦ %❡♠♦✈❡

❜❛❝❦❣%♦✉♥❞ ❡✈❡♥$( ❛♥❞ ♦♣❡♥ ❛ ♥❡❛%❧② ❜❛❝❦❣%♦✉♥❞ ❢%❡❡ ✇✐♥❞♦✇ ❢♦% ❛($%♦♣❤②(✐❝❛❧ ♥❡✉$%✐♥♦ ❞❡$❡❝$✐♦♥ ✐♥ $❤❡

(♦✉$❤❡%♥ (❦②✳

◆❡✇❧② ❞❡✈❡❧♦♣❡❞ ♠❡$❤♦❞(✱ $❡❝❤♥✐*✉❡(✱ ❛♥❞ (✐♠✉❧❛$✐♦♥( ❛%❡ ✈✐$❛❧ $♦ $❤❡ (✉❝❝❡(( ♦❢ $❤✐( ✇♦%❦ ❛♥❞ ❛%❡

♣%❡(❡♥$❡❞ ❛❧♦♥❣ $❤❡ ✇❛② $♦ $❤❡ ✜♥❛❧ %❡(✉❧$✳



✐✐

❆❈❑◆❖❲▲❊❉●▼❊◆❚❙

■✬❞ ❧✐❦❡ '♦ '❤❛♥❦ ❛ ♥✉♠❜❡/ ♦❢ ♣❡♦♣❧❡ ✇❤♦ ❤❡❧♣❡❞ ♠❡ ❝♦♠♣❧❡'❡ '❤❡ ✇♦/❦ ❢♦/ '❤✐4 '❤❡4✐4✳

❋✐/4'✱ ■✬❞ ❧✐❦❡ '♦ '❤❛♥❦ ❉/✳ ❆❧❜/❡❝❤' ❑❛/❧❡✳ ❨♦✉✬✈❡ '❛✉❣❤' ♠❡ ❤♦✇ '♦ ❡♠❜♦❞② '❤❡ ✉♥✐✈❡/4✐'②✬4 ✐❞❡❛❧4 ♦❢

4✐❢'✐♥❣ ❛♥❞ ✇✐♥♥♦✇✐♥❣ ❢♦/ '❤❡ '/✉'❤✳ ■ ❦♥♦✇ '❤❛' '❤❡ ❞✐4❝❡/♥✐♥❣ ❡②❡ ■✬✈❡ ❛❝?✉✐/❡❞ '❤/♦✉❣❤ ②♦✉/ ❣✉✐❞❛♥❝❡ ✇✐❧❧

❜❡ ✐//❡♣❧❛❝❡❛❜❧❡ ❛4 ■ ♠♦✈❡ ❢♦/✇❛/❞ ✐♥ ♠② ❝❛/❡❡/ ❛♥❞ ❧✐❢❡✳

❙❡❝♦♥❞✱ ■✬❞ ❧✐❦❡ '♦ '❤❛♥❦ ❉/✳ ❏❛♠❡4 ▼❛❞4❡♥✳ ■❢ ♥♦' ❢♦/ ②♦✉/ 4✉♣♣♦/' ❛♥❞ ❡♥❝♦✉/❛❣❡♠❡♥' '❤/♦✉❣❤

❝♦♥♥❡❝'✐♦♥4 ❛♥❞ ♦♣♣♦/'✉♥✐'✐❡4 ✇❤❡♥ ✇❡ ✇♦/❦❡❞ '♦❣❡'❤❡/ ✐♥ ❘✐✈❡/ ❋❛❧❧4✱ ■ ❞♦♥✬' '❤✐♥❦ ■ ✇♦✉❧❞ ❤❛✈❡ ❤❛❞ '❤❡

❝❤❛♥❝❡ '♦ ❛''❡♥❞ ❣/❛❞✉❛'❡ 4❝❤♦♦❧ ❛' ❯❲✲▼❛❞✐4♦♥✳ ❚❤❛♥❦4 ❢♦/ ❜❡❧✐❡✈✐♥❣ ✐♥ ♠❡ ❛♥❞ ❧❡''✐♥❣ ♠❡ ❣❛✐♥ 4♦ ♠❛♥②

❧✐❢❡ ❡①♣❡/✐❡♥❝❡4 ✇❤✐❧❡ ❞♦✐♥❣ /❡4❡❛/❝❤ ✇✐'❤ ②♦✉✳

❚❤✐/❞✱ ■✬❞ ❧✐❦❡ '♦ '❤❛♥❦ '❤❡ ❣/❛❞✉❛'❡ 4'✉❞❡♥'4 ■✬✈❡ ✇♦/❦❡❞ ✇✐'❤ ❢♦/ '❤❡✐/ '✐♠❡ ❛♥❞ ❛44✐4'❛♥❝❡✳ ■♥ ♣❛/'✐❝✉❧❛/

❏❛❦♦❜ ❱❛♥ ❙❛♥'❡♥✱ ❈❤/✐4'♦♣❤❡/ ❲❡❛✈❡/✱ ❛♥❞ ❏❛❦❡ ❋❡✐♥'③❡✐❣✱ ✇❤♦ '❛✉❣❤' ♠❡ ❛❜♦✉' ■❝❡❈✉❜❡✱ ✐'✬4 4♦❢'✇❛/❡✱

❛♥❞ ❝✉❧'✉/❡✱ ❛♥❞ ❙❛/❛❤ ▼❛♥❝✐♥❛✱ ✇❤♦ ❤❛4 ❤❡❧♣❡❞ ♠❡ ✇✐'❤ 4♦♠❡ ♦❢ '❤❡ /❡4✉❧'4 ♦❢ '❤✐4 '❤❡4✐4✳

❋✐♥❛❧❧②✱ ■✬❞ ❧✐❦❡ '♦ '❤❛♥❦ ♠② ✇✐❢❡✱ ❏✉❧✐❛✳ ❨♦✉ ❜❡❧✐❡✈❡❞ ✐♥ ♠❡ ❛♥❞ 4✉♣♣♦/'❡❞ ♠❡ '❤❡ ✇❤♦❧❡ ✇❛②✳ ■ ❦♥♦✇

✐' ✇❛4♥✬' ❡❛4② ❢♦/ ②♦✉ ❛❧❧ '❤❡ '✐♠❡✳ ❨♦✉ ❦❡♣' ♠❡ ❢♦❝✉4❡❞ ❛♥❞ ❧❡' ♠❡ '❛❦❡ ✇❤❛' ■ ♥❡❡❞❡❞ '♦ ❜❡ 4✉❝❝❡44❢✉❧✱

4♦♠❡'✐♠❡4 ❛' ♣❡/4♦♥❛❧ ❡①♣❡♥4❡✳ ❨♦✉/ ❝♦♥'/✐❜✉'✐♦♥ '♦ '❤✐4 '❤❡4✐4 ✐4 ♠♦/❡ ✐♠♣♦/'❛♥' '❤❛♥ ❛♥② ✇♦/❞4 ✐♥ ❛

♣❛/❛❣/❛♣❤ ♦/ ❧✐♥❡4 ♦♥ ❛ ♣❧♦'✳



✐✐✐

❚❆❇▲❊ ❖❋ ❈❖◆❚❊◆❚❙

!❛❣❡

❆❇❙❚❘❆❈❚ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✐

▲■❙❚ ❖❋ ❚❆❇▲❊❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✈✐

▲■❙❚ ❖❋ ❋■●❯❘❊❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✈✐✐

✶ ./❡❢❛❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

✷ ❍✐❣❤ ❊♥❡/❣② ❈♦<♠✐❝ ❘❛②< ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸

✸ .❤②<✐❝< ❇❛❝❦❣/♦✉♥❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✸✳✶ ❈♦,♠✐❝ ❘❛②, ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✸✳✶✳✶ ❈❤❛2❣❡❞ !❛24✐❝❧❡ ❆❝❝❡❧❡2❛4✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✸✳✷ ◆❡✉42✐♥♦ !❤②,✐❝, ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✸✳✸ ❆4♠♦,♣❤❡2✐❝ ◆❡✉42✐♥♦ !2♦❞✉❝4✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✸✳✸✳✶ ❈♦♥✈❡♥4✐♦♥❛❧ ◆❡✉42✐♥♦ ❋❧✉① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✸✳✸✳✷ !2♦♠♣4 ◆❡✉42✐♥♦ ❋❧✉① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✸✳✹ ❆,42♦♣❤②,✐❝❛❧ ◆❡✉42✐♥♦ !2♦❞✉❝4✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✸✳✹✳✶ ❉✐✛✉,❡ ◆❡✉42✐♥♦, ❢2♦♠ 4❤❡ ●❛❧❛❝4✐❝ !❧❛♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✸✳✹✳✷ !♦,,✐❜❧❡ ❆,42♦♣❤②,✐❝❛❧ ❙♦✉2❝❡, ♦❢ ◆❡✉42✐♥♦, ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✸✳✹✳✸ ❈♦,♠♦❣❡♥✐❝ ◆❡✉42✐♥♦, ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✸✳✺ ▼✉♦♥ !❤②,✐❝, ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✸✳✻ ❈❤❡2❡♥❦♦✈ ❘❛❞✐❛4✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✸✳✼ ▲✐❣❤4 ❊♠✐,,✐♦♥ ❚♦♣♦❧♦❣✐❡, ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✸✳✼✳✶ ▼✉♦♥ ❚2❛❝❦, ❇❡❧♦✇ ✸✵✵ ●❡❱ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✸✳✼✳✷ ❈❛,❝❛❞❡, ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✸✳✼✳✸ ▼✉♦♥ ❚2❛❝❦, ❆❜♦✈❡ ✸✵✵ ●❡❱ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✹ ❱❡D♦✐♥❣ ❆D♠♦<♣❤❡/✐❝ ◆❡✉D/✐♥♦< ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✹✳✶ ❚❤❡♦2② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✹✳✷ ■♠♣❧❡♠❡♥4❛4✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✹✳✷✳✶ ■♥ ■❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✹✳✷✳✷ ❙✉2❢❛❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✺ ❆<D/♦♣❤②<✐❝❛❧ ◆❡✉D/✐♥♦ ❋❧✉① ▼❡❛<✉/❡♠❡♥D< ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✺✳✶ ❙4❛24✐♥❣ ❊✈❡♥4 ❆♥❛❧②,❡, ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✺✳✶✳✶ ❍✐❣❤ ❊♥❡2❣② ❙4❛24✐♥❣ ❊✈❡♥4 ❙❡❧❡❝4✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✺✳✶✳✷ ▼❡❞✐✉♠ ❊♥❡2❣② ❙4❛24✐♥❣ ❈❛,❝❛❞❡ ❙❡❧❡❝4✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸



✐✈

"❛❣❡

✺✳✷ ❯♣✇❛,❞✲●♦✐♥❣ ▼✉♦♥ ◆❡✉5,✐♥♦6 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✺✳✸ ❉✐6❝✉66✐♦♥ ♦❢ ❆65,♦♣❤②6✐❝❛❧ ❋❧✉① ▼❡❛6✉,❡♠❡♥56 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✻ ■❝❡❈✉❜❡ ❉❡(❡❝(♦* ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✻✳✶ ❉❖▼6 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✻✳✶✳✶ ❍❛,❞✇❛,❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✻✳✶✳✷ ❖♣❡,❛5✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✻✳✷ ❉❡6✐❣♥ ♦❢ ❛ ❙5,✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✻✳✸ ❈❛❧✐❜,❛5✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✻✳✸✳✶ ❈❛❧✐❜,❛5✐♥❣ ❛ ❉❖▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✻✳✸✳✷ ❚✐♠❡ ❈❛❧✐❜,❛5✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✻✳✹ ▼♦❞❡,♥✐③❛5✐♦♥ ♦❢ 5❤❡ ■❝❡❈✉❜❡ ❉❆◗ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✻✳✺ ❉❛5❛ ❆❝Q✉✐6✐5✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✻✳✻ ❉❛5❛ ❋✐❧5❡,✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✻✳✼ ■❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

✻✳✼✳✶ ❙❝❛55❡,✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✻✳✼✳✷ ❆❜6♦,♣5✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✻✳✼✳✸ ❉❡♣5❤ ❉❡♣❡♥❞❡♥❝❡ ❛♥❞ ▲❛②❡, ❚✐❧5 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✻✳✼✳✹ ❆♥✐6♦5,♦♣② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✻✳✼✳✺ ▲♦❝❛❧ ❊✛❡❝56 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✼ ❊✈❡♥( ❙✐♠✉❧❛(✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✼✳✶ "❛,5✐❝❧❡ ●❡♥❡,❛5✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✼✳✶✳✶ ❆5♠♦6♣❤❡,✐❝ ▼✉♦♥6 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✼✳✶✳✷ ◆❡✉5,✐♥♦6 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

✼✳✶✳✸ ❲❡✐❣❤5✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✼✳✷ "❛,5✐❝❧❡ ",♦♣❛❣❛5✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✼✳✷✳✶ ❚,❛❝❦✲▲✐❦❡ "❛,5✐❝❧❡ ",♦♣❛❣❛5✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✼✳✷✳✷ ❈❛6❝❛❞❡✲▲✐❦❡ "❛,5✐❝❧❡ ",♦♣❛❣❛5✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✼✳✸ "❤♦5♦♥ ",♦♣❛❣❛5✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✼✳✹ ❉❡5❡❝5♦, ❙✐♠✉❧❛5✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✽ ❊✈❡♥( ❘❡❝♦♥6(*✉❝(✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

✽✳✶ ❈❛6❝❛❞❡ ❘❡❝♦♥65,✉❝5✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

✽✳✷ ❚,❛❝❦ ❘❡❝♦♥65,✉❝5✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✽✳✷✳✶ ❉✐,❡❝5✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✽✳✸ ▼✐❧❧✐♣❡❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

✽✳✸✳✶ ■♥5,♦❞✉❝5✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

✽✳✸✳✷ ❯♥❞❡,❧②✐♥❣ ❆❧❣♦,✐5❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

✽✳✸✳✸ "❡,❢♦,♠❛♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶

✽✳✸✳✹ ❯6❡ ❲✐5❤ ❛♥ ❆♥❣✉❧❛, ▼✐♥✐♠✐③❡, ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

✽✳✸✳✺ ■66✉❡6 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

✽✳✸✳✻ ■❞❡❛6 ❛❜♦✉5 ❘❡6♦❧✈✐♥❣ 5❤❡ ■66✉❡6 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✷



✈

!❛❣❡

✾ ❉❛#❛ ❙❡❧❡❝#✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✹

✾✳✶ ■♥❝♦♠✐♥❣ ▼✉♦♥ ❱❡3♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✺

✾✳✶✳✶ ❉❡✜♥✐♥❣ ❚❤❡ ▼✉♦♥ ❛♥❞ ❱❡3♦ ❘❡❣✐♦♥; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✽

✾✳✶✳✷ ❙❡33✐♥❣ ❚❤❡ !❤♦3♦♥ ❚❛❜❧❡ ❙❝❛❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✵

✾✳✶✳✸ ❈❛❧❝✉❧❛3✐♥❣ ❚❤❡ ❱❡3♦ !C♦❜❛❜✐❧✐3② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✹

✾✳✷ ❈✉3; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✼

✾✳✷✳✶ !C❡✲❈✉3; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✽

✾✳✷✳✷ ❈♦❛C;❡ ●C✐❞ ❙❡❛C❝❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✵

✾✳✷✳✸ ❋✐♥❡ ●C✐❞ ❙❡❛C❝❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✷

✾✳✸ ❍✐❣❤ ▲❡✈❡❧ ❘❡❝♦♥;3C✉❝3✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻

✾✳✹ ❋✐♥❛❧ ❈✉3; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻

✾✳✹✳✶ ❉♦✇♥✲❣♦✐♥❣ ❙❡❧❡❝3✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻

✾✳✹✳✷ ❯♣✲❣♦✐♥❣ ❙❡❧❡❝3✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✺

✾✳✺ ❊✈❡♥3 ❘❛3❡ ❆3 ❉✐✛❡C❡♥3 ❈✉3 ▲❡✈❡❧; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✺

✾✳✻ ◆❡✉3C✐♥♦ ❊♥❡C❣② ❊;3✐♠❛3❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✻

✾✳✼ ❊❙❚❘❡❙ ❋✐❧3❡C ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✶

✾✳✽ ❊✛❡❝3✐✈❡ ❆C❡❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✶

✶✵ ❆♥❛❧②/✐/✱ ❘❡/✉❧#/✱ ❖✉#❧♦♦❦✱ ❛♥❞ ❈♦♥❝❧✉/✐♦♥/ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✻

✶✵✳✶ ❊①♣❡❝3❛3✐♦♥ ❋C♦♠ ❙✐♠✉❧❛3✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✻

✶✵✳✶✳✶ ❆♥❣✉❧❛C ❘❡;♦❧✉3✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✻

✶✵✳✶✳✷ ❊♥❡C❣② ❘❡;♦❧✉3✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✼

✶✵✳✷ ❊✈❡♥3; ✐♥ 3❤❡ ❇✉C♥ ❙❛♠♣❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✶

✶✵✳✸ ❖✉3❧♦♦❦ ❢♦C 3❤❡ ❋✉❧❧ ❙❛♠♣❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✾

✶✵✳✸✳✶ ❊✈❡♥3; ❋C♦♠ ❆;3C♦♣❤②;✐❝❛❧ ❋❧✉①❡; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✵

✶✵✳✸✳✷ ❊✈❡♥3; ❋C♦♠ ❆3♠♦;♣❤❡C✐❝ ❋❧✉① ▼♦❞❡❧; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✻

✶✵✳✸✳✸ !♦✐♥3 ❙♦✉C❝❡ !♦3❡♥3✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✷

✶✵✳✹ ❈♦♥❝❧✉;✐♦♥; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✺

❆77❊◆❉■❳ ■♥#❡<❡/#✐♥❣ ❖❜/❡<✈❡❞ ❊✈❡♥#/ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✼

❆77❊◆❉■❳ ❈❖❘❙■❑❆ ▼♦❞✐✜❝❛#✐♦♥ ❋♦< ❋❛/#❡< ❇❛❝❦❣<♦✉♥❞ ●❡♥❡<❛#✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✾

❆77❊◆❉■❳ ❚❤❡ ♣❉❖▼ ❉❆◗ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶✺

▲■❙❚ ❖❋ ❘❊❋❊❘❊◆❈❊❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷✹



✈✐

▲■❙❚ ❖❋ ❚❆❇▲❊❙

❚❛❜❧❡ '❛❣❡

✹✳✶ '❛,❛♠❡.❡,/ ❢♦, .❤❡ ❡❧❜❡,. ❢♦,♠✉❧❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✺✳✶ ❱❛❧✉❡/ ❢♦, ❞❡✜♥✐♥❣ .❤❡ ❝❤❛,❣❡ ❞❡♣❡♥❞❡♥. ❞✐/.❛♥❝❡ .♦ ❡❞❣❡ ❝✉. ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✺✳✷ ❱❛,✐❛❜❧❡/ ♦❢ .❤❡ ✉♣✇❛,❞✲❣♦✐♥❣ ♠✉♦♥ ♥❡✉.,✐♥♦ /❡❧❡❝.✐♦♥✬/ ❇❉❚ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✾✳✶ ❚❛❜❧❡ ♦❢ .❤❡ ✈❛,✐❛❜❧❡/ ✉/❡❞ ✐♥ ❊❙❚❊❙✬/ ❇❉❚ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✽

✾✳✷ ❚❛❜❧❡ ♦❢ .❤❡ ✈❛,✐❛❜❧❡/ ✉/❡❞ .♦ ❝♦♥/.,✉❝. .❤❡ ❝❧❛//✐✜❡, ✈❛,✐❛❜❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✾

✾✳✸ ❚❤❡ ✇❡✐❣❤.❡❞ ❛♥❞ ✉♥✇❡✐❣❤.❡❞ /❡♣❛,❛.✐♦♥ ❣❛✐♥❡❞ ❜② ✉/✐♥❣ ❝✉./ ✐♥✈♦❧✈✐♥❣ ❡❛❝❤ ✈❛,✐❛❜❧❡ ✐♥ .❤❡ ❇❉❚✶✻✵

✾✳✹ ❚❤❡ ❡✛❡❝. ♦❢ ❝✉./ ✐♥ .❤❡ /❡❧❡❝.✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✻

✶✵✳✶ ❚❤❡ ♥✉♠❜❡, ♦❢ ❡✈❡♥./ ♣❡, ②❡❛, ♦❢ ❜✉,♥ /❛♠♣❧❡ ✇❤✐❝❤ ❡♥.❡, .❤❡ ❊❙❚❊❙ /❡❧❡❝.✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✶

✶✵✳✷ ❚❤❡ ♥✉♠❜❡, ♦❢ ❛/.,♦♣❤②/✐❝❛❧ ❡✈❡♥./ ❡①♣❡❝.❡❞ ✐♥ ✺ ②❡❛,/ ✇✐.❤ ❛♥ ❛/.,♦♣❤②/✐❝❛❧ ♣,♦❜❛❜✐❧✐.② ❣,❡❛.❡,

.❤❛♥ ✺✵✪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾✹

❆✳✶ ❚❛❜❧❡ ♦❢ .❤❡ ❡✈❡♥./ ✇❤✐❝❤ ❛,❡ ❧✐❦❡❧② .♦ ❜❡ ❛/.,♦♣❤②/✐❝❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵✽



✈✐✐

▲■❙❚ ❖❋ ❋■●❯❘❊❙

❋✐❣✉%❡ '❛❣❡

✷✳✶ ❘❡-✉❧/- ❢%♦♠ ❱✐❝/♦% ❍❡--✬ ❛♥❞ ❲❡%♥❡% ❑♦❧❤<%-/❡%✬- ❜❛❧❧♦♥ ✢✐❣❤/- ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✷✳✷ ❚❤❡ ❝♦-♠✐❝ %❛② -♣❡❝/%✉♠ ❢%♦♠ ✶✵✵ ▼❡❱ /♦ ✶✵✵✵ ❊❡❱ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✷✳✸ ❈♦-♠✐❝ %❛② -♣❡❝/%✉♠ ❛- ♠❡❛-✉%❡❞ ❜② ❞✐%❡❝/ ❞❡/❡❝/✐♦♥ ❡①♣❡%✐❡♠♥/- ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✷✳✹ ❯❧/%❛ ❤✐❣❤ ❡♥❡%❣② ❝♦-♠✐❝ %❛② -♣❡❝/%✉♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✸✳✶ ❍✐❧❧❛- '❧♦/ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✸✳✷ ▼❡❛♥ ❢%❡❡ ♣❛/❤ ♦❢ ❣❛♠♠❛ %❛②- ✐♥ ✐♥/❡%-/❡❧❧❛% -♣❛❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✸✳✸ ◆❡✉/%✐♥♦ ✐♥/❡%❛❝/✐♦♥- ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✸✳✹ ◆❡✉/%✐♥♦✲♥✉❝❧❡♦♥ ❝%♦-- -❡❝/✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✸✳✺ ❆/♠♦-♣❤❡%✐❝ ♥❡✉/%✐♥♦ ✢✉①❡- ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✸✳✻ ▼✉♦♥ ❡♥❡%❣② ❧♦-- %❛/❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✸✳✼ ❈❤❡%❡♥❦♦✈ %❛❞✐❛/✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✸✳✽ ▼✉♦♥ ❛♥❞ ❡❧❡❝/%♦♥ -♣❡❡❞ ❛- ❛ ❢✉♥❝/✐♦♥ ♦❢ ❡♥❡%❣② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✸✳✾ ❙✐♠✉❧❛/✐♦♥ ♦❢ ❛ ✷✹ ●❡❱ ❡❧❡❝/%♦♥ ✐♥ ✐%♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✸✳✶✵ ❆♥❣✉❧❛% ❡♠✐--✐♦♥ ♣%♦✜❧❡ ♦❢ ❈❤❡%❡♥❦♦✈ ♣❤♦/♦♥- ❢%♦♠ ❡❧❡❝/%♦♠❛❣♥❡/✐❝ ❝❛-❝❛❞❡- ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✹✳✶ ❉✐❛❣%❛♠ ♦❢ /✇♦ ❜♦❞② ❞❡❝❛② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✹✳✷ ❆/♠♦-♣❤❡%✐❝ -❡❧❢✲✈❡/♦ ♣%♦❜❛❜✐❧✐/✐❡- ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✺✳✶ ❚❤❡ ✈❡/♦ ❧❛②❡% ❞❡✜♥✐/✐♦♥ ❢♦% /❤❡ ❤✐❣❤ ❡♥❡%❣② -/❛%/✐♥❣ ❡✈❡♥/ -❡❧❡❝/✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✺✳✷ ❚❤❡ ✈❡/♦ /✐♠❡ ✈- ❝❤❛%❣❡ ❞❡✜♥✐/✐♦♥ ❢♦% /❤❡ ❤✐❣❤❡ ❡♥❡%❣② -/❛%/✐♥❣ ❡✈❡♥/ -❡❧❡❝/✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✺✳✸ ❚❤❡ ❝❤❛%❣❡ ♦❢ ❡✈❡♥/- ✇❤✐❝❤ ♣❛-- /❤❡ ❍❊❙❊ ✈❡/♦ ❞❡✜♥✐/✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✺✳✹ ❚❤❡ ❡✛❡❝/✐✈❡ ❛%❡❛ ❢♦% ♠✉♦♥ ♥❡✉/%✐♥♦- ❢♦% /❤❡ /❤%♦✉❣❤✲❣♦✐♥❣ ♠✉♦♥ ♥❡✉/%✐♥♦ ❛♥❛❧②-✐- ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✺✳✺ ❊①♣❡❝/❡❞ %❛/❡- ❢♦% ❍❊❙❊ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷



✈✐✐✐

❋✐❣✉%❡ '❛❣❡

✺✳✻ ◆❡-.❡❞ ❧❛②❡% ✈❡.♦ ✉-❡❞ .♦ ❡-.✐♠❛.❡ .❤❡ ♣❡♥❡.%❛.✐♥❣ ♠✉♦♥ ❜❛❝❦❣%♦✉♥❞ %❛.❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✺✳✼ ❊-.✐♠❛.❡❞ ❜❛❝❦❣%♦✉♥❞ ❝♦♥.❛♠✐♥❛.✐♦♥ %❛.❡- ❝♦♠✐♥❣ ❢%♦♠ ❈❖❘❙■❑❆ ❛♥❞ .❤❡ ♥❡-.❡❞ ✈❡.♦ ❝❛❧❝✉❧❛.✐♦♥ ✹✹

✺✳✽ '❡♥❡.%❛.✐♥❣ ♠✉♦♥ ❜❛❝❦❣%♦✉♥❞ ✐♥ ▼❊❙❊ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✺✳✾ '❡♥❡.%❛.✐♥❣ ❛.♠♦-♣❤❡%✐❝ ♠✉♦♥ ❛♥❞ ♥❡✉.%✐♥♦ ❜❛❝❦❣%♦✉♥❞ ❜❡❢♦%❡ ❛♥❞ ❛❢.❡% .❤❡ ✐♥❝♦♠✐♥❣ .%❛❝❦ ✈❡.♦ ✹✼

✺✳✶✵ ❙❝❛❧✐♥❣ ✈❡.♦ ❢♦% ✜①❡❞ ❝❤❛%❣❡- ❢%♦♠ .❤❡ .♦♣ ❛♥❞ -✐❞❡ ✈✐❡✇- ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✺✳✶✶ ▼♦♥.❡ ❈❛%❧♦ ❞✐-.%✐❜✉.✐♦♥- ❛❢.❡% ❛♣♣❧②✐♥❣ .❤❡ -❝❛❧✐♥❣ ✈❡.♦ ❝✉. ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✺✳✶✷ ❊✛❡❝.✐✈❡ ❛%❡❛- ❢♦% .❤❡ ▼❊❙❈ ❡✈❡♥. -❡❧❡❝.✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✺✳✶✸ ❘❡-✉❧.- ♦❢ .❤❡ ▼❊❙❈ -❡❧❡❝.✐♦♥ ♦♥ .✇♦ ②❡❛%- ♦❢ ❞❛.❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✺✳✶✹ ❙✐❞❡✭.♦♣✮ ❛♥❞ .♦♣✭❜♦..♦♠✮ ✈✐❡✇- ♦❢ .✇♦ ❝♦✐♥❝✐❞❡♥. ❞♦✇♥✲❣♦✐♥❣ ♠✉♦♥- ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✺✳✶✺ ❇❉❚ -❝♦%❡ ✈-✳ ❝♦- ♦❢ .❤❡ ③❡♥✐.❤ ❛♥❣❧❡ ❢♦% ✉♣✇❛%❞✲❣♦✐♥❣ ♠✉♦♥ ♥❡✉.%✐♥♦ ❡✈❡♥. -❡❧❡❝.✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✺✳✶✻ ❚❤❡ ❡✛❡❝.✐✈❡ ❛%❡❛ ♦❢ .❤❡ ✉♣✇❛%❞✲❣♦✐♥❣ ♠✉♦♥ ♥❡✉.%✐♥♦ ❡✈❡♥. -❡❧❡❝.✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✺✳✶✼ ❚❤❡ ❡♥❡%❣② ♠❛♣♣✐♥❣ ❛♥❞ %❡-♦❧✉.✐♦♥ ♦❢ ❚%✉♥❝❛.❡❞ ❊♥❡%❣② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✺✳✶✽ ❚❤❡ ③❡♥✐.❤ %❡-♦❧✉.✐♦♥ ♦❢ .❤❡ ♠✉♦♥ ❞✐%❡❝.✐♦♥ %❡❝♦♥-.%✉❝.✐♦♥ ✉-❡❞ ✐♥ .❤❡ ✉♣✇❛%❞✲❣♦✐♥❣ ♠✉♦♥ ♥❡✉✲

.%✐♥♦ ❡✈❡♥. -❡❧❡❝.✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✺✳✶✾ ❇❡-. ✜. ♦❢ .❤❡ ✉♣✇❛%❞✲❣♦✐♥❣ ♠✉♦♥ ♥❡✉.%✐♥♦ -❡❧❡❝.✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✺✳✷✵ ❈♦♥-.%❛✐♥. ♦♥ .❤❡ ❛-.%♦♣❤②-✐❝❛❧ ♥♦%♠❛❧✐③❛.✐♦♥ ❛♥❞ -♣❡❝.%❛❧ ✐♥❞❡① ❢%♦♠ .❤❡ ✉♣✇❛%❞✲❣♦✐♥❣ ♠✉♦♥

♥❡✉.%✐♥♦ -❡❧❡❝.✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✺✳✷✶ ❈♦♥.♦✉%- ♦❢ ❞✐✛❡%❡♥. ❛♥❛❧②-❡- ♠❡❛-✉%✐♥❣ .❤❡ ❛-.%♦♣❤②-✐❝❛❧ -♣❡❝.%✉♠ ✇✐.❤ ■❝❡❈✉❜❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✻✳✶ ❚❤❡ ■❝❡❈✉❜❡ ◆❡✉.%✐♥♦ ❖❜-❡%✈❛.♦%② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✻✳✷ ❚❤❡ ❡✣❝✐❡♥❝② ♦❢ .❤❡ ❉❖▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✻✳✸ ■❝❡❈✉❜❡ ❘✼✵✽✶ '▼❚ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✻✳✹ ❆ -❝❤❡♠❛.✐❝ ♦❢ .❤❡ ■❝❡❈✉❜❡ ❉❖▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✻✳✺ ❆ ✇❛✈❡❢♦%♠ %❡❝♦%❞❡❞ ✐♥ .❤❡ ❆❚❲❉✭.♦♣✮ ❛♥❞ ❢❆❉❈✭❜♦..♦♠✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✻✳✻ ❚❤❡ ♠❡❝❤❛♥✐❝❛❧ ❛♥❞ ❡❧❡❝.%✐❝❛❧ ❝♦♥♥❡❝.✐♦♥ ♦❢ .❤❡ ❉❖▼ .♦ .❤❡ ❝❛❜❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✻✳✼ ❈%♦--✲-❡❝.✐♦♥ ♦❢ .❤❡ ✐♥✲✐❝❡ ❝❛❜❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✻✳✽ ❚❤❡ ❝✉.- ❛♣♣❧✐❡❞ .♦ ♦❜.❛✐♥ ❡✈❡♥.- ❢♦% .❤❡ ♠✉♦♥ ✜❧.❡% ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

✻✳✾ ❈♦♠♣❛%✐-♦♥- ♦❢ .❤❡ ❍❡♥②❡②✲●%❡❡♥-.❡✐♥✱ -✐♠♣❧✐✜❡❞ ▲✐✉✱ ❛♥❞ ▼✐❡ ❢✉♥❝.✐♦♥- ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵



✐①

❋✐❣✉%❡ '❛❣❡

✻✳✶✵ ❈♦♠♣❛%✐1♦♥1 ♦❢ 4❤❡ ❛%%✐✈❛❧ 4✐♠❡ ❞✐14%✐❜✉4✐♦♥1 ❢♦% ✈❛%✐♦✉1 ❣ ❛♥❞ fSL ✈❛❧✉❡1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✻✳✶✶ ❚❤❡ ❡✛❡❝4✐✈❡ ❛❜1♦%♣4✐♦♥ ❛♥❞ 1❝❛44❡%✐♥❣ ❧❡♥❣4❤1 ❛1 ❛ ❢✉♥❝4✐♦♥ ♦❢ ❞❡♣4❤ ❝❡♥4❡%❡❞ ♦♥ ■❝❡❈✉❜❡ ✳ ✳ ✳ ✽✷

✻✳✶✷ ❚✐❧4 ♦❢ 4❤❡ ■❝❡ ♥❡❛% ❤♦❧❡ ✺✵ ✐♥ ■❝❡❈✉❜❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✻✳✶✸ ❉✐❛❣%❛♠ ♦❢ 4❤❡ ①✲② ♣♦1✐4✐♦♥ ♦❢ 14%✐♥❣1 ✉1❡❞ ✐♥ 4❤❡ ♦%✐❣✐♥❛❧ 14✉❞② ♦❢ ✐❝❡ ❛♥✐1♦4%♦♣② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹

✻✳✶✹ ❊✈✐❞❡♥❝❡ ♦❢ ❛♥✐1♦4%♦♣② ❢%♦♠ 4❤❡ ❉❖▼✬1 ✢❛1❤❡%1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✻✳✶✺ ❘❡❧❛4✐✈❡ ❝❤❛%❣❡ ♣❡% ❛♥❣✉❧❛% ❜✐♥ ❢♦% 1✐♠✉❧❛4✐♦♥ ❛♥❞ ❞❛4❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✻✳✶✻ ❊✈✐❞❡♥❝❡ ♦❢ ❛♥✐1♦4%♦♣② ❢%♦♠ ❛4♠♦1♣❤❡%✐❝ ♠✉♦♥1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

✼✳✶ ❚❤❡ ❛♥❣✉❧❛% 1❡♥1✐4✐✈✐4② ♦❢ 4❤❡ ❉❖▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾

✽✳✶ ❉❡♣✐❝4✐♦♥ ♦❢ 4❤❡ ❢❛14❡14 4%❛✈❡❧ 4✐♠❡ ❢%♦♠ ❛ ♠✉♦♥ 4%❛❝❦ 4♦ ❛ ❉❖▼ ❛❧♦♥❣ 4❤❡ ❈❤❡%❡♥❦♦✈ ❛♥❣❧❡ ✳ ✳ ✶✵✹

✽✳✷

dP (t|d)
dt ❞✐14%✐❜✉4✐♦♥1 ❢♦% ■❝❡❈✉❜❡✬1 ✈❡%1✐♦♥ ♦❢ 4❤❡ '❛♥❞❡❧ ❞✐14%✐❜✉4✐♦♥1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

✽✳✸

dP (t|d)
dt ❞✐14%✐❜✉4✐♦♥1 ❢♦% ■❝❡❈✉❜❡✬1 1♣❧✐♥❡ ✜41 4♦ 4❤❡ ✐❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼

✽✳✹ ❆ ❞❡♣✐❝4✐♦♥ ♦❢ 4❤❡ ♣❤②1✐❝1 1✐4✉❛4✐♦♥ ❜❡✐♥❣ ♠♦❞❡❧❡❞ ❜② 4❤❡ ▼✐❧❧✐♣❡❞❡ ❛❧❣♦%✐4❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾

✽✳✺ ❚❤❡ ❝♦♥✈❡%❣❡♥❝❡ ♦❢ ❞✐✛❡%❡♥4 ♠❡4❤♦❞1 ❛%❡ ❝♦♠♣❛%❡❞ ❛❣❛✐♥14 ❡❛❝❤ ♦4❤❡% ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷

✽✳✻ ❘❡❝♦♥14%✉❝4❡❞ ✐♠❛❣❡1 ❢%♦♠ ✈❛%✐♦✉1 ❛❧❣♦%✐4❤♠1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✸

✽✳✼ '%♦✜❧❡1 ♦❢ ✐♥4❡♥1✐4② ❢%♦♠ 4❤❡ ❜%❛✐♥1 ✐♥ ❋✐❣✉%❡ ✽✳✻ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹

✽✳✽ '♦✐♥4 1♣%❡❛❞ ❞✐14%✐❜✉4✐♦♥1 ❢♦% ✈❛%✐♦✉1 4%❛❝❦ ✜41 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻

✽✳✾ ❉✐14%✐❜✉4✐♦♥ ❝♦♠♣❛%✐♥❣ 4❤❡ 4✐♠❡ %❡1✐❞✉❛❧ ♦❢ 4❤❡ ❜❡14 ✜4 4♦ 4❤❡ 4✐♠❡ %❡1✐❞✉❛❧ ❢%♦♠ ❣❡♦♠❡4%② ✳ ✳ ✳ ✶✶✼

✽✳✶✵ ❚❤❡ ♥❡❣❛4✐✈❡ ❧♦❣ ❧✐❦❡❧✐❤♦♦❞ ✈❛❧✉❡✭❧♦❣❧✮ ♦❢ ❛ ✜4 4%❛❝❦ ❛1 ❛ ❢✉♥❝4✐♦♥ ♦❢ 4✐♠❡ 1❤✐❢4 ❛❧♦♥❣ 4❤❡ 4%✉❡

❞✐%❡❝4✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽

✽✳✶✶ ▼✐❧❧✐♣❡❞❡ %❡1✉❧41 ✐♥ ♦%✐❣✐♥❛❧ ❜✐♥♥✐♥❣✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾

✽✳✶✷ ▼✐❧❧✐♣❡❞❡ %❡1✉❧41 %❡❣%♦✉♣❡❞ ✐♥4♦ ✶✵ ♠❡4❡% ❜✐♥1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾

✽✳✶✸ ▼✐❧❧✐♣❡❞❡ %❡1✉❧41 %❡❣%♦✉♣❡❞ ✐♥4♦ ✷✵ ♠❡4❡% ❜✐♥1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵

✽✳✶✹ ▼✐❧❧✐♣❡❞❡ %❡1✉❧41 %❡❣%♦✉♣❡❞ ✐♥4♦ ✹✵ ♠❡4❡% ❜✐♥1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵

✽✳✶✺ ▼✐❧❧✐♣❡❞❡ %❡1✉❧41 %❡❣%♦✉♣❡❞ ✐♥4♦ ✼✺ ♠❡4❡% ❜✐♥1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✶

✾✳✶ ❚❤❡ ❡✛❡❝4✐✈❡ ❧✐✈❡4✐♠❡ ♦❢ 4❤❡ ❈❖❘❙■❑❆ 1✐♠✉❧❛4✐♦♥ ✉1❡❞ ✐♥ 4❤✐1 ❛♥❛❧②1✐1 ❛1 ❛ ❢✉♥❝4✐♦♥ ♦❢ ♣%✐♠❛%②

❡♥❡%❣② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✻

✾✳✷ ❚❤❡ ❧✐✈❡4✐♠❡ ♦❢ 1✐♥❣❧❡ ♠✉♦♥1 ❛1 ❛ ❢✉♥❝4✐♦♥ ♦❢ ♠✉♦♥ ❡♥❡%❣② ❝%❡❛4❡❞ ❜② ▼✉♦♥●✉♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✼
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✾✳✸ ❆ ❞❡♣✐❝0✐♦♥ ♦❢ ❤♦✇ 0❤❡ ✐♥❝♦♠✐♥❣ ♠✉♦♥ ✈❡0♦ ✇♦%❦9 ♦♥ ❛ 9✐♠✉❧❛0❡❞ ❡✈❡♥0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✾

✾✳✹ ❋✐❣✉%❡9 9❤♦✇✐♥❣ 0❤❡ ❞✐✛❡%❡♥0 ❡❛%❧✐❡90 ❤✐0 ♠❛♣♣✐♥❣ ❛99✉♠✐♥❣ ❛ ❞❡✜♥✐0✐♦♥ ✉9✐♥❣ ■▼■▼ 0❛❜❧❡9 ✳ ✳ ✳ ✶✸✶

✾✳✺ ❋✐❣✉%❡9 9❤♦✇✐♥❣ 0❤❡ ❝♦❧❧❡❝0✐♦♥ ♦❢ ❤✐09 ✇❤✐❝❤ ❛%❡ ✐♥ 0❤❡ ♠✉♦♥ ❛♥❞ ✈❡0♦ %❡❣✐♦♥9 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✷

✾✳✻ ❆ 9❡0 ♦❢ ✜❣✉%❡9 ❞❡♣✐❝0✐♥❣ 0❤❡ ❝✉09 ♠❛❞❡ ♦♥ ❛♥ ✐♥❝♦♠✐♥❣ ♠✉♦♥ ❡✈❡♥0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✺

✾✳✼ ❆ 9❡0 ♦❢ ✜❣✉%❡9 ❞❡♣✐❝0✐♥❣ 0❤❡ ❝✉09 ♠❛❞❡ ♦♥ ❛ 90❛%0✐♥❣ 0%❛❝❦ ❡✈❡♥0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✻

✾✳✽ ❈♦♥0♦✉%9 ♦❢ ❛0♠♦9♣❤❡%✐❝ 0♦ ❛90%♦♣❤②9✐❝❛❧ %❛0✐♦9 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✼

✾✳✾ ❋❧♦✇ ❝❤❛%0 ♦❢ 0❤❡ ❝✉09 ♠❛❞❡ ✐♥ 0❤❡ ❊❙❚❊❙ 9❡❧❡❝0✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✾

✾✳✶✵ ❙✐❞❡ ✈✐❡✇ ♦❢ 0❤❡ ❤♦❧❡9 ✐♥ 0❤❡ ❡❞❣❡ ♦❢ 0❤❡ ❞❡0❡❝0♦% ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✶

✾✳✶✶ ❚♦♣ ✈✐❡✇ ♦❢ 0❤❡ ❤♦❧❡9 ❛❧♦♥❣ 0❤❡ ❡❞❣❡9 ♦❢ 0❤❡ ❞❡0❡❝0♦% ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✷

✾✳✶✷ ❆ ③♦♦♠❡❞ ♦✉0 ✈✐❡✇ ♦❢ 0❤❡ ❤♦❧❡9 ✐♥ 0❤❡ ❞❡0❡❝0♦% ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✸

✾✳✶✸ ❋✐❣✉%❡ ✶ ♦❢ ✸ ❞❡♣✐❝0✐♥❣ ❤♦✇ 0❤❡ 0%❛❝❦9 ✐♥ 0❤❡ ❝♦❛%9❡ ✈❡0♦ ❛%❡ ❝♦♥90%✉❝0❡❞ 0♦ ♠♦✈❡ 0❤%♦✉❣❤ 0❤❡

❤♦❧❡9 ✐♥ 0❤❡ ❞❡0❡❝0♦% ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✹

✾✳✶✹ ❋✐❣✉%❡ ✷ ♦❢ ✸ ❞❡♣✐❝0✐♥❣ ❤♦✇ 0❤❡ 0%❛❝❦9 ✐♥ 0❤❡ ❝♦❛%9❡ ✈❡0♦ ❛%❡ ❝♦♥90%✉❝0❡❞ 0♦ ♠♦✈❡ 0❤%♦✉❣❤ 0❤❡

❤♦❧❡9 ✐♥ 0❤❡ ❞❡0❡❝0♦% ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✺

✾✳✶✺ ❋✐❣✉%❡ ✸ ♦❢ ✸ ❞❡♣✐❝0✐♥❣ ❤♦✇ 0❤❡ 0%❛❝❦9 ✐♥ 0❤❡ ❝♦❛%9❡ ✈❡0♦ ❛%❡ ❝♦♥90%✉❝0❡❞ 0♦ ♠♦✈❡ 0❤%♦✉❣❤ 0❤❡

❤♦❧❡9 ✐♥ 0❤❡ ❞❡0❡❝0♦% ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✻

✾✳✶✻ ❋✐❣✉%❡ ✶ ♦❢ ✷ 9❤♦✇✐♥❣ 0❤❡ 9✐❞❡ ✈✐❡✇ ♦❢ 0❤❡ 0❡90❡❞ 0%❛❝❦9 ✉9❡❞ ✐♥ ❛ ❞✐✛❡%❡♥0 90❛%0✐♥❣ 0%❛❝❦ ❡✈❡♥0 ✳ ✶✹✼

✾✳✶✼ ❋✐❣✉%❡ ✷ ♦❢ ✷ 9❤♦✇✐♥❣ 0❤❡ 9✐❞❡ ✈✐❡✇ ♦❢ 0❤❡ 0❡90❡❞ 0%❛❝❦9 ✉9❡❞ ✐♥ ❛ ❞✐✛❡%❡♥0 90❛%0✐♥❣ 0%❛❝❦ ❡✈❡♥0 ✳ ✶✹✽

✾✳✶✽ ❋✐❣✉%❡ 9❤♦✇✐♥❣ 0❤❡ 9✐❞❡ ✈✐❡✇ ♦❢ 0❤❡ 0❡90❡❞ 0%❛❝❦9 ✉9❡❞ ✐♥ ❛ ❞✐✛❡%❡♥0 ✐♥❝♦♠✐♥❣ 0%❛❝❦ ❡✈❡♥0 ✳ ✳ ✳ ✳ ✶✹✾

✾✳✶✾ ❋✐❣✉%❡ 9❤♦✇✐♥❣ 0❤❡ ❡✈❡♥0 ✈✐❡✇ ♦❢ 0❤❡ 0%❛❝❦9 ❢♦✉♥❞ ❢%♦♠ 0❡90✐♥❣ ✉9❡❞ ♦♥ ❛ ❞✐✛❡%❡♥0 ✐♥❝♦♠✐♥❣ 0%❛❝❦
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✾✳✷✼ '%♦❜❛❜✐❧✐0② ❞✐30%✐❜✉0✐♦♥ ❢♦% 0❤❡ 0❤❡ ❧♦33❡3 ❛❢0❡% 0❤❡ ✜%30 ❛3 %❡❝♦♥30%✉❝0❡❞ ❜② ▼✐❧❧✐♣❡❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✾
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❚❤✐$ %❤❡$✐$ '❡✈♦❧✈❡$ ❛'♦✉♥❞ %❤❡ ♣'♦$♣❡❝% ♦❢ ❞❡%❡❝%✐♥❣ ♥❡✉%'✐♥♦$ ❢'♦♠ ❛$%'♦♣❤②$✐❝❛❧ $♦✉'❝❡$ ✇✐%❤ %❤❡ ❝✉❜✐❝

❦✐❧♦♠❡%❡' ♥❡✉%'✐♥♦ ❞❡%❡❝%♦' ■❝❡❈✉❜❡✳ ❚❤❡ ♠❛✐♥ ♣✉'♣♦$❡ ♦❢ $%✉❞②✐♥❣ $✉❝❤ ♥❡✉%'✐♥♦$ ✐$ ♥♦% %♦ ❧❡❛'♥ ♠♦'❡

❛❜♦✉% ♥❡✉%'✐♥♦$✱ ❜✉% ✐♥$%❡❛❞ ✉$❡ %❤❡♠ ❛$ ❛ %'❛❝❡' ♣❛'%✐❝❧❡ ♦❢ ❤✐❣❤ ❡♥❡'❣② ❝♦$♠✐❝✲'❛② ♣'♦❞✉❝%✐♦♥✳ ❚❤❡ $%✉❞②

♦❢ ❝♦$♠✐❝ '❛②$ ❜❡❣❛♥ ✐♥ ✶✼✽✺ ✇✐%❤ %❤❡ ✜'$% $%✉❞✐❡$ ♦❢ ❡❧❡❝%'✐❝✐%② ✉$✐♥❣ ❛♥ ❡❧❡❝%'♦$❝♦♣❡ ❜② ❈❤❛'❧❡$✲❆✉❣✉$%✐♥

❞❡ ❈♦✉❧♦♠❜ ❬✶❪✳ ❙✉❝❤ ❞❡✈✐❝❡$ ❛❧❧♦✇❡❞ %❤❡ ❞❡♣♦$✐% ♦❢ ❝❤❛'❣❡ ♦♥ ❛ ♣❧❛%❡ %♦ ❜❡ ♠❡❛$✉'❡❞ ❜② %❤❡ ✐♥❝'❡❛$❡ ♦'

❞❡❝'❡❛$❡ ♦❢ ❞✐$%❛♥❝❡ ❜❡%✇❡❡♥ %✇♦ ❛%%❛❝❤❡❞ ❢♦✐❧$ ❦❡♣% ✐♥ ❛ ✈❛❝✉✉♠✳ ❚❤✐$ ✇❛$ ❛ ❜'❡❛❦%❤'♦✉❣❤ ❢♦' ❡❧❡❝%'♦$%❛%✐❝$✱

❤♦✇❡✈❡' ✐% ✇❛$ ♦❜$❡'✈❡❞ %❤❛% ❡✈❡♥ ✇❤❡♥ ❦❡♣% $❤✐❡❧❞❡❞ ❛♥❞ ❛❧♦♥❡✱ %❤❡ ❡❧❡❝%'♦$❝♦♣❡$ ✇♦✉❧❞ ❞✐$❝❤❛'❣❡ ❬✷❪✳ ❚❤❡

♣'♦♣♦$❛❧ ✇❛$ %❤❛% ❛ $♦✉'❝❡ ♦❢ ❝❤❛'❣❡❞ ♣❛'%✐❝❧❡$ ♠✉$% ❜❡ '❡$♣♦♥$✐❜❧❡✳ ❘❡$❡❛'❝❤❡'$ ♣'♦♣♦$❡❞ ❛♥❞ ♠❡❛$✉'❡❞

%❤❡ '❛❞✐❛%✐♦♥ ❧❡✈❡❧$ ✐♥ ❝❛✈❡$✱ ❛❜♦✈❡ ❛♥❞ ✉♥❞❡' %❤❡ ✇❛%❡'✱ ❛♥❞ ❛% $❧✐❣❤% ❡❧❡✈❛%✐♦♥✱ ❜✉% ✐% ✇❛$ ♥♦% ✉♥%✐❧ %❤❡②

%♦♦❦ %♦ %❤❡ $❦② %❤❛% %❤❡② ❢♦✉♥❞ %❤❡✐' ❝✉❧♣'✐%✳ ■♥ ✶✾✶✶ ❱✐❝%♦' ❍❡$$ ❞❡%❡❝%❡❞ ✐♥❝'❡❛$❡❞ '❛❞✐❛%✐♦♥ ❧❡✈❡❧$ ❛% ❤✐❣❤

❛❧%✐%✉❞❡$✳ ❚❤✐$ ✇❛$ ♠❡❛$✉'❡❞ ❜② ♦❜$❡'✈✐♥❣ %❤❡ '❛%❡ ♦❢ ❞✐$❝❤❛'❣❡$ ✐♥ ❛♥ ❡❧❡❝%'♦$❝♦♣❡ ❛$ ❛ ❢✉♥❝%✐♦♥ ♦❢ ❤❡✐❣❤% ♦♥

❛ ❜❛❧❧♦♦♥ '✐❞❡✱ ❛$ ❝❛♥ ❜❡ $❡❡♥ ✐♥ ❋✐❣✉'❡ ✷✳✶ ❬✸❪✳ ❲✐%❤ %❤✐$ ❞✐$❝♦✈❡'② ✢✐❣❤%✱ ❛♥❞ ❢✉'%❤❡' ❝♦♥✜'♠❛%✐♦♥ ✢✐❣❤%$✱

%❤❡ $%✉❞② ♦❢ ❝♦$♠✐❝ '❛②$ ❜❡❣❛♥ ✐♥ ❡❛'♥❡$% ❛♥❞ ❧❛✉♥❝❤❡❞ ♦✈❡' ❛ ❝❡♥%✉'② ♦❢ ❞✐$❝♦✈❡'② ✇❤✐❝❤ ✐$ $%✐❧❧ ♦♥❣♦✐♥❣

%♦❞❛②✳

❙✐♥❝❡ ❤✐$ ✐♥❛✉❣✉'❛❧ ✢✐❣❤% ❛ ❧♦% ❤❛$ ❜❡❡♥ ❧❡❛'♥❡❞ ❛❜♦✉% %❤❡ ❝♦$♠✐❝ '❛②$ ✇❤✐❝❤ ✐♠♣✐♥❣❡ ♦♥ %❤❡ ❛%♠♦$♣❤❡'❡

♦❢ %❤❡ ❊❛'%❤✳ ▼♦$% ♦❢ %❤❡ ❦♥♦✇❧❡❞❣❡ ❝❛♥ ❜❡ $✉♠♠❛'✐③❡❞ ❜② %❤❡ ♣❧♦%$ $❤♦✇♥ ✐♥ ❋✐❣✉'❡$ ✷✳✷✱ ✷✳✸✱ ❛♥❞ ✷✳✹✳

❆% %❤❡ ❧♦✇❡$% ❡♥❡'❣✐❡$✱ ❞✐'❡❝% ♠❡❛$✉'❡♠❡♥%$ ♦❢ %❤❡ ❝♦$♠✐❝ '❛②$ %❤❡♠$❡❧✈❡$ ❝❛♥ ❜❡ ♠❛❞❡ ✇✐%❤ $❛%❡❧❧✐%❡

❛♥❞ ❧♦♥❣ ❞✉'❛%✐♦♥ ❜❛❧❧♦♦♥ ✢✐❣❤% ❞❡%❡❝%♦'$✱ ❛❧❧♦✇✐♥❣ %❤❡ ♠♦$% ✐♥❢♦'♠❛%✐♦♥ %♦ ❜❡ ❡①%'❛❝%❡❞ ❬✼❪✳ ❋'♦♠ %❤❡$❡

♠❡❛$✉'❡♠❡♥%$ ✇❡ ❦♥♦✇ %❤❛% %❤❡ ♠❛❥♦'✐%② ♦❢ %❤❡ ♣❛'%✐❝❧❡$ ❛'❡ ❤②❞'♦❣❡♥ ✇✐%❤ ❝♦♥%'✐❜✉%✐♦♥$ ❢'♦♠ ❛❧❧ %❤❡

♣❛'%✐❝❧❡$ ✇✐%❤ ❛%♦♠✐❝ ♥✉♠❜❡' ✉♣ %♦ ✐'♦♥✱ %❤❡ ✜♥❛❧ ♣'♦❞✉❝% ♦❢ ❡♥❡'❣② ♣♦$✐%✐✈❡ ♣❛'%✐❝❧❡ ❢✉$✐♦♥ ✇❤✐❝❤ ❝❛♥ ❤❛♣♣❡♥

❛$ ❛ $♦✉'❝❡ ♦❢ ❢✉❡❧ ❢♦' $%❛'$ ❬✽❪✳ ❚❤❡'❡ ❛'❡ ❝♦♥%'✐❜✉%✐♦♥$ ❛❜♦✈❡ ✐'♦♥✱ ❜✉% %❤❡✐' ❝♦♥%'✐❜✉%✐♦♥ ✐$ ♥❡❣❧✐❣✐❜❧❡ ❞✉❡ %♦

%❤❡ $❝❛'❝✐%② ♦❢ %❤❡✐' ♣'♦❞✉❝%✐♦♥✳ ▼♦$% ♦❢ %❤❡ ✐♥❝♦♠✐♥❣ ✢✉① ❤❛$ ❛ ♣♦✇❡' ❧❛✇ $❧♦♣❡ ♦❢ ✲✷✳✼ ✇❤✐❝❤ ✐% ❝♦♥%✐♥✉❡$

❢'♦♠ ❛'♦✉♥❞ ✶ ●❡❱ ✉♥%✐❧ ❛'♦✉♥❞ ✶ U❡❱ ✇❤❡'❡ %❤❡'❡ ✐$ ❛ $❧✐❣❤% ❝❤❛♥❣❡ ✐♥ $❧♦♣❡ ❢'♦♠ ✲✷✳✼ %♦ ✲✸✳✶ ❛'♦✉♥❞ ✇❤❛%

✐$ ❝♦♠♠♦♥❧② '❡❢❡''❡❞ %♦ ❛$ %❤❡ ❦♥❡❡ ✐♥ %❤❡ ❝♦$♠✐❝ '❛② $♣❡❝%'✉♠ ❬✾❪✳ ❚❤✐$ ❝❤❛♥❣❡ ✐♥ $❧♦♣❡ ✐$ ❤②♣♦%❤❡$✐③❡❞

%♦ ❜❡ ❛ ❢❡❛%✉'❡ ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ %❤❡ ❝❧❛$$ ♦❢ ❝♦$♠✐❝ ❛❝❝❡❧❡'❛%♦' ❢'♦♠ ❛ ❣❛❧❛❝%✐❝ ♦♥❡ %♦ ❛♥ ❡①%'❛✲❣❛❧❛❝%✐❝ ♦♥❡✳



✹

❋✐❣✉%❡ ✷✳✶✿ ❘❡,✉❧., ❢%♦♠ ❱✐❝.♦% ❍❡,,✬ ✢✐❣❤., ✐♥ ✶✾✶✷ ❛. ❧❡❢. ❛♥❞ .❤❡ ❢♦❧❧♦✇ ✉♣ ♠❡❛,✉%❡♠❡♥. ❜② ❲❡%♥❡%

❑♦❧❤B%,.❡% ✐♥ ✶✾✶✸ ❛♥❞ ✶✾✶✹ ❛. %✐❣❤.✳ ❚❤❡,❡ %❡,✉❧., ,❤♦✇ ❛ ❞❡❝%❡❛,❡ ✐♥ .❤❡ ♥✉♠❜❡% ♦❢ ♦❜,❡%✈❛.✐♦♥, ❜❡❢♦%❡ ❛

,.❡❡♣ %✐,❡ ❛. ❤✐❣❤❡% ❛❧.✐.✉❞❡,✳ ❚❤❡ ❞❡❝%❡❛,❡ ♦%✐❣✐♥❛❧❧② ❤❛❞ %❡,❡❛%❝❤❡%, ❝♦♥✈✐♥❝❡❞ .❤❛. .❤❡ ❊❛%.❤ ♠✉,. ❜❡ .❤❡

,♦✉%❝❡ ♦❢ .❤❡ %❛❞✐❛.✐♦♥ ✇❤✐❝❤ ❞✐,❝❤❛%❣❡❞ ❡❧❡❝.%♦,❝♦♣❡,✱ ❜✉. ❍❡,,✬ %❡,✉❧., ♣%♦✈❡❞ ♦.❤❡%✇✐,❡✳





✻

❋✐❣✉%❡ ✷✳✸✿ ❈♦-♠✐❝ %❛②- ♦❢ ❞✐✛❡%❡♥6 6②♣❡- ♠❡❛-✉%❡❞ ❜② ❛ ✈❛%✐❡6② ♦❢ ❡①♣❡%✐♠❡♥6- ✉♣ 6♦ ❛ ;❡❱ ♦❢ ❡♥❡%❣②✳ ❚❤❡

♠♦-6 ♥✉♠❡%♦✉- ❛%❡ ❤②❞%♦❣❡♥ ❢♦❧❧♦✇❡❞ ❜② ♦6❤❡% ♥✉❝❧❡❛% 6②♣❡- ♦❢ ❞❡❝%❡❛-✐♥❣ A✉❛♥6✐6②✳ ❖♥❧② 6%❛❝❡ ❛♠♦✉♥6-

♦❢ ♥✉❝❧❡✐ ❤❡❛✈✐❡% 6❤❛♥ ✐%♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞✳ ❚❤❡ %❡❧❛6✐✈❡ ❝♦♥6%✐❜✉6✐♦♥- ♦❢ 6❤❡ ♥✉❝❧❡❛% 6②♣❡- ❛♥❞ 6❤❡ ❧❛❝❦ ♦❢

♣❛%6✐❝❧❡- ❛❜♦✈❡ ✐%♦♥ -✉❣❣❡-6 ❛ -6❡❧❧❛% ♦%✐❣✐♥ ❢♦% 6❤❡-❡ ❝♦-♠✐❝ %❛②-✳ ❚❤✐- ✜❣✉%❡ ❝♦♠❡- ❢%♦♠ ❬✺❪✳
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✽

❚❤✐$ ✜♥❞✐♥❣ ✐$ $✉♣♣♦,-❡❞ ❜② ❡♥❡,❣② ❜✉❞❣❡- ❛,❣✉♠❡♥-$✱ ❜✉- ♥♦ ✐♥❞✐✈✐❞✉❛❧ $♦✉,❝❡ ❤❛$ ❜❡❡♥ ❝♦♥✜,♠❡❞ ❛$ -❤❡

♠❛✐♥ ❝♦♥-,✐❜✉-♦,✳ ❆- -❤❡$❡ ❡♥❡,❣✐❡$✱ -❤❡ ✢✉① ✐$ $♠❛❧❧ ❡♥♦✉❣❤ -❤❛- $;✉❛,❡ ❦✐❧♦♠❡-❡, $✐③❡ ❞❡-❡❝-♦,$ ♠✉$- ❜❡

✉$❡❞ -♦ ❛❝;✉✐,❡ ❡♥♦✉❣❤ $-❛-✐$-✐❝$ -♦ ♠❛❦❡ $-,♦♥❣ $-❛-❡♠❡♥-$ ❛❜♦✉- -❤❡ ❝♦$♠✐❝ ,❛②$✳ ❉❡-❡❝-♦,$ ♦❢ -❤✐$ $✐③❡ ❛,❡

❝♦♥$-,✉❝-❡❞ ♦♥ -❤❡ $✉,❢❛❝❡ ♦❢ -❤❡ ❊❛,-❤✳ ❚❤❡$❡ ❞❡-❡❝-♦,$ ❛,❡ ❦♥♦✇♥ ❛$ ✐♥❞✐,❡❝- ❞❡-❡❝-♦,$ $✐♥❝❡ -❤❡ ❜②♣,♦❞✉❝-$

♦❢ ❝♦$♠✐❝ ,❛②$ ✇❤✐❝❤ ✐♥-❡,❛❝- ✇✐-❤ -❤❡ ❛-♠♦$♣❤❡,❡ ❛❢-❡, ♣,♦♣❛❣❛-✐♦♥ ❛,❡ -❤❡ ❞❡-❡❝-❡❞ ♣❛,-✐❝❧❡$✳ ❇❡❝❛✉$❡ -❤❡

❜②♣,♦❞✉❝-$ ❛,❡ ❞❡-❡❝-❡❞✱ ,❛-❤❡, -❤❛♥ -❤❡ ♣❛,❡♥- ❝♦$♠✐❝ ,❛②$ -❤❡♠$❡❧✈❡$✱ ✐♥❢❡,❡♥❝❡ ♦❢ -❤❡ ♣❛,❡♥- ♣❛,-✐❝❧❡✬$

♣,♦♣❡,-✐❡$ ✐$ $✉❜❥❡❝- -♦ ♠♦❞❡❧❧✐♥❣ ♦❢ ❛❧❧ -❤❡ ♣❤②$✐❝$ ❜❡-✇❡❡♥ -❤❡ ✐♥-❡,❛❝-✐♦♥ ❛♥❞ ❞❡-❡❝-✐♦♥✳ ❊✈❡♥ $♦✱ ✐- ✐$

❛❣,❡❡❞ -❤❛- -❤❡ ❝♦$♠✐❝ ,❛②$ $-✐❧❧ ❤❛✈❡ ❛ ♠✐①❡❞ ❝♦♠♣♦$✐-✐♦♥ ❛- -❤❡$❡ ❡♥❡,❣✐❡$✱ ❛♥❞ ♠❛② ♥♦- ❜❡ ❞♦♠✐♥❛-❡❞ ❜②

❤②❞,♦❣❡♥✱ ✐♥$-❡❛❞ ✐- $❡❡♠$ ❞✐✛❡,❡♥- ♣❛,-✐❝❧❡ -②♣❡$ ❛,❡ ❞♦♠✐♥❛♥- ✐♥ ❞✐✛❡,❡♥- ❡♥❡,❣② ,❡❣✐♠❡$✳ ▼♦✈✐♥❣ ❤✐❣❤❡,

$-✐❧❧ ✐♥ ❡♥❡,❣② -❤❡ $♣❡❝-,✉♠ ❤❛,❞❡♥$ ❛❣❛✐♥ -♦ ❛♥ ❛♣♣,♦①✐♠❛-❡❧② ✲✷✳✼ ❛,♦✉♥❞ ✇❤❛- ✐$ ❦♥♦✇♥ ❛$ -❤❡ ❛♥❦❧❡✳ ❚❤✐$

-,❛♥$✐-✐♦♥ $✉❣❣❡$- -❤❛- ❡①-,❛✲❣❛❧❛❝-✐❝ $♦✉,❝❡$ ❜❡❣✐♥ -♦ ❞♦♠✐♥❛-❡ ❛$ -❤❡ ❣❛❧❛❝-✐❝ $♦✉,❝❡$ ❧♦$❡ ♣♦✇❡,✳ ❆❜♦✈❡

-❤❡ ❛♥❦❧❡ ❛,❡ -❤❡ ❤✐❣❤❡$- ❡♥❡,❣② ♣❛,-✐❝❧❡$ ✇❤✐❝❤ ❤❛✈❡ ❡✈❡, ❜❡❡♥ ♠❡❛$✉,❡❞✳ ❚❤❡ ❡♥❞ ♦❢ -❤❡ $♣❡❝-,✉♠ ❛-

❛,♦✉♥❞ ✷✵ ❊❡❱ ❞♦❡$ ♥♦- ♠❛,❦ ❛ ❧✐♠✐- ✐♥ ♦✉, ❛❜✐❧✐-② -♦ ♠❡❛$✉,❡ ❤✐❣❤❡, ❡♥❡,❣✐❡$✱ ❜✉- ❛♥ ✐♥-,✐♥$✐❝ ❧✐♠✐- $❡- ❜②

-❤❡ ❝♦$♠✐❝ ,❛②$ ✐♥-❡,❛❝-✐♥❣ ✇✐-❤ ♣❤♦-♦♥$ ❢,♦♠ -❤❡ ❝♦$♠✐❝ ♠✐❝,♦✇❛✈❡ ❜❛❝❦❣,♦✉♥❞ ✈✐❛ -❤❡ ●,❡✐$❡♥ ❩❛-$❡♣✐♥

❑✉③♠✐♥✭●❩❑✮ ♣,♦❝❡$$ ❬✶✵❪✳ ▼❡❛$✉,❡♠❡♥-$ ♦❢ -❤❡ ♣❛,-✐❝❧❡$ ✐♥✈♦❧✈❡$ ❝♦♥$-,✉❝-✐♥❣ ❡①-❡♥$✐✈❡ ❛✐, $❤♦✇❡, ✭❊❆❙✮

❛,,❛②$ ♦❢ ♦,❞❡, ✶✵✵$ -♦ ✶✵✵✵$ ♦❢ $;✉❛,❡ ❦✐❧♦♠❡-❡,$ ✐♥ ❛,❡❛✳ ❚✇♦ ♠❛✐♥ ❡①♣❡,✐♠❡♥-$ ❡①✐$- ✇❤✐❝❤ ❝❛♥ ♠❡❛$✉,❡

-❤❡ ❤✐❣❤❡$- ❡♥❡,❣② ♣❛,-✐❝❧❡$ ♦❢ -❤❡ ✢✉①✳ ❚❤❡ ❡①♣❡,✐♠❡♥-$ ❞✐$❛❣,❡❡ ❛❜♦✉- -❤❡ ❝♦$♠✐❝✲,❛② ❝♦♠♣♦$✐-✐♦♥✱ ❜✉- ❛,❡

❛❝-✐✈❡❧② ✇♦,❦✐♥❣ -♦ ✉♥✐❢② -❤❡ ✇❛② ♠♦❞❡❧❧✐♥❣ ✐$ ❤❛♥❞❧❡❞ ❜❡-✇❡❡♥ -❤❡ ❡①♣❡,✐♠❡♥-$ ❬✶✶❪ ❬✶✷❪✳ ❍♦✇❡✈❡,✱ ❜♦-❤

❛❣,❡❡ -❤❛- -❤❡ ❝♦♠♣♦$✐-✐♦♥ ✐$ ♥♦- ❡♥-✐,❡❧② ✐,♦♥ ♦, ❤②❞,♦❣❡♥✱ ❜✉- $♦♠❡ ♠✐①-✉,❡ ♦, ✐♥-❡,♠❡❞✐❛-❡ -②♣❡✳

❚❤❡ $-✉❞② ♦❢ ❝♦$♠✐❝ ,❛② ❛,,✐✈❛❧ ❞✐,❡❝-✐♦♥ ❛$ ❛ ♣,♦①② ❢♦, -❤❡ ❧♦❝❛-✐♦♥ ♦❢ -❤❡ ❝♦$♠✐❝ ,❛② ♣,♦❞✉❝-✐♦♥ ✐$ ❛

❞✐✣❝✉❧- -❛$❦ ❞✉❡ -♦ -❤❡ ♣,❡$❡♥❝❡ ♦❢ ♠❛❣♥❡-✐❝ ✜❡❧❞$ ❛♥❞ -❤❡ ❝❤❛,❣❡❞ ♥❛-✉,❡ ♦❢ ❝♦$♠✐❝ ,❛②$✳ ❚❤❡ ♣,❡$❡♥❝❡ ♦❢

♠❛❣♥❡-✐❝ ✜❡❧❞$ ❜❡-✇❡❡♥ -❤❡ ❊❛,-❤ ❛♥❞ ❛ $♦✉,❝❡ ♦❢ ❝♦$♠✐❝ ,❛②$ ♠❡❛♥$ -❤❛- ✐♥ ♦,❞❡, -♦ ❞♦ $❡❧❢ ❝♦,,❡❧❛-✐♦♥✱ -❤❡

$♦✉,❝❡ ♠✉$- ❜❡ ✈❡,② ❝❧♦$❡✱ ♦, -❤❡ ❝♦$♠✐❝ ,❛②$ ♠✉$- ❜❡ ✈❡,② ❡♥❡,❣❡-✐❝✳ ❆- -❤❡ -✐♠❡ ♦❢ ✇,✐-✐♥❣ -❤✐$✱ -❤❡,❡ ❛,❡

♥♦ ❝♦♥✜,♠❡❞ $♦✉,❝❡$ ♦❢ ❡①-,❛✲❣❛❧❛❝-✐❝ ❝♦$♠✐❝ ,❛②$✳ ❍♦✇❡✈❡,✱ -❤✐$ ❞♦❡$ ♥♦- ♠❡❛♥ -❤❛- -❤❡ ❛,,✐✈❛❧ ❞✐,❡❝-✐♦♥ ♦❢

-❤❡ ❝♦$♠✐❝ ,❛②$ ✐$ ✉♥✐❢♦,♠✳ ❚❤❛♥❦❢✉❧❧②✱ ❝❧✉$-❡,✐♥❣ ❛♥❛❧②$❡$ ♦❢ ❝♦$♠✐❝ ,❛②$ ✐$ ♥♦- -❤❡ ♦♥❧② ✇❛② -♦ $❡❛,❝❤ ❢♦,

-❤❡✐, ❛❝❝❡❧❡,❛-✐♦♥ $✐-❡$✳ ❚❤✐$ ✐$ ✇❤❡,❡ ♥❡✉-,✐♥♦$ ❝♦♠❡ ✐♥✳ ❲❤❡♥ ❝♦$♠✐❝ ,❛②$ ❛,❡ ❛❝❝❡❧❡,❛-❡❞✱ -❤❡② ❝❛♥ ✐♥-❡,❛❝-

✇✐-❤ -❤❡ ♠❛--❡, ♦, ,❛❞✐❛-✐♦♥ ♦❢ -❤❡ $♦✉,❝❡✱ ❜❡❢♦,❡ ❧❡❛✈✐♥❣ -❤❡ $♦✉,❝❡✳ ■♥ -❤❡ ❜②✲♣,♦❞✉❝- ♦❢ -❤✐$ ✐♥-❡,❛❝-✐♦♥✱

♥❡✉-,✐♥♦$ ❛,❡ ❝,❡❛-❡❞✳ ❙✐♥❝❡ ♥❡✉-,✐♥♦$ ❛,❡ ♥❡✉-,❛❧ ❛♥❞ ✐♥-❡,❛❝- ✈❡,② ✇❡❛❦❧② -❤❡② ❢,❡❡ $-,❡❛♠ ❢,♦♠ -❤❡ $♦✉,❝❡

✉♥❞❡✢❡❝-❡❞ ❛♥❞ ✉♥✐♠♣❡❞❡❞✳ ■❝❡❈✉❜❡ ✐$ ❞❡$✐❣♥❡❞ -♦ ❞❡-❡❝- -❤❡$❡ ♥❡✉-,✐♥♦$✱ ❛♥❞ ✇✐-❤ ❡♥♦✉❣❤ -✐♠❡ ♣♦$$✐❜❧②

❞❡-❡,♠✐♥❡ -❤❡✐, $♦✉,❝❡$✳
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✇❤✐❝❤ ❝❛♥ ❛❝❝❡❧❡&❛.❡ ♣❛&.✐❝❧❡( ✉♣ .♦ ✈❡&② ❤✐❣❤ ❡♥❡&❣✐❡(✳ ❚♦ ❣✐✈❡ ❛ (❡♥(❡ ♦❢ (❝❛❧❡✱ ❛ ♣❛&.✐❝❧❡ ❛. ✶ ❚❡❱ ❤❛(

❛♥ ❡♥❡&❣② ♦✈❡& .❤&❡❡ ♦&❞❡&( ♦❢ ♠❛❣♥✐.✉❞❡ ❧❛&❣❡& .❤❛♥ .❤❡ ❦✐♥❡.✐❝ ❡♥❡&❣② ❣❛✐♥❡❞ ❜② ❛ ♣&♦.♦♥ ❢❛❧❧✐♥❣ ✐♥.♦ ❛

♥♦♥✲&♦.❛.✐♥❣ ❜❧❛❝❦ ❤♦❧❡ ❛( ❣✐✈❡♥ ❜②

U =
GMBHmp

RBH
and RBH ≈

2GMBH

c2

=⇒ U =
mpc

2

2
≈ .5GeV for a proton

✭✸✳✶✮

✇❤❡&❡ ❯ ✐( .❤❡ ♣♦.❡♥.✐❛❧ ❡♥❡&❣②✱ ● ✐( .❤❡ ❣&❛✈✐.❛.✐♦♥❛❧ ❝♦♥(.❛♥.✱ MBH ✐( .❤❡ ♠❛(( ♦❢ .❤❡ ❜❧❛❝❦ ❤♦❧❡✱ mp ✐(

.❤❡ ♠❛(( ♦❢ ❛ ♣&♦.♦♥✱ RBH ✐( .❤❡ &❛❞✐✉( ♦❢ ❛ ❜❧❛❝❦ ❤♦❧❡✱ ❛♥❞ ❝ ✐( .❤❡ (♣❡❡❞ ♦❢ ❧✐❣❤.✳ ❙✐♥❝❡ .❤❡(❡ ♣❛&.✐❝❧❡(
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♣♦$$❡$$ ♠✉❝❤ ♠♦*❡ ❡♥❡*❣② .❤❛♥ .❤❡ ❣*❛✈✐.❛.✐♦♥❛❧ ♣♦.❡♥.✐❛❧ ♦❢ ❛ ❜❧❛❝❦ ❤♦❧❡ ❝❛♥ ❝♦♥.❛✐♥✱ .❤❡ *❡❣✐♦♥$ ✐♥ ✇❤✐❝❤

.❤❡ ♣❛*.✐❝❧❡$ ❛*❡ ❛❝❝❡❧❡*❛.❡❞ ♠✉$. ❤❛✈❡ ❛♥♦.❤❡* ❜✐♥❞✐♥❣ ❢♦*❝❡✳ ❆❧❧ ♦❢ .❤❡ ❝❛♥❞✐❞❛.❡ ❝❧❛$$❡$ ❢♦* ❝♦$♠✐❝ *❛②

❛❝❝❡❧❡*❛.✐♦♥ ♣♦$$❡$ ❧❛*❣❡ ♠❛❣♥❡.✐❝ ✜❡❧❞$ .♦ ❦❡❡♣ .❤❡$❡ ♣❛*.✐❝❧❡$ ❝♦♥.❛✐♥❡❞ ✇❤✐❧❡ .❤❡② ❛*❡ ❜❡✐♥❣ ❛❝❝❡❧❡*❛.❡❞

❜② ♥♦♥✲❣*❛✈✐.❛.✐♦♥❛❧ ♠❡❛♥$ ❬✶✸❪✳ ❚❤❡ $✐♠♣❧❡ *❡❧❛.✐♦♥ ❜❡.✇❡❡♥ ❡♥❡*❣② E ❛♥❞ ❣②*♦ *❛❞✐✉$ Rgyro ❢♦* ❛ ♣❛*.✐❝❧❡

✇✐.❤ ❝❤❛*❣❡ A ❛♥❞ ♠❛$$ mp ♠♦✈✐♥❣ ✇✐.❤ ✈❡❧♦❝✐.② ✈ ✐♥ ❛ ♠❛❣♥❡.✐❝ ✜❡❧❞ ❇ ✐$ ❣✐✈❡♥ ❜②

FLorentz = qvB and Fcent =
mpv

2

Rgyro
, FLorentz = Fcent =⇒ Rgyro =

mpv

qB

where mpv = relativistic energy =⇒ E

c
= γqBRgyro

✭✸✳✷✮

✇❤❡*❡ .❤❡ γ ❝♦♠❡$ ✐♥ .♦ ❛❝❝♦✉♥. ❢♦* .❤❡ ♣♦$$✐❜✐❧✐.② .❤❛. .❤❡ ♦❜$❡*✈❡* ✐$ ♥♦. ✐♥ .❤❡ *❡$. ❢*❛♠❡ ♦❢ .❤❡ ❛❝❝❡❧❡*❛.♦*✳

❚❤✐$ *❡❧❛.✐♦♥$❤✐♣ $❤♦✇$ .❤❛. ❛♥ ✐♥.❡*♣❧❛② ❜❡.✇❡❡♥ .❤❡ $✐③❡ ♦❢ ❝♦$♠✐❝ ♦❜❥❡❝.$ ❛♥❞ .❤❡✐* ♠❛❣♥❡.✐❝ ✜❡❧❞$ ✐$ ❛.

♣❧❛②✳ ❋*♦♠ .❤✐$✱ ♦♥❡ ❝❛♥ ❡✈❛❧✉❛.❡ ✇❤✐❝❤ $♦✉*❝❡$ ❛*❡ ❛❜❧❡ .♦ ❛❝❝❡❧❡*❛.❡ ♣❛*.✐❝❧❡$ .♦ ❛ ❝❡*.❛✐♥ ❡♥❡*❣② ❜❛$❡❞

♦♥ ♠❡❛$✉*❡♠❡♥.$ ♦❢ .❤❡✐* $✐③❡ ❛♥❞ ♠❛❣♥❡.✐❝ ✜❡❧❞✱ ❛$ ✐$ $❤♦✇♥ ✐♥ ❋✐❣✉*❡ ✸✳✶ ❬✶✹❪✳ ❋♦* ♥❡✉.*✐♥♦ ❛$.*♦♣❤②$✐❝$

✇❡ ❛*❡ ♦♥❧② ❝♦♥❝❡*♥❡❞ ❛❜♦✉. .❤❡ $♦✉*❝❡$ ✇❤✐❝❤ ❝❛♥ ❛❝❝❡❧❡*❛.❡ ♣❛*.✐❝❧❡$ .♦ .❤❡ ❤✐❣❤❡$. ❡♥❡*❣✐❡$ ❛♥❞ ❤❛✈❡

♥✉❝❧❡✐ ❛✈❛✐❧❛❜❧❡ ❢♦* ❛❝❝❡❧❡*❛.✐♦♥✳ ❆$ $✉❝❤ .❤✐$ ❝❤❛♣.❡* ✇✐❧❧ ❤❛✈❡ $❡❝.✐♦♥$ ❢♦❝✉$✐♥❣ ♦♥✿ ♣✉❧$❛*$✱ $✉♣❡*♥♦✈❛

*❡♠♥❛♥.$✱ ①✲*❛② ❜✐♥❛*✐❡$✱ ❜❧❛③❛*$✱ ❣❛♠♠❛ *❛② ❜✉*$.$✱ ❛♥❞ $.❛*✲❢♦*♠✐♥❣ ❣❛❧❛①✐❡$✳ ❆$ ❢❛* ❛$ ❝♦$♠✐❝ *❛② ♥✉❝❧❡✐

❛*❡ ❝♦♥❝❡*♥❡❞ $♦♠❡ ♦❢ .❤❡$❡ ❛*❡ $.✐❧❧ ♦♥❧② .❤❡♦*✐③❡❞ ❛$ $♦✉*❝❡$ $✐♥❝❡ .❤❡ ♦♥❧② ♣❛*.✐❝❧❡$ .❤❛. ❤❛✈❡ ❦♥♦✇♥ ♦*✐❣✐♥$

❛. ❡♥❡*❣✐❡$ ❛❜♦✈❡ ❛ ❚❡❱ ❛*❡ ❣❛♠♠❛ *❛②$✳ ❚❤❡ *❡❛$♦♥ ❢♦* .❤❡ ❧❛❝❦ ♦❢ ❦♥♦✇♥ $♦✉*❝❡$ ❢♦* ❝❤❛*❣❡❞ ❝♦$♠✐❝ *❛②$

$.❡♠$ ❧❛*❣❡❧② ❢*♦♠ .❤❡ $❛♠❡ ♣*♦♣❡*.② .❤❛. ❛❧❧♦✇$ .❤❡♠ .♦ ❣❡. ✉♣ .♦ $✉❝❤ ❤✐❣❤ ❡♥❡*❣✐❡$ ✐♥ .❤❡ ✜*$. ♣❧❛❝❡✿ .❤❡✐*

❝❤❛*❣❡✳ ❆$ ❝❤❛*❣❡❞ ♥✉❝❧❡✐ ❛♥❞ ❧❡♣.♦♥$ .*❛♥$✐. .❤❡ ❝♦$♠♦$✱ .❤❡② ❛*❡ ❛✛❡❝.❡❞ ❜② ❧♦❝❛❧ ♠❛❣♥❡.✐❝ ✜❡❧❞$ ✇❤✐❝❤

❤❛✈❡ ✉♥❦♥♦✇♥ ❝❤❛*❛❝.❡*✐$.✐❝$✳ ❚❤✐$ ♠❡❛♥$ .❤❛. ♦♥❧② .❤❡ ❝♦$♠✐❝ ♥✉❝❧❡✐ ✇✐.❤ .❤❡ ❤✐❣❤❡$. ♠❡❛$✉*❡❞ ❡♥❡*❣②

❤❛✈❡ ❛ ❝❤❛♥❝❡ .♦ ♣♦✐♥. ❜❛❝❦ .♦ ❡①.*❛✲❣❛❧❛❝.✐❝ $♦✉*❝❡$ ✐❢ .❤❛. ✐$ ✇❤❡*❡ .❤❡② ♦*✐❣✐♥❛.❡ ❢*♦♠✳ ❈✉**❡♥.❧②✱ .❤❡*❡

❛*❡ ♦♥❧② .✇♦ ❡①♣❡*✐♠❡♥.$ .❤❛. ❤❛✈❡ ♠❡❛$✉*❡❞ ❝♦$♠✐❝ ♥✉❝❧❡✐ ❛. .❤❡$❡ ❡♥❡*❣✐❡$ ❛♥❞ .❤❡ ❡①♣❡*✐♠❡♥.✬$ *❡$✉❧.$

❞✐$❛❣*❡❡ ✐❢ .❤❡ ♥✉❝❧❡✐ ♣♦✐♥. ❜❛❝❦ .♦ ❦♥♦✇♥ ♦❜❥❡❝.$ ♦* ♥♦. ❬✶✶❪ ❬✶✷❪✳ ❍♦✇❡✈❡*✱ .❤❡ ❡①✐$.❡♥❝❡ ♦❢ ❝♦$♠✐❝ *❛②$ ❛.

.❤❡$❡ ❡♥❡*❣✐❡$ $✉❣❣❡$.$ ❛♥ ❡①.*❛✲❣❛❧❛❝.✐❝ ♦*✐❣✐♥✳ ●❛♠♠❛ *❛②$ ❞♦ ♥♦. $❤❛*❡ .❤✐$ ♣*♦❜❧❡♠ ❛♥❞ ❤❛✈❡ ❜❡❡♥ ✉$❡❞

.♦ *❡$♦❧✈❡ $♦✉*❝❡$✱ ❜✉. ❛❧$♦ ❤❛✈❡ .❤❡✐* ♦✇♥ ♣*♦❜❧❡♠$✳ ❆$ ❣❛♠♠❛ *❛②$ .*❛✈❡❧✱ .❤❡② ❝❛♥ ✐♥.❡*❛❝. ✇✐.❤ ♠❛..❡*

❛♥❞ ♦.❤❡* ♣❤♦.♦♥$ .❤❛. .❤❡② ❡♥❝♦✉♥.❡* ❛♥❞ ❧♦$❡ ❡♥❡*❣② ✈✐❛ ❡❧❡❝.*♦♥✲♣♦$✐.*♦♥ ♣❛✐* ♣*♦❞✉❝.✐♦♥✳ ❚❤✐$ ♠❡❛♥$

.❤❛. ❧♦✇✲❡♥❡*❣② ♣❤♦.♦♥$ ❢*♦♠ .❤❡ ❝♦$♠✐❝ ♠✐❝*♦✇❛✈❡ ❜❛❝❦❣*♦✉♥❞ ♦* ❛♠❜✐❡♥. ♣❤♦.♦♥$ ❢*♦♠ .❤❡ $♦✉*❝❡$ ✇❤❡*❡

.❤❡ ❣❛♠♠❛ *❛②$ ❛*❡ ❝*❡❛.❡❞ ❝❛♥ ❛❜❛.❡ .❤❡ ♥✉♠❜❡* ♦❢ ❤✐❣❤✲❡♥❡*❣② ❣❛♠♠❛ *❛②$✳ ❋♦* .✇♦ ♣❤♦.♦♥$ ✐♥.❡*❛❝.✐♥❣

.♦ ❝*❡❛.❡ ❛♥ ❡❧❡❝.*♦♥✲♣♦$✐.*♦♥ ♣❛✐*✱ .❤❡ ♠✐♥✐♠✉♠ ❡♥❡*❣② *❡A✉✐*❡❞ ✐♥ .❤❡ ♣❛*❡♥. ♣❤♦.♦♥$ ✐$ 2me ✐♥ .❤❡ ❝❡♥.❡*

♦❢ ♠❛$$ ❢*❛♠❡✳ ❊✈❛❧✉❛.✐♥❣ .❤❡ ✐♥❝♦♠✐♥❣ ❛♥❞ ♦✉.❣♦✐♥❣ ✹✲♠♦♠❡♥.❛ ♦❢ .❤✐$ ✐♥.❡*❛❝.✐♦♥ ✇❡ $❡❡ ✐♥

hν2 ≥
2m2

ec
4

hν1(1− cos(θ))
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✇❤❡*❡ ν1 ❛♥❞ ν2 ❛*❡ .❤❡ ❢*❡A✉❡♥❝✐❡$ ♦❢ .❤❡ ❣❛♠♠❛ *❛② ❛♥❞ ♦.❤❡* ♣❤♦.♦♥ *❡$♣❡❝.✐✈❡❧②✱ h ✐$ .❤❡ S❧❛♥❝❦

❝♦♥$.❛♥.✱ ❛♥❞ θ ✐$ .❤❡ ❛♥❣❧❡ ❜❡.✇❡❡♥ .❤❡ ✐♥❝♦♠✐♥❣ ♣❤♦.♦♥$✳ ❚❤✐$ ♠❡❛♥$ ❤❡❛❞✲♦♥ ✐♥.❡*❛❝.✐♦♥$ ❜❡.✇❡❡♥ ✶ ❚❡❱
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❋✐❣✉%❡ ✸✳✶✿ ❆ ✈❡%,✐♦♥ ♦❢ 0❤❡ ❍✐❧❧❛, ♣❧♦0✱ ♥❛♠❡❞ ❛❢0❡% ✐0, ♦%✐❣✐♥❛❧ ❝%❡❛0♦%✱ ✇❤✐❝❤ ♦✉0❧✐♥❡, 0❤❡ ♠❛❣♥❡0✐❝ ✜❡❧❞,

❛%♦✉♥❞ ❛♥❞ ,✐③❡, ♦❢ ♦❜❥❡❝0, ✇❤✐❝❤ ❛%❡ ♥❡❡❞❡❞ 0♦ ❛❝❝❡❧❡%❛0❡ ❝♦,♠✐❝ %❛②, ✉♣ 0♦ 1020 ❡❱✳ ❖♥❧② ❝❡%0❛✐♥ ❝❧❛,,❡,

♦❢ ♦❜❥❡❝0, ❛%❡ ♦♣0✐♦♥, ❢♦% 0❤❡ ❤✐❣❤❡,0 ❡♥❡%❣② ❝♦,♠✐❝ %❛② ❛❝❝❡❧❡%❛0✐♦♥✳ ❚❤✐, ✜❣✉%❡ ❝♦♠❡, ❢%♦♠ ❬✶✺❪ ❛♥❞ ✐, ❛

%❡❝%❡❛0✐♦♥ ♦❢ 0❤❡ ♦%✐❣✐♥❛❧ ❢%♦♠ ❬✶✹❪✳
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❣♦♦❞ ❝❛♥❞✐❞❛)❡+ ❢♦- ✜♥❞✐♥❣ )❤❡ +♦✉-❝❡+ ❢-♦♠ ✇❤✐❝❤ )❤❡②✱ ❛♥❞ )❤❡✐- ❝♦+♠✐❝✲-❛② -❡❧❛)✐✈❡+✱ ♦-✐❣✐♥❛)❡✳ ❆+ ✇❛+

)♦✉❝❤❡❞ ♦♥ ✇✐)❤ )❤❡ ❣❛♠♠❛ -❛②+✱ ❝♦+♠✐❝ -❛② ♥✉❝❧❡✐ ✇✐)❤ ✈❡-② ❤✐❣❤ ❡♥❡-❣✐❡+ ❝❛♥ ✐♥)❡-❛❝) ✇✐)❤ ♣❤♦)♦♥+ ♦-

♦)❤❡- ♣❛-)✐❝❧❡+ ❛♥❞ ✉♥❞❡-❣♦ ♣-♦❞✉❝)✐♦♥ ♦❢ )❤❡ ❞❡❧)❛ -❡+♦♥❛♥❝❡ ❬✶✼❪✳ ❚❤✐+ ❞❡❧)❛ ♣❛-)✐❝❧❡ )❤❡♥ ✉♥❞❡-❣♦❡+ ❛

❞❡❝❛② ✐♥)♦ ❡✐)❤❡- ❛ ❝❤❛-❣❡❞ ❜❛-②♦♥ ❛♥❞ ❛ ♥❡✉)-❛❧ ♣✐♦♥ ♦- ❛ ♥❡✉)-♦♥ ❛♥❞ ❛ ❝❤❛-❣❡❞ ♣✐♦♥✳ ◆❡✉)-❛❧ ❛♥❞ ❝❤❛-❣❡❞

♣✐♦♥+ ♦❝❝✉- ✇✐)❤ ❛ ❢-❡A✉❡♥❝② ♦❢ ❛❜♦✉)

2
3 ❛♥❞

1
3 -❡+♣❡❝)✐✈❡❧②✳ ❇♦)❤ ♥❡✉)-❛❧ ❛♥❞ ❝❤❛-❣❡❞ ♣✐♦♥+ ❞❡❝❛② A✉✐❝❦❧②✳

❋♦- )❤❡ ♥❡✉)-❛❧ ♣✐♦♥✱ )❤❡ ❜②♣-♦❞✉❝) ✐+ )✇♦ ❣❛♠♠❛ -❛②+ ❛+ ✇❛+ ❛❧-❡❛❞② ❞✐+❝✉++❡❞ ❛♥❞ ❢♦- )❤❡ ❝❤❛-❣❡❞ ♣✐♦♥

)❤❡ ❞❡❝❛② -❡+✉❧)+ ✐♥ ❛ ❝❤❛-❣❡❞ ❧❡♣)♦♥ ❛♥❞ ♥❡✉)-✐♥♦✱ ♠♦+) ❝♦♠♠♦♥❧② ❛♥ ❛♥)✐✲♠✉♦♥ ❛♥❞ ♠✉♦♥ ♥❡✉)-✐♥♦✳ ❋♦-

)❤❡ ❝❤❛-❣❡❞ ♣✐♦♥ ❜-❛♥❝❤✱ )❤❡-❡ ✐+ ❢✉-)❤❡- ❝♦♥)-✐❜✉)✐♦♥ ❢-♦♠ )❤❡ ❞❡❝❛② ♦❢ )❤❡ ♥❡✉)-♦♥ ❛♥❞ ♠✉♦♥✳ ❚❤❡ ♥❡✉)-♦♥

✇✐❧❧ ❞❡❝❛② ✐♥)♦ ❛ ♣-♦)♦♥✱ ❡❧❡❝)-♦♥✱ ❛♥❞ ❡❧❡❝)-♦♥ ♥❡✉)-✐♥♦✳ ❲❤✐❧❡ )❤❡ ♠✉♦♥ ✇✐❧❧ ❞❡❝❛② )♦ ❛♥ ❡❧❡❝)-♦♥ ❛♥❞

❡❧❡❝)-♦♥ ♥❡✉)-✐♥♦✳ ❆❧❧ )♦❣❡)❤❡- )❤❡ ✐♥)❡-❛❝)✐♦♥ ✐+

p+ γtarget, p+N → ∆+ → p+ π0 → p+ 2γ

p+ γtarget, p+N → ∆+ → n+ π+ → p+ n+ µ+ + νµ

→ n+ e+ + νe + ν̄µ + νµ

→ p+ e− + e+ + νe + ν̄e + ν̄µ + νµ

✭✸✳✹✮

❖❢ )❤❡ ❢♦✉- ♥❡✉)-✐♥♦+ ✐♥ )❤❡ ✜♥❛❧ +)❛)❡ ♦❢ )❤❡ ❝❤❛-❣❡❞ ♣✐♦♥ ❞❡❝❛② ❜-❛♥❝❤✱ )❤-❡❡ ♦❢ )❤❡♠ ❛-❡ ♦❢ -♦✉❣❤❧② )❤❡

+❛♠❡ ❡♥❡-❣② ✇❤✐❧❡ )❤❡ ♦♥❡ -❡+✉❧)✐♥❣ ❢-♦♠ )❤❡ ♥❡✉)-♦♥ ❞❡❝❛② ✇✐❧❧ ❜❡ ❛❜♦✉) )✇♦ ♦-❞❡-+ ♦❢ ♠❛❣♥✐)✉❞❡ ❧❡++

❡♥❡-❣❡)✐❝ ❛+ ❛ -❡+✉❧) ♦❢ +❤❛-✐♥❣ )❤❡ ♥❡✉)-♦♥+ ♠♦♠❡♥)✉♠ ✇✐)❤ ❛ ♣-♦)♦♥ ✐♥ )❤❡ ❞❡❝❛②✳ ❈♦♠❜✐♥✐♥❣ )♦❣❡)❤❡-

❛❧❧ ♣♦++✐❜❧❡ ♦✉)❝♦♠❡+✱ )❤❡-❡ ❛-❡ ❛❜♦✉) )✇♦ ❤✐❣❤ ❣❛♠♠❛ -❛②+ ❢♦- ❡✈❡-② )❤-❡❡ ♦- ❢♦✉- ❤✐❣❤ ❡♥❡-❣② ♥❡✉)-✐♥♦+

♣-♦❞✉❝❡❞ ❜② )❤✐+ ♠❡❝❤❛♥✐+♠ ❬✶✽❪✳

❆+ ✇❛+ ❞✐+❝✉++❡❞ ❛) )❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ )❤✐+ +❡❝)✐♦♥✱ )❤❡-❡ ♠✉+) ❜❡ +♦♠❡ ♠❡❝❤❛♥✐+♠ ♣-❡+❡♥) )♦ ❛❝❝❡❧❡-✲

❛)❡ )❤❡+❡ ❝❤❛-❣❡❞ ❝♦+♠✐❝✲-❛② ♥✉❝❧❡✐ ✉♣ )♦ )❤❡ ♠❛①✐♠✉♠ ♦❢ )❤❡✐- ❤♦+)✬+ ♠❛❣♥❡)✐❝ ❝♦♥)❛✐♥✐♥❣ ❛❜✐❧✐)②✳ ❚❤❡

✉♥❞❡-+)♦♦❞ ♣❤❡♥♦♠❡♥❛ ✇❤✐❝❤ ❝❛♥ ❞-✐✈❡ +✉❝❤ ❛❝❝❡❧❡-❛)✐♦♥ ❛-❡ ❞❡+❝-✐❜❡❞ ✐♥ )❤❡ ♥❡①) +❡❝)✐♦♥ ✭✸✳✶✳✶✮✳

✸✳✶✳✶ ❈❤❛&❣❡❞ *❛&+✐❝❧❡ ❆❝❝❡❧❡&❛+✐♦♥

✸✳✶✳✶✳✶ ❙❤♦❝❦ ❆❝❝❡❧❡&❛+✐♦♥

❇❛+✐❝❛❧❧② ♣✉)✱ +❤♦❝❦ ❛❝❝❡❧❡-❛)✐♦♥ ♦❝❝✉-+ ✇❤❡♥ ❛ ♣❛-)✐❝❧❡✱ -❡❧❛)✐✈✐+)✐❝ ♦- ♦)❤❡-✇✐+❡✱ ❡♥❝♦✉♥)❡-+ ♠❛))❡- ♦-

❛ ♠❛❣♥❡)✐❝ ✜❡❧❞ ♠♦✈✐♥❣ ❛) ❛ ❞✐✛❡-❡♥) ✈❡❧♦❝✐)② )❤❛♥ )❤❡ ♣❛-)✐❝❧❡✬+ ❛♥❞ ❤❛+ ❛♥ ✐♥)❡-❛❝)✐♦♥ ✇❤✐❝❤ ❛❧)❡-+ )❤❡

♣❛-)✐❝❧❡✬+ ❡♥❡-❣②✳ ❚❤❡ ♦-✐❣✐♥❛❧ ❛-❣✉♠❡♥)+ ❢♦- )❤✐+ ♣-♦❝❡++ ✇❡-❡ ❧❛✐❞ ❞♦✇♥ ❜② ❋❡-♠✐ ✐♥ ✶✾✹✾ ❬✶✾❪✳ ❍❡ ❛-❣✉❡❞

)❤❛) ✐♥ )❤❡ ❝❛+❡ ♦❢ ♣❛-)✐❝❧❡+ ♠♦✈✐♥❣ ❛-♦✉♥❞ ✇❡❛❦ ♠❛❣♥❡)✐❝ ✜❡❧❞ ❧✐♥❡+ ♦❢ )❤❡ ✐♥)❡-+)❡❧❧❛- ♠❡❞✐✉♠✱ )❤❡-❡ ✇♦✉❧❞

♦❝❝❛+✐♦♥❛❧❧② ❜❡ ✐♥)❡-❛❝)✐♦♥+ ✇✐)❤ ✐--❡❣✉❧❛-✐)✐❡+ ✐♥ )❤❡ ✜❡❧❞ ✇❤✐❝❤ ✇♦✉❧❞ ♦♥ ❛✈❡-❛❣❡ ❝❛✉+❡ ❛ ❣❛✐♥ ✐♥ ♣❛-)✐❝❧❡

❡♥❡-❣② -❛)❤❡- )❤❡♥ ❛ ❧♦++ +✐♥❝❡ ❡A✉✐❧✐❜-✐✉♠ ❜❡)✇❡❡♥ )❤❡ ❞❡❣-❡❡+ ♦❢ ❢-❡❡❞♦♠ ♦❢ )❤❡ ✜❡❧❞+ ❛♥❞ )❤❡ ♣❛-)✐❝❧❡ ✐+

♣-❡❢❡--❡❞✳ ❚❤❡+❡ ✐♥)❡-❛❝)✐♦♥+ ❝❛♥ ❜❡ ♣♦-)-❛②❡❞ ❜② )❤❡ +✐♠♣❧❡ ♠❡❝❤❛♥✐❝+ ♣-♦❜❧❡♠ ♦❢ ❛ +♠❛❧❧ ♦❜❥❡❝) ♠♦✈✐♥❣

✇✐)❤ ✈❡❧♦❝✐)② v ❜♦✉♥❝✐♥❣ ♦✛ ❛ ♠✉❝❤ ♠♦-❡ ♠❛++✐✈❡ ♦❜❥❡❝) ✇❤✐❝❤ ✐+ ♠♦✈✐♥❣ )♦✇❛-❞+ )❤❡ +♠❛❧❧ ♦❜❥❡❝) ✇✐)❤



✶✹

"♦♠❡ ✈❡❧♦❝✐*② u✳ ■❢ *❤✐" ❝♦❧❧✐"✐♦♥ ✐" ✈✐❡✇❡❞ ❢3♦♠ ❛ "*❛*✐♦♥❛3② ❢3❛♠❡ ✇✐*❤ 3❡"♣❡❝* *♦ *❤❡ ♠❛""✐✈❡ ♦❜❥❡❝* *❤❡♥

*❤❡ "♠❛❧❧ ♦❜❥❡❝* ✐" ♠♦✈✐♥❣ *♦✇❛3❞" ✐* ✇✐*❤ ❛ ✈❡❧♦❝✐*② ❡9✉❛❧ *♦ (v + u)✳ ❆❢*❡3 *❤❡ ❝♦❧❧✐"✐♦♥✱ *❤❡ ❜❛❧❧ ♠♦✈❡"

❛✇❛② ✇✐*❤ *❤❡ "❛♠❡ "♣❡❡❞ ✐♥ *❤❡ ♦♣♣♦"✐*❡ ❞✐3❡❝*✐♦♥ ✐♥ *❤❡ "*❛*✐♦♥❛3② ❢3❛♠❡✳ ❍♦✇❡✈❡3✱ ✐♥ *❤❡ *3❛♥"❢♦3♠❛*✐♦♥

❜❛❝❦ *♦ *❤❡ ❢3❛♠❡ ✇❤❡3❡ *❤❡ ✇❛❧❧ ✐" ♠♦✈✐♥❣ ✇✐*❤ ✐*" ♦3✐❣✐♥❛❧ ✈❡❧♦❝✐*② *❤❡ ❜❛❧❧ ❤❛" ♥♦✇ ❣❛✐♥❡❞ ✈❡❧♦❝✐*② ❛♥❞

v′ = −(v + 2u)✳ ❆" ❛ 3❡"✉❧*✱ ❝♦❧❧✐"✐♦♥" *❤❛* ✐♥❝3❡❛"❡ ❡♥❡3❣② ✐♥ *❤✐" ✇❛② "*❛♥❞ *♦ ✐♠♣❛3* ❛ ♣♦"✐*✐✈❡ ❡♥❡3❣②

❝❤❛♥❣❡ *♦ *❤❡ "♠❛❧❧❡3 ♣❛3*✐❝❧❡ ✇❤✐❝❤ ✐" ♣3♦♣♦3*✐♦♥❛❧ *♦ v′2✳ ❚❤✐" ♠❡❝❤❛♥✐"♠ ✐" ❝♦♠♠♦♥❧② 3❡❢❡33❡❞ *♦ ❛" "❡❝♦♥❞

♦3❞❡3 ❋❡3♠✐ ❛❝❝❡❧❡3❛*✐♦♥ "✐♥❝❡ ✐*" ❡♥❡3❣② ❣❛✐♥ ❣♦❡" ❧✐❦❡ v′2✳ ❚❤✐" ♠❡❝❤❛♥✐"♠ ✐" ♠♦"* ❡✛❡❝*✐✈❡ ✇❤❡♥ *❤❡ "❤♦❝❦"

❛3❡ 3❡❧❛*✐✈✐"*✐❝ ❛♥❞ ❧❡"" ❡✛❡❝*✐✈❡ ♦*❤❡3✇✐"❡✳ ❋3♦♠ *❤✐" ♣3♦❝❡"" ♣❛3*✐❝❧❡" ❝❛♥ ❣❛✐♥ ❡♥❡3❣② ❡①♣♦♥❡♥*✐❛❧❧② ✇✐*❤

3❡"♣❡❝* *♦ *❤❡ ♥✉♠❜❡3 ♦❢ ❝♦❧❧✐"✐♦♥" *❤❡② ✉♥❞❡3❣♦✳ ❲❤✐❧❡ *❤✐" ❛3❣✉♠❡♥* ✇❛" ❧❛✐❞ ♦✉* ♦3✐❣✐♥❛❧❧② ❜② ❋❡3♠✐ ❢♦3

♠❛❣♥❡*✐❝ ✜❡❧❞"✱ ✐* ❤♦❧❞" *3✉❡ ❢♦3 ♠♦✈✐♥❣ ❝❧♦✉❞" ♦❢ ♣❛3*✐❝❧❡" ✐♥*❡3❛❝*✐♥❣ ✇✐*❤ ♣❛3*✐❝❧❡" ✐♥ ❧❡"" ❞❡♥"❡ ♣❛3*✐❝❧❡

❝❧♦✉❞" ❛" ✇❡❧❧✳ ❚❤❡3❡ ✐" ❛❧"♦ ❛ ✜3"* ♦3❞❡3 ❋❡3♠✐ ❛❝❝❡❧❡3❛*✐♦♥ ✇❤✐❝❤ ✐" ♠♦"* ❡✛❡❝*✐✈❡ ✇❤❡♥ "❤♦❝❦" ❛3❡ ♥♦♥✲

3❡❧❛*✐✈✐"*✐❝✳ ❚❤✐" ✇❛" ❛❧"♦ ♦3✐❣✐♥❛❧❧② ❞❡3✐✈❡❞ ❜② ❋❡3♠✐ ❜✉* ✐" *❛❦❡♥ ❢3♦♠ ●❛❧❧❛♥* ❬✷✵❪ ❢♦3 *❤✐" ❞✐"❝✉""✐♦♥✳

❋♦3 *❤✐" "✐*✉❛*✐♦♥✱ ✐♠❛❣✐♥❡ ❛ ♣❛3*✐❝❧❡ ♠♦✈✐♥❣ *❤3♦✉❣❤ "♣❛❝❡ ✐♥ *❤❡ ✉♣"*3❡❛♠ ♣♦3*✐♦♥ ♦❢ ❛ ♠❡❞✐✉♠ "❡♣❛3❛*❡❞

❜② ❛ "❤♦❝❦✳ ■❢ *❤❡ ♣❛3*✐❝❧❡ ❝3♦""❡" ✐♥*♦ *❤❡ "❤♦❝❦ ✇✐*❤ ❛ 3❡❧❛*✐✈❡ ❛♥❣❧❡ θd *♦ *❤❡ "❤♦❝❦ ♥♦3♠❛❧ ✐*" ▲♦3❡♥*③

*3❛♥"❢♦3♠❛*✐♦♥ ✇✐❧❧ ✐♥❝3❡❛"❡ ✐*" ❡♥❡3❣② ❜② ❛ ❢❛❝*♦3 Γmed(1 − βmedcos(θd)) ✇❤❡3❡ Γmed ❛♥❞ βmed ❛3❡ *❤❡

▲♦3❡♥*③ ❢❛❝*♦3 ❛♥❞ 3❡❧❛*✐✈❡ ✈❡❧♦❝✐*② ♦❢ *❤❡ ♠❡❞✐✉♠✳ ❚❤❡ ♣❛3*✐❝❧❡ *❤❡♥ ❤❛" *✇♦ ♦♣*✐♦♥"✳ ■* ❝❛♥ ❡"❝❛♣❡ ❛♥❞

✉♥❞❡3❣♦ ♥♦ ❢✉3*❤❡3 "❤♦❝❦ ❛❝❝❡❧❡3❛*✐♦♥✱ ♦3 ✐* ❝❛♥ ❝3♦"" *❤❡ "❤♦❝❦ ❛❣❛✐♥ *❤✐" *✐♠❡ ✐♥❝✉33✐♥❣ ❛♥ ✐♥❝3❡❛"❡ *♦ ✐*"

❡♥❡3❣② ❣✐✈❡♥ ❜② Γmed(1 + βmedcos(θu)) ✇❤❡3❡ θu ❣✐✈❡" *❤❡ ❛♥❣❧❡ ♦❢ ✐♥❝✐❞❡♥❝❡ *♦ *❤❡ "❤♦❝❦ ♥♦3♠❛❧ ❢♦3 *❤✐"

❝3♦""✐♥❣✳ ❚❤✉"✱ ❛❢*❡3 *✇♦ ❝3♦""✐♥❣"

Ef

Ei
= Γ2

med(1− βmedcos(θd))(1 + βmedcos(θu)) ✭✸✳✺✮

✐❢ *❤❡ ✈❡❧♦❝✐*② ♦❢ *❤❡ ♠❡❞✐✉♠ 3❡❧❛*✐✈❡ *♦ *❤❡ "♣❡❡❞ ♦❢ ❧✐❣❤* ✐" ♠✉❝❤ ❧❡"" *❤❡♥ ✶✱ *❤❡ ❛♥❣❧❡" ♦❢ ✐♥❝✐❞❡♥❝❡ ❝❛♥

❜❡ *❛❦❡♥ ❛" ✐"♦*3♦♣✐❝ ❛♥❞ ❛✈❡3❛❣❡❞ ♦✈❡3 *❤❡✐3 3❡❧❡✈❛♥* 3❛♥❣❡" ❣✐✈✐♥❣

< cos(θd) >=

∫ 0

−π
2

θcos(θ)dθ = cos(θ) + θsin(θ)

∣

∣

∣

∣

∣

0

−π
2

= 1− π

2
≈ −2

3
✭✸✳✻✮

< cos(θu) >=

∫ π
2

0

θcos(θ)dθ = cos(θ) + θsin(θ)

∣

∣

∣

∣

∣

π
2

0

=
π

2
− 1 ≈ 2

3
✭✸✳✼✮

*❤✉" "✐♥❝❡ Γmed ∼ 1
〈

Ef

Ei

〉

= (1 + βmed
2

3
)(1 + βmed

2

3
) ≈ 1 + βmed

4

3
✭✸✳✽✮

❚❤✐" ♣❛3*✐❝❧❡ ✐" ♦♥❝❡ ❛❣❛✐♥ ❛❜❧❡ *♦ ❡"❝❛♣❡ ♦3 ❝3♦"" *❤❡ "❤♦❝❦ ❛❣❛✐♥ ❛* ❛ ❧❛*❡3 *✐♠❡ ❛♥❞ ❢✉3*❤❡3 ✐♥❝3❡❛"❡

✐*" ❡♥❡3❣②✳ ❚❤3♦✉❣❤ *❤✐" ♠❡❝❤❛♥✐"♠✱ ♣❛3*✐❝❧❡" ❝❛♥ ✐♥❝3❡❛"❡ *❤❡✐3 ❡♥❡3❣② ❡①♣♦♥❡♥*✐❛❧❧② ✇✐*❤ *❤❡ ♥✉♠❜❡3 ♦❢

❝3♦""✐♥❣" ❛" ✇❡❧❧✳
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Φ =
−BΩR3

3c
P2(cosθ) ✭✸✳✾✮
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❧✐❣❤" ❬✹✸❪✳ ❚❤❡,❡ ❛,❡ "✇♦ ♣♦--✐❜❧❡ ♠❡❝❤❛♥✐-♠- ❜② ✇❤✐❝❤ "❤❡ ❛❝❝❡❧❡,❛"✐♦♥ ♦❢ ✐♦♥- ❝❛♥ ♦❝❝✉, ✐♥ "❤❡ ,❡-✉❧"✐♥❣

❡♥✈✐,♦♥♠❡♥"✳ ❋✐,-"✱ "❤❡ ,❡-✉❧"✐♥❣ -❤❡❧❧ ♦❢ ❡❥❡❝"❡❞ ♠❛"❡,✐❛❧ ♣,♦❞✉❝❡- ❛ -❤♦❝❦ ❛❤❡❛❞ ♦❢ ✐" ✇❤✐❝❤ ❝❛♥ ❛❝❝❡❧❡,❛"❡

♣❛,"✐❝❧❡- ✈✐❛ ❋❡,♠✐ ❛❝❝❡❧❡,❛"✐♦♥✳ ❚❤✐- ❛❝❝❡❧❡,❛"✐♦♥ ✐- "❤♦✉❣❤" "♦ ♣,♦❞✉❝❡ ❛ ❧❛,❣❡ ❢,❛❝"✐♦♥ ♦❢ "❤❡ ❝♦-♠✐❝ ,❛②-

✇✐"❤ ●❛❧❛❝"✐❝ ♦,✐❣✐♥ ❛♥❞ ❝♦✉❧❞ ❛❧-♦ ♣,♦❞✉❝❡ ❤✐❣❤❡, ❡♥❡,❣② ✐♦♥- ❛♥❞ ♥❡✉",✐♥♦- ❛- ❛ ,❡-✉❧" ❬✹✹❪ ❬✹✺❪✳ ❆♥♦"❤❡,

♣♦--✐❜✐❧✐"② ✐- "❤❛" ❛" "❤❡ ❡♥❞ ♦❢ "❤❡ -✉♣❡,♥♦✈❛ ✇❤✐❝❤ ❝,❡❛"❡❞ "❤❡ ,❡♠♥❛♥"✱ ❛ ♥❡✉",♦♥ -"❛, ✇❛- ❝,❡❛"❡❞✳ ■♥

"❤✐- ❝❛-❡✱ "❤❡ -✐"✉❛"✐♦♥ ❛,✐-✐♥❣ ✇♦✉❧❞ -✐♠✐❧❛, "♦ "❤❛" ❢♦✉♥❞ ✇✐"❤ ♣✉❧-❛,- ❛♥❞ ❛❝❝❡❧❡,❛"✐♦♥ ❝♦✉❧❞ ♦❝❝✉, ❢,♦♠

"❤❡ ❧❛,❣❡ ♣♦"❡♥"✐❛❧ ,❡-✉❧"✐♥❣ ❢,♦♠ "❤❡ ❤✐❣❤❧② ♠❛❣♥❡"✐③❡❞ ,❛♣✐❞❧② -♣✐♥♥✐♥❣ -"❛,✳
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✸✳✹✳✷✳✸ ❳✲❘❛② ❇✐♥❛,✐❡.

❳✲❘❛② ❜✐♥❛)✐❡+ ❢♦)♠ ✇❤❡♥ ♦♥❡ ♦❢ 1❤❡ +1❛)+ ✐♥ ❛ ❜✐♥❛)② +②+1❡♠ ✉♥❞❡)❣♦❡+ ❛ +✉♣❡)♥♦✈❛ 1♦ ❜❡❝♦♠❡ ❛ ❜❧❛❝❦

❤♦❧❡ ♦) ♥❡✉1)♦♥ +1❛)✳ ❚❤✐+ ❝♦♥✈❡)+✐♦♥ ♠✉+1 ♦❝❝✉) +✉❝❤ 1❤❛1 1❤❡ ❜✐♥❛)② +②+1❡♠ )❡♠❛✐♥+ ❜♦✉♥❞ ❛♥❞ 1❤❡ ❝♦♠♣❛❝1

♦❜❥❡❝1 ❛❝❝)❡1❡+ ♠❛11❡) ❢)♦♠ 1❤❡ ❝♦♠♣❛♥✐♦♥ +1❛)✳ ❲❤❡♥ 1❤✐+ ❤❛♣♣❡♥+ ❧❛)❣❡ ❛♠♦✉♥1+ ♦❢ ①✲)❛② ❡♠✐++✐♦♥ )❡+✉❧1+

❢)♦♠ 1❤❡ ❛❝❝)❡1✐♦♥✳ ❲✐1❤ 1❤❡ ❝♦♠♣❛❝1 ♦❜❥❡❝1 ❜❡✐♥❣ ❡✐1❤❡) ❛ ❜❧❛❝❦ ❤♦❧❡ ♦) ❛ ♥❡✉1)♦♥ +1❛)✱ 1❤❡)❡ ✐+ ❛ ♣♦++✐❜✐❧✐1②

❢♦) ❛ ❥❡1 ♦✉1✢♦✇ 1♦ ❢♦)♠ ❛♥❞ +❤❡❛) ❛❝❝❡❧❡)❛1✐♦♥ ♦❢ ✐♦♥+ 1♦ ♦❝❝✉) ❛+ ❛ )❡+✉❧1 ❬✹✻❪✳ ❆❞❞✐1✐♦♥❛❧❧②✱ ✐❢ 1❤❡ ❝♦♠♣❛❝1

♦❜❥❡❝1 ✐+ ❛ +♣✐♥♥✐♥❣ ♥❡✉1)♦♥ +1❛)✱ 1❤❡)❡ ✐+ 1❤❡ ♣♦++✐❜✐❧✐1② 1♦ ❝)❡❛1❡ ❧❛)❣❡ ♣♦1❡♥1✐❛❧+ ✇✐1❤ ✇❤✐❝❤ 1♦ ❛❝❝❡❧❡)❛1❡

✐♦♥+✱ 1❤♦✉❣❤ 1❤❡② ❛)❡ ❧✐❦❡❧② 1♦ ❜❡ +❤✐❡❧❞❡❞ ❢)♦♠ 1❤❡ ❛❜✉♥❞❛♥❝❡ ♦❢ ♠❛11❡) ❢♦✉♥❞ ✐♥ 1❤❡ ❛❝❝)❡1✐♦♥ ❞✐+❦ ❛)♦✉♥❞

1❤❡ ♥❡✉1)♦♥ +1❛)✳

✸✳✹✳✷✳✹ ❇❧❛③❛,.

❆❝1✐✈❡ ●❛❧❛❝1✐❝ ◆✉❝❧❡✐✭❆●◆✮ ❛)❡ 1❤♦✉❣❤1 1♦ ❜❡ +✉♣❡)✲♠❛++✐✈❡ ❜❧❛❝❦ ❤♦❧❡+ ♦❝❝✉♣②✐♥❣ ❛ +♠❛❧❧ ❛)❡❛ ❛1 1❤❡

❝❡♥1❡) ♦❢ ❣❛❧❛①✐❡+✳ ❇❧❛③❛)+ ❛)❡ ❛ ❝❧❛++✐✜❝❛1✐♦♥ ♦❢ ❆●◆ ✇✐1❤ ✉♥✐M✉❡ ♣)♦♣❡)1✐❡+✳ ❇❧❛③❛)+ ✇❡)❡ ♦)✐❣✐♥❛❧❧② ❢♦✉♥❞

1♦ ❤❛✈❡ ❝♦♠♣❧❡1❡❧② ✢❛1 +♣❡❝1)✉♠ ❛1 )❛❞✐♦ ❢)❡M✉❡♥❝✐❡+ ❛♥❞ ❤✐❣❤❧② ✈❛)✐❛❜❧❡ ❡♠✐++✐♦♥ ❧✐❦❡ ❇▲✲▲❛❝❡)1❛❡ ♦❜❥❡❝1+✳

❍♦✇❡✈❡)✱ ✇❤❡♥ +✉)✈❡②+ ❡①1❡♥❞✐♥❣ ❛❝)♦++ ❧❛)❣❡) ❢)❡M✉❡♥❝② )❛♥❣❡+ +❡1 1❤❡✐) +✐❣❤1+ ♦♥ 1❤❡+❡ ♦❜❥❡❝1+ 1❤❡② ❢♦✉♥❞

1❤❛1 1❤❡② ❛❧+♦ ♣♦++❡+ ❜)♦❛❞ ❡♠✐++✐♦♥ ❧✐♥❡+ ❧✐❦❡ 1❤♦+❡ ❢♦✉♥❞ ✐♥ M✉❛+❛)+✳ ❚❤✉+✱ 1❤❡+❡ ♦❜❥❡❝1+ ✇❤✐❝❤ ❤❛✈❡

❡♠✐++✐♦♥ ❢❡❛1✉)❡+ ❡♥❝♦♠♣❛++✐♥❣ ❇▲✲▲❛❝❡)1❛❡ ❧✐❦❡ ♦❜❥❡❝1+ ❛♥❞ M✉❛+❛)+ ✇❡)❡ ❣✐✈❡♥ 1❤❡ ♣♦)1♠❛♥1❡❛✉ ❇❧❛③❛)

1♦ ❞❡+❝)✐❜❡ 1❤❡♠ ❬✹✼❪✳ ❚❤❡+❡ ♦❜❥❡❝1+ ❛)❡ ❛♠♦♥❣ 1❤❡ ♠♦+1 ❧✉♠✐♥♦✉+ ❝♦+♠♦❧♦❣✐❝❛❧ +♦✉)❝❡+✱ ✇✐1❤ ❥❡1 ❡♠✐++✐♦♥

♣❡)♣❡♥❞✐❝✉❧❛) 1♦ 1❤❡ ❛❝❝)❡1✐♦♥ ❞✐+❦ ❢♦)♠❡❞ ❛)♦✉♥❞ 1❤❡ ❜❧❛❝❦ ❤♦❧❡✳ ❚❤❡ ❡♠✐++✐♦♥ ♦❢ ❇❧❛③❛)+ ✐+ 1❤❛♥❦+ 1♦ 1❤❡

❛❧✐❣♥♠❡♥1 ♦❢ 1❤❡ ❥❡1 ✐+ +✉❝❤ 1❤❛1 ❊❛)1❤ ❜❡✐♥❣ ✇✐1❤✐♥ 1❤❡ ❥❡1✬+ ❡♠✐++✐♦♥ ❝♦♥❡✳ ❆❝❝❡❧❡)❛1✐♦♥ ♦❢ ✐♦♥+ ✐♥ 1❤❡+❡

❥❡1+ ❣✐✈❡+ ❛ ♣♦1❡♥1✐❛❧ +♦✉)❝❡ ♦❢ ❤✐❣❤ ❡♥❡)❣② ♣❛)1✐❝❧❡+ ❬✹✽❪ ❛♥❞ 1❤❡ )❛❞✐❛1✐♦♥ ❛♥❞ +✉))♦✉♥❞✐♥❣ ♠❛11❡) ✐♥ 1❤❡ ❥❡1

❝♦✉❧❞ ♣)♦✈✐❞❡ ❛ ♥✐❝❡ 1❛)❣❡1 ❬✹✾❪ ❢♦) ♣❤♦1♦✲❤❛❞)♦♥✐❝ ♦) ♥✉❝❧❡❛) ♣)♦❞✉❝1✐♦♥ ♦❢ 1❤❡ ❞❡❧1❛ )❡+♦♥❛♥❝❡ ❛♥❞ )❡+✉❧1✐♥❣

♥❡✉1)✐♥♦+ ✐♠♣❧✐❡❞ ❜② 1❤❡ ♣)♦❝❡++✳

✸✳✹✳✷✳✺ ●❛♠♠❛ ❘❛② ❇✉,.5.

❲❤❡♥ ❛ ❣❛♠♠❛ )❛② ❜✉)+1✭●❘❇✮ ♦❝❝✉)+ ♠♦)❡ ❡♥❡)❣② ✐+ )❡❧❡❛+❡❞ ✐♥ ✶✵ +❡❝♦♥❞+ 1❤❛♥ 1❤❡ +✉♥ ✇✐❧❧ ❡♠✐1 ✐♥

✐1✬+ ❡♥1✐)❡ ❧✐❢❡1✐♠❡✳ ❚❤❡ ♠❡❝❤❛♥✐+♠ ❜❡❤✐♥❞ 1❤❡+❡ ✈✐♦❧❡♥1 ❡①♣❧♦+✐♦♥+ ✐+ ❢❛) ❢)♦♠ ❛❣)❡❡❞ ✉♣♦♥✱ ❜✉1 1❤❡ 1✇♦

❧❡❛❞✐♥❣ ♠♦❞❡❧+ ❛)❡ +❤♦❝❦ ❝♦❧❧✐+✐♦♥+ ❜❡1✇❡❡♥ +❧♦✇ ❛♥❞ ❢❛+1 +❤❡❧❧+ ❛)♦✉♥❞ ❜❧❛❝❦ ❤♦❧❡+ ❬✺✵❪ ❛♥❞ ❝♦♠♣❛❝1 ♦❜❥❡❝1

♠❡)❣❡)+✳ ❇♦1❤ ♠♦❞❡❧+ ♣)♦♣♦+❡ ❛❝❝❡❧❡)❛1✐♦♥ ♦❢ ✐♦♥+ ❜② +❤♦❝❦+ )❡+✉❧1✐♥❣ ❢)♦♠ ✈✐♦❧❡♥1 ❡✈❡♥1+ ❛♥❞ ✐♥1❡)❛❝1✐♦♥

✇✐1❤ ♦1❤❡) ❛❝❝❡❧❡)❛1❡❞ ♠❛11❡) ♦) )❡+✉❧1✐♥❣ )❛❞✐❛1✐♦♥ ❬✺✶❪❬✺✷❪✳

✸✳✹✳✷✳✻ ❙5❛,❜✉,.5 ●❛❧❛①✐❡.

❙1❛)❜✉)+1 ❣❛❧❛①✐❡+ ❛)❡ )❡❣✐♦♥+ ♦❢ ❞❡♥+❡ ♠❛11❡) ✇❤❡)❡ +1❛) ❢♦)♠❛1✐♦♥ ♦❝❝✉)+ ♠✉❝❤ ❢❛+1❡) 1❤❛♥ ✐♥ ♦1❤❡)

❣❛❧❛①✐❡+✳ ❆+ ❛ )❡+✉❧1✱ ❤✐❣❤ ♠❛++ +1❛)+✱ ✇❤✐❝❤ M✉✐❝❦❧② ❣♦ 1❤)♦✉❣❤ 1❤❡✐) ❧✐❢❡ ❝②❝❧❡+ ❛♥❞ ❡♥❞ ✐♥ +✉♣❡)♥♦✈❛+✱ ❛)❡
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❛❧$♦ &❡❧❛(✐✈❡❧② ♠♦&❡ ❛❜✉♥❞❛♥( ❧❡❛❞✐♥❣ (♦ ♠❛♥② $✉♣❡&♥♦✈❛ &❡♠♥❛♥($ ❡①✐$(✐♥❣ ✇✐(❤✐♥ ❛ ❣❛❧❛①②✳ ❲✐(❤ ♠❛♥②

$✉♣❡&♥♦✈❛ &❡♠♥❛♥($ ❡①✐$(✐♥❣✱ (❤❡&❡ ✐$ ❛ ♣♦$$✐❜✐❧✐(② ❢♦& ❛❝❝❡❧❡&❛(✐♦♥ ♦❢ ✐♦♥$ ✐♥ $❤♦❝❦$✳ ❆❞❞✐(✐♦♥❛❧❧②✱ (❤❡&❡ ❛&❡

❧❛&❣❡ ❛♠♦✉♥($ ♦❢ ❞❡♥$❡ ♠❛((❡& ✐♥ (❤❡$❡ ❣❛❧❛①✐❡$ ✇❤✐❝❤ ❝♦♠❡$ ❢&♦♠ (❤❡ ♠❛$$ ❡❥❡❝(❛ ❞✉&✐♥❣ (❤❡ $✉♣❡&♥♦✈❛

❛♥❞ ❢&♦♠ ✇❤✐❝❤ (❤❡ $(❛&$ ✇❡&❡ ❢♦&♠❡❞✳ ❆$ ❛ &❡$✉❧(✱ (❤❡&❡ ✐$ ❣♦♦❞ ♦♣♣♦&(✉♥✐(② ❢♦& ♥❡✉(&✐♥♦ ♣&♦❞✉❝(✐♦♥ (♦

♦❝❝✉&❬✺✸❪✱ ❜✉( &❡❝❡♥(❧② ❧✐♠✐($ ❤❛✈❡ ❜❡❡♥ ♣❧❛❝❡❞ ♦♥ ❤♦✇ ♠✉❝❤ ♦❢ (❤❡ ❞✐✛✉$❡ ♥❡✉(&✐♥♦ ✢✉① ❝♦✉❧❞ ♦&✐❣✐♥❛(❡ ❢&♦♠

(❤✐$ ❝❧❛$$ ♦❢ $♦✉&❝❡$ ❬✺✹❪✳

✸✳✹✳✸ ❈♦%♠♦❣❡♥✐❝ ◆❡✉./✐♥♦%

❆( (❤❡ ❡♥❞ ♦❢ (❤❡ ❧✐❦❡❧② ❝♦$♠✐❝ &❛② $♣❡❝(&✉♠ ✐$ ❛ ❤❛&❞ ❝✉(♦✛ ✐♥ (❤❡ $♣❡❝(&✉♠✳ ❚❤✐$ ❝✉(♦✛ ✐$ ❞✉❡ (♦ (❤❡

✐♥(❡&❛❝(✐♦♥ ♦❢ (❤❡ ✉❧(&❛ ❤✐❣❤ ❡♥❡&❣② ❝♦$♠✐❝ &❛②$ ✇✐(❤ ❝♦$♠✐❝ ♠✐❝&♦✇❛✈❡ ❜❛❝❦❣&♦✉♥❞ ✭❈▼❇✮ ♣❤♦(♦♥$ ❬✺✺❪ ❬✺✻❪✳

❈♦$♠✐❝ &❛②$✬ ✐♥(❡&❛❝(✐♦♥$ ♦❢(❡♥ ♣&♦❞✉❝❡ ❛ ❝❤❛&❣❡❞ ♣✐♦♥ ✇❤✐❝❤ ✇✐❧❧ ❞❡❝❛② ❛$ ❞✐$❝✉$$❡❞ ✐♥ ❙❡❝(✐♦♥ ✸✳✶✳ ❙✐♥❝❡

(❤❡&❡ ❛&❡ ♥♦ ❦♥♦✇♥ $♦✉&❝❡$ ♦❢ ❊❡❱ ❝♦$♠✐❝ &❛②$ ✇✐(❤✐♥ ✸✵ ▼♣❝ ♦❢ ❊❛&(❤✱ ❛ ❞❡♣❧❡(✐♦♥ ♦❢ ❝♦$♠✐❝ &❛②$ ❛♥❞ ❛

❜✉✐❧❞ ✉♣ ♦❢ ♥❡✉(&✐♥♦$ $❤♦✉❧❞ ♦❝❝✉& ❛( ❊❡❱ ❡♥❡&❣✐❡$ ❬✺✼❪✳ ❚❤✐$ ✢✉① ✐$ ❣✉❛&❛♥(❡❡❞ ❜② (❤❡ ♣&❡$❡♥❝❡ ♦❢ ❝♦$♠✐❝

&❛②$ ✉♣ (♦ (❤❡ ❝✉(♦✛ ❡♥❡&❣② ❜✉( ✐$ ♣&❡❞✐❝(❡❞ (♦ ❜❡ ✈❡&② $♠❛❧❧✳ ■❝❡❈✉❜❡ ❝❛♥ ♠❡❛$✉&❡ ♥❡✉(&✐♥♦$ ✉♣ (♦ (❤❡

♥❡❝❡$$❛&② ❡♥❡&❣② ❜✉( ♠✉❝❤ ♦❢ (❤❡ ✢✉① ❧✐❡$ ❛❜♦✈❡ ✐($ &❡❛❝❤ ❛♥❞ ✐$ (❤❡ $(✉❞② ♦❢ ❞❡❞✐❝❛(❡❞ &❛❞✐♦ ❜❛$❡❞ ♥❡✉(&✐♥♦

❡①♣❡&✐♠❡♥($ ❬✺✽❪✳

✸✳✺ ▼✉♦♥ 2❤②%✐❝%

▼✉♦♥$ ❛&❡ (❤❡ $❡❝♦♥❞ ❤❡❛✈✐❡$( ❝❤❛&❣❡❞ ❧❡♣(♦♥ ✐♥ (❤❡ $(❛♥❞❛&❞ ♠♦❞❡❧✳ ❋♦& ❛❧❧ ❛♣♣❧✐❝❛(✐♦♥$ ✇❡ ✇✐❧❧

❝♦♥$✐❞❡&✱ ♠✉♦♥$ (&❛✈❡❧ ❛( ♥❡❛&❧② (❤❡ $♣❡❡❞ ♦❢ ❧✐❣❤(✳ ❚❤❡② ❛&❡ ❝❛♥ ❜❡ ❝&❡❛(❡❞ ❛♥❞ ❞❡$(&♦②❡❞ ✈✐❛ (❤❡ ✇❡❛❦

❛♥❞ ❡❧❡❝(&♦♠❛❣♥❡(✐❝ ❢♦&❝❡ ❛♥❞ ✐♥(❡&❛❝( ✇✐(❤ (❤❡ ♠❡❞✐❛ (❤❡② ❛&❡ (&❛✈❡&$✐♥❣ ❛♥❞ ✉♥❞❡&❣♦ ❡♥❡&❣② ❧♦$$❡$ ✈✐❛ (❤❡

❡❧❡❝(&♦♠❛❣♥❡(✐❝ ❢♦&❝❡✳ ❚❤❡ ♠❛❥♦&✐(② ♦❢ (❤❡ ♠✉♦♥$ ✐♥ ■❝❡❈✉❜❡ ❛&❡ ❝&❡❛(❡❞ ✈✐❛ ♣✐♦♥ ❛♥❞ ❦❛♦♥ ❞❡❝❛② ✐♥ (❤❡

❛(♠♦$♣❤❡&❡✱ (❤♦✉❣❤ (❤❡&❡ ❛&❡ ♦(❤❡& $♦✉&❝❡$ $✉❝❤ ❛$ ❝❤❛&❣❡❞ ❝✉&&❡♥( ♠✉♦♥ ♥❡✉(&✐♥♦ ✐♥(❡&❛❝(✐♦♥$✳ ❚❤❡ ♠✉♦♥$

❢&♦♠ ♣✐♦♥ ❞❡❝❛② ✐♥ (❤❡ ❛(♠♦$♣❤❡&❡ (&❛✈❡❧ ❞♦✇♥ (❤&♦✉❣❤ (❤❡ ❛(♠♦$♣❤❡&❡ ✐♥(♦ (❤❡ ✐❝❡ ✇❤❡&❡ (❤❡② ❝❛♥ $✉&✈✐✈❡

❛❧❧ (❤❡ ✇❛② (♦ ■❝❡❈✉❜❡✱ ❛❢(❡& (&❛✈❡&$✐♥❣ ♦✈❡& ✶✳✺ ❦♠ ♦❢ ✐❝❡✳ ❇❡❝❛✉$❡ (❤❡✐& ❞❡❝❛② ✐$ ❣♦✈❡&♥❡❞ ❜② (❤❡ ✇❡❛❦ ❢♦&❝❡

♠✉♦♥$ ❤❛✈❡ ❛ ✈❡&② ❧♦♥❣ ❧✐❢❡(✐♠❡✱ ❛&♦✉♥❞ ✷✳✷ ♠✐❝&♦$❡❝♦♥❞$ ✐♥ (❤❡✐& &❡$( ❢&❛♠❡ ❬✺✾❪✳ ❙✐♥❝❡ (❤❡$❡ ♣❛&(✐❝❧❡$ ❛&❡

(&❛✈❡❧✐♥❣ ♥❡❛& (❤❡ $♣❡❡❞ ♦❢ ❧✐❣❤(✱ (❤✐$ (✐♠❡ ✐$ ❞✐❧❛(❡❞ ✐♥ ■❝❡❈✉❜❡✬$ ❢&❛♠❡ ♦❢ &❡❢❡&❡♥❝❡ ❛❧❧♦✇✐♥❣ (❤❡ ♠✉♦♥$ ❛❜♦✈❡

✶✵✵ ●❡❱ (♦ (&❛✈❡❧ ❦✐❧♦♠❡(❡&$ ❜❡❢♦&❡ ❞❡❝❛②✐♥❣✳ ❆$ (❤❡ ♠✉♦♥$ ♣&♦♣❛❣❛(❡ (❤&♦✉❣❤ (❤❡ ✐❝❡ (❤❡② ✉♥❞❡&❣♦ ❡♥❡&❣②

❧♦$$ ♣&♦❝❡$$❡$ $❤♦✇♥ ✐♥ ❋✐❣✉&❡ ✸✳✻ ❬✻✵❪✳ ❇❡❧♦✇ ❛♣♣&♦①✐♠❛(❡❧② ✷ ❚❡❱ (❤❡ ❞♦♠✐♥❛♥( ❧♦$$ ♣&♦❝❡$$ ✐$ ❢&♦♠ (❤❡

♠✉♦♥ ✐♦♥✐③✐♥❣ (❤❡ ♠❡❞✐❛✳ ❚❤✐$ ♣&♦❝❡$$ ✐$ &♦✉❣❤❧② ✉♥✐❢♦&♠ ❛❝&♦$$ ❛❧❧ (❤❡ ❡♥❡&❣✐❡$ ✇❡ ✇✐❧❧ ❝♦♥$✐❞❡& ❛♥❞ ❧❡❛❞$ (♦

❛ ♥❡❛&❧② ❝♦♥$(❛♥( ❧♦$$ &❛(❡ ♦❢ ✳✷ ●❡❱✴♠✳ ❆❜♦✈❡ ✸✵✵ ●❡❱ ✐♦♥✐③❛(✐♦♥ ✐$ $(✐❧❧ ♣&❡$❡♥( ❜✉( ❜❡❝♦♠❡$ $✉❜✲❞♦♠✐♥❛♥(

(♦ (❤❡ $(♦❝❤❛$(✐❝ ♣&♦❝❡$$❡$ ♦❢ ♣❛✐&✲♣&♦❞✉❝(✐♦♥✱ ♥✉❝❧❡❛& ✐♥(❡&❛❝(✐♦♥$✱ ❛♥❞ ❇&❡♠$$(&❛❤❧✉♥❣ ✐♥(❡&❛❝(✐♦♥$✳ ❚❤❡

❛♠♦✉♥( ♦❢ ❡♥❡&❣② ❧♦$( ✐♥ (❤❡$❡ ✐♥(❡&❛❝(✐♦♥$ ❞❡♣❡♥❞$ ❧❛&❣❡❧② ♦♥ (❤❡ ❛♣♣&♦❛❝❤ ❞✐$(❛♥❝❡ ♦❢ (❤❡ ♠✉♦♥ (♦ (❤❡

✐♥(❡&❛❝(✐♦♥ ❝❡♥(❡& ❛♥❞ ✐$ ♣&♦♣♦&(✐♦♥❛❧ (♦ (❤❡ ❡♥❡&❣② ♦❢ (❤❡ ♠✉♦♥✱ ❛$ ✐$ $❤♦✇♥ ✐♥ ❋✐❣✉&❡ ✸✳✻✳ ■♥ ❡❛❝❤ ♦❢
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cos(θC) =
ct

vt
=

c

v
=

cvac
nmediumv
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2
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γ =
1

√

1− v2

c2

v = c

√

1−
(

m0c2

E

)2

v ≈ c

θC = cos−1

(

1

n

)

≈
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d2N

dxdλ
=
2πα

λ2

(

1− 1

n2

)
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cos(θC) =
1

n
=⇒ 1

n2
= cos2(θC) =⇒ 1− 1

n2
= sin2(θC) ✭✸✳✶✾✮
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d2N

dxdλ
=
2πα

λ2
sin2(θC) ✭✸✳✷✵✮
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dN

dx
=

∫ λ2

λ1

2πα

λ2
sin2(θC)dλ = 2παsin2(θC)

(

1

λ1
− 1

λ2

)
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❋✐❣✉/❡ ✸✳✾✿ ❚❤❡ /❡$✉❧,$ ♦❢ ❛ $✐♠✉❧❛,✐♦♥ ♦❢ ❛ ✷✹ ●❡❱ ❡❧❡❝,/♦♥ ✐♥ ✐/♦♥✳ ▼❛♥② ♣❛/,✐❝❧❡$ ❛/❡ ❝/❡❛,❡❞ ❛❢,❡/ ,❤❡

✐♥✐,✐❛❧ ✐♥,❡/❛❝,✐♦♥ ✇✐,❤ ,❤❡ ♠❛,❡/✐❛❧✳ ❚❤❡ $❤♦✇❡/ ❞❡✈❡❧♦♣$ ❢/♦♠ ❧❡❢, ,♦ /✐❣❤, ❛♥❞ ❛❧$♦ $♣/❡❛❞$ ♦✉, ❧❛,❡/❛❧❧②✳

❆$ ♣❛/,✐❝❧❡$ ♣/♦❣/❡$$ ❢❛/,❤❡/ ❢/♦♠ ,❤❡ ✐♥✐,✐❛❧ $❤♦✇❡/ ✐♥,❡/❛❝,✐♦♥ ♣♦✐♥, ,❤❡② ❤❛✈❡ ❧♦✇❡/ ❡♥❡/❣②✱ ✐♥❞✐❝❛,❡❞ ❜②

,❤❡ ❝♦❧♦/ ♦❢ ,❤❡ ❧✐♥❡ $❡❣♠❡♥,✳ ❨❡❧❧♦✇ ✐♥❞✐❝❛,❡$ ❧♦✇ ❡♥❡/❣②✱ ❣/❡❡♥ ✐♥❞✐❝❛,❡$ ♠❡❞✐✉♠ ❡♥❡/❣② ❛♥❞ ❜❧✉❡ ✐♥❞✐❝❛,❡$

❤✐❣❤ ❡♥❡/❣②✳ ❚❤✐$ ✜❣✉/❡ ❝♦♠❡$ ❢/♦♠ ❬✻✸❪✳

,❤❡ $✐♥❣❧❡ ♣❛/,✐❝❧❡ ✉♥❞❡/❣♦❡$ ❛♥ ✐♥,❡/❛❝,✐♦♥ ✇❤✐❝❤ ❝/❡❛,❡$ ♦,❤❡/ ❤✐❣❤ ❡♥❡/❣② ♣❛/,✐❝❧❡$✳ ❚❤✐$ ❝♦♥,✐♥✉❡$ ✐♥ ❛♥

❡①♣♦♥❡♥,✐❛❧❧② ✐♥❝/❡❛$✐♥❣ ♠❛♥♥❡/ ✉♥,✐❧ ,❤❡ ♣❛/,✐❝❧❡$ ♥♦ ❧♦♥❣❡/ ♣♦$$❡$ ,❤❡ ❡♥❡/❣② ,♦ ♣/♦❞✉❝❡ ♥❡✇ ♣❛/,✐❝❧❡$✳

❋/♦♠ ,❤✐$ ♣♦✐♥, ♦♥ ,❤❡ $❤♦✇❡/ ,❤❡♥ ❣/❛❞✉❛❧❧② ,❤✐♥$ ♦✉, ❛$ ,❤❡ ♣❛/,✐❝❧❡$ ❛/❡ ❛❜$♦/❜❡❞ ❜② ,❤❡ ♠❡❞✐✉♠✳ ■♥ ,❤❡

$✐♠✉❧❛,✐♦♥ ,❤❡ ❝♦❧♦/$ ✐♥❞✐❝❛,❡ ,❤❡ ❡♥❡/❣② ♦❢ ,❤❡ ♣❛/,✐❝❧❡✳ ❨❡❧❧♦✇ ✐♥❞✐❝❛,❡$ ❧♦✇ ❡♥❡/❣②✱ ❣/❡❡♥ ✐♥❞✐❝❛,❡$ ♠❡❞✐✉♠

❡♥❡/❣② ❛♥❞ ❜❧✉❡ ✐♥❞✐❝❛,❡$ ❤✐❣❤ ❡♥❡/❣②✳ ■♥ ✐❝❡✱ ,❤❡ ❧❡♥❣,❤ ♦❢ $✉❝❤ ❛ $❤♦✇❡/ ,❛❦❡$ ♣❧❛❝❡ ✐♥ ❛♣♣/♦①✐♠❛,❡❧② ✹

♠❡,❡/$ ❢♦/ ❛ ✶ ❚❡❱ ♣❛/,✐❝❧❡✱ ❛♥❞ ❛♣♣/♦①✐♠❛,❡❧② ✼ ♠❡,❡/$ ❢♦/ ❛ ✶ P❡❱ ♣❛/,✐❝❧❡ ❬✻✹❪✳ ◆♦,❡ ,❤❛, ❛$ ,❤❡ ♣❛/,✐❝❧❡$

♠♦✈❡ ❛✇❛② ❢/♦♠ ,❤❡ ❝♦/❡ ♦❢ ,❤❡ ♣❛/,✐❝❧❡ $❤♦✇❡/ ,❤❡✐/ ❡♥❡/❣② ,❡♥❞$ ,♦ ❞❡❝/❡❛$❡ ❛♥❞ ,❤❡✐/ ❞✐/❡❝,✐♦♥ ❜❡❝♦♠❡$

❧❡$$ ♦/✐❡♥,❡❞ ❛❧♦♥❣ ,❤❡ ❞✐/❡❝,✐♦♥ ♦❢ ,❤❡ ♦/✐❣✐♥❛❧ ♣❛/,✐❝❧❡✳ ❆$ ❧♦♥❣ ❛$ ❛ ❝❤❛/❣❡❞ ♣❛/,✐❝❧❡ /❡♠❛✐♥$ ❛❜♦✈❡ ,❤❡

❈❤❡/❡♥❦♦✈ ,❤/❡$❤♦❧❞ ✐, ✇✐❧❧ ❡♠✐, /❛❞✐❛,✐♦♥✳ ❚❤✐$ ♠❡❛♥$ ,❤❛, ,❤❡ ❡♠✐$$✐♦♥ ♣/♦✜❧❡ ♦❢ ❛ ❝❛$❝❛❞❡ ✐$ ,❤❡ $✉♣❡/✲

♣♦$✐,✐♦♥ ♦❢ ♠❛♥② ♠✐$❛❧✐❣♥❡❞ ❈❤❡/❡♥❦♦✈ ❝♦♥❡$ ✇✐,❤ ❛ ♣/❡❢❡/❡♥❝❡ ,♦✇❛/❞$ ,❤❡ ❞✐/❡❝,✐♦♥ ♦❢ ,❤❡ ❈❤❡/❡♥❦♦✈ ❝♦♥❡



γ E0 E0
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❈❤❛♣$❡& ✹

❱❡$♦✐♥❣ ❆$♠♦/♣❤❡&✐❝ ◆❡✉$&✐♥♦/

▲♦♦❦✐♥❣ ❛) ❡✈❡♥), ❝♦♠✐♥❣ ✐♥)♦ ■❝❡❈✉❜❡ ❢4♦♠ ❛❜♦✈❡ ✐, ❛ ❜✐) ❧✐❦❡ ,)❛4✐♥❣ ✐♥)♦ )❤❡ ,✉♥✳ ❚❤❡ ♠❛❥♦4✐)② ♦❢ )❤❡

❝♦,♠✐❝ 4❛② ♠✉♦♥, ❛4❡ 4❡❝♦♥,)4✉❝)❡❞ )♦ ❝♦♠❡ ❢4♦♠ )❤✐, ❞✐4❡❝)✐♦♥ ❛♥❞ ❣✐✈❡ ■❝❡❈✉❜❡ ✐), ❛♣♣4♦①✐♠❛)❡❧② 1010

❡✈❡♥), ♣❡4 ②❡❛4 4❛)❡✳ ❚❤❡4❡ ❛4❡ ♥❡✉)4✐♥♦, ❜✉4✐❡❞ ✐♥ )❤✐, ♣✐❧❡ ♦❢ ❡✈❡♥),✱ ❜✉) ✇✐)❤♦✉) ❛ )4✐❝❦ )❤❡② ❛4❡ ❛❧❧ ❜✉)

✐♠♣♦,,✐❜❧❡ )♦ ✜♥❞✳ ❋♦4 )❤✐, 4❡❛,♦♥✱ ✐) ✇❛, ❧♦♥❣ ❝♦♥,✐❞❡4❡❞ ♠✉❝❤ ❡❛,✐❡4 )♦ ❧♦♦❦ ❢♦4 ❡✈❡♥), ❝♦♠✐♥❣ ✉♣ )❤4♦✉❣❤

)❤❡ ❊❛4)❤✳ ■♥ )❤✐, ,✐)✉❛)✐♦♥ ♦♥❧② ♥❡✉)4✐♥♦, ❝❛♥ ,✉4✈✐✈❡ ❛♥❞ ❛4❡ )❤✉, ♠✉❝❤ ❡❛,✐❡4 )♦ ❞❡)❡❝)✳ ❍♦✇❡✈❡4✱ ✐) ✇❛,

♥♦) ✇✐)❤ )❤❡,❡ ✉♣✇❛4❞✲❣♦✐♥❣ ❡✈❡♥), )❤❛) )❤❡ ✜4,) ❞✐,❝♦✈❡4② ♦❢ ❛,)4♦♣❤②,✐❝❛❧ ♥❡✉)4✐♥♦, ✇❛, ♠❛❞❡✱ ❜✉) ✐♥,)❡❛❞

✇✐)❤ )❤❡ ❞♦✇♥✇❛4❞✲❣♦✐♥❣ ♦♥❡, ❛♥❞ )❤❡ ,♦ ❝❛❧❧❡❞ ❛)♠♦,♣❤❡4✐❝ ,❡❧❢ ✈❡)♦✳ ❚❤❡ )❤❡♦4② ♦❢ )❤❡ ✈❡)♦ ✇❛, ✜4,)

❞✐,❝✉,,❡❞ ✐♥ ✧❱❡)♦✐♥❣ ❛)♠♦,♣❤❡4✐❝ ♥❡✉)4✐♥♦, ✐♥ ❛ ❤✐❣❤ ❡♥❡4❣② ♥❡✉)4✐♥♦ )❡❧❡,❝♦♣❡✧ ❬✸✷❪ ❛♥❞ ❧❛)❡4 ❡①♣❛♥❞❡❞

♦♥ ✐♥ ✧●❡♥❡4❛❧✐③❡❞ ,❡❧❢✲✈❡)♦ ♣4♦❜❛❜✐❧✐)② ❢♦4 ❛)♠♦,♣❤❡4✐❝ ♥❡✉)4✐♥♦,✧ ❬✻✺❪✳ ❚❤❡ ❜❛,✐❝, ♦❢ ❜♦)❤ ❛4❡ ,✉♠♠❛4✐③❡❞

❤❡4❡✳

✹✳✶ ❚❤❡♦'②

❆, ❤❛, ❜❡❡♥ ♠❡♥)✐♦♥❡❞ ❜❡❢♦4❡✱ )❤❡ ❞❡❝❛② ♦❢ ♣✐♦♥, ❛♥❞ ❦❛♦♥, ✐♥ ❛)♠♦,♣❤❡4✐❝ ,❤♦✇❡4, ♦❢)❡♥ ❧❡❛❞, )♦ )❤❡

♣4♦❞✉❝)✐♦♥ ♦❢ ❛ ♠✉♦♥ ❛♥❞ ❛ ♠✉♦♥ ♥❡✉)4✐♥♦✳ ❚❤❡,❡ ♣✐♦♥, ❛4❡ ♠♦✈✐♥❣ ❛) ♥❡❛4 )❤❡ ,♣❡❡❞ ♦❢ ❧✐❣❤) ✇❤❡♥ )❤❡②

❞❡❝❛②✳ ❚❤❡ 4❡,✉❧)✐♥❣ )✇♦✲❜♦❞② ❞❡❝❛② ❤❛, ❛ ♠❛①✐♠✉♠ ❡♥❡4❣② ✇❤✐❝❤ ♦♥❡ ♣❛4)✐❝❧❡ ❝❛♥ )❛❦❡ ✇❤✐❝❤ ✐, ,❡) ❜② )❤❡

,✐)✉❛)✐♦♥ ✇❤❡4❡ )❤❡ ♣❛4)✐❝❧❡, ❛4❡ ❡❥❡❝)❡❞ ❜❛❝❦ )♦ ❜❛❝❦ ✐♥ )❤❡ 4❡,) ❢4❛♠❡ ♦❢ )❤❡ ❞❡❝❛②✐♥❣ ♣❛4)✐❝❧❡✳ ❚❤✐, ♠❡❛♥,

)❤❛) )❤❡ ❡♥❡4❣② ♦❢ )❤❡ ♠✉♦♥ ❛♥❞ ♥❡✉)4✐♥♦ ❛4❡ ❧✐♥❦❡❞ ❛♥❞ ❛ ♠✐♥✐♠✉♠ ❡♥❡4❣② ❢♦4 )❤❡ ♣❛4)♥❡4 ♣❛4)✐❝❧❡ ❝❛♥ ❜❡

❝♦♠♣✉)❡❞ ❣✐✈❡♥ )❤❡ ❡♥❡4❣② ♦❢ )❤❡ ♠❛①✐♠❛❧ ♣❛4)✐❝❧❡✳ ❚❤✉,✱ )❤❡ ❧♦✇❡,) ❡♥❡4❣② ♠✉♦♥ ✇❤✐❝❤ ❝❛♥ ❛❝❝♦♠♣❛♥② ❛

♠✉♦♥ ♥❡✉)4✐♥♦ ❝❛♥ ❜❡ ❛♥❛❧②)✐❝❛❧❧② ❞❡)❡4♠✐♥❡❞✱ ❣✐✈✐♥❣ ❛)♠♦,♣❤❡4✐❝ ♥❡✉)4✐♥♦, ❛ ♠✉♦♥ ♣❛4)♥❡4✳ ❋♦4 ❞♦✇♥✲❣♦✐♥❣

♥❡✉)4✐♥♦ ❛,)4♦♥♦♠② )❤✐, ❤❛, ❤✉❣❡ ✐♠♣❧✐❝❛)✐♦♥, ❢♦4 ♦♣❡♥✐♥❣ ✉♣ ❛ ❞✐✛❡4❡♥) ❝❤❛♥♥❡❧ ❢♦4 ❞❡)❡❝)✐♥❣ ❛,)4♦♣❤②,✐❝❛❧

♥❡✉)4✐♥♦,✳ ❚❤❡ ❦❡② ✐, )❤❛) ❛,)4♦♣❤②,✐❝❛❧ ♥❡✉)4✐♥♦, ♥❡✈❡4 ❤❛✈❡ ❛ ♣❛4)♥❡4✱ ❛♥❞ )❤✉, ❝❛♥ ❜❡ ✐❞❡♥)✐✜❡❞ ❛, ❜❡✐♥❣

❛❧♦♥❡ ✐❢ )❤❡② ✐♥)❡4❛❝) ❛♥❞ ,)❛4) ✐♥,✐❞❡ )❤❡ ❞❡)❡❝)♦4✳ ❚❤❡ ✐♥♥♦✈❛)✐✈❡ 4❡❛❧✐③❛)✐♦♥ ✐, )❤❛) )❤❡② ❛4❡ )❤❡ ♦♥❧②

♣❛4)✐❝❧❡, ✇❤✐❝❤ ❛4❡ 4❡❧✐❛❜❧② ❛❧♦♥❡✳ ❆)♠♦,♣❤❡4✐❝ ♠✉♦♥, ❛❧✇❛②, ❝♦♠❡ ✐♥)♦ )❤❡ ❞❡)❡❝)♦4 ❢4♦♠ ♦✉),✐❞❡✱ ❛♥❞

♠✉♦♥ ♥❡✉)4✐♥♦, ❛4❡ ❣✉❛4❛♥)❡❡❞ ❜② ❦✐♥❡♠❛)✐❝, )♦ ❜❡ ❛❝❝♦♠♣❛♥✐❡❞ ❜② )❤❡✐4 ♣❛4)♥❡4 ♠✉♦♥✱ ✇❤✐❝❤ ❝♦♠❡, ✐♥)♦

)❤❡ ❞❡)❡❝)♦4 ❢4♦♠ ♦✉),✐❞❡✳



Pi = (mi, 0, 0, 0) Pµ = (Eµ,pµ) Pν = (Eν ,pν)

Pi = Pµ + Pν → Pν = Pµ − Pi

P 2
ν = 0

0 = m2
µ +m2

i − 2miEµ → Eµ =
m2

i +m2
µ

2mi

Eν = Ei − Eµ = mi −
m2

i +m2
µ

2mi
=

m2
i −m2

µ

2mi

Eµ = γ(ECM
µ + βpCM

µx ) Eν = γ(ECM
ν + βpCM

νx )

β ∼ 1

pCM
νx = |pCM|cos(θν) pCM

µx = −|pCM|cos(θν)

Eν = γ|pCM|(1 + cos(θν)) Eµ = γ|pCM|(
m2

i +m2
µ

m2
i −m2

µ

− cos(θν))



✸✸

■♥ #❤❡ ❜❛❝❦ #♦ ❜❛❝❦ ❝❛+❡ cos(θν) = 1 ✇❤✐❝❤ ❣✐✈❡+

Eν = 2γ|pCM| Eµ = 2γ|pCM|
m2

µ

m2
i −m2

µ

✭✹✳✽✮

#❤✐+ ♠❛❦❡+

Eµ ≥ Eν

m2
µ

m2
i −m2

µ

✭✹✳✾✮

❋♦8 ♣✐♦♥+ #❤✐+ ♠❡❛♥+ #❤❡ ♠✉♦♥ ❤❛+ ❛# ❧❡❛+# ✶✳✸✹✷ #✐♠❡+ #❤❡ ❡♥❡8❣② ♦❢ #❤❡ ♥❡✉#8✐♥♦ ✇❤✐❧❡ ❢♦8 ❦❛♦♥+ #❤❡ ♠✉♦♥

❤❛+ ❛# ❧❡❛+# ✵✳✵✹✽ #✐♠❡+ #❤❡ ♥❡✉#8✐♥♦✬+ ❡♥❡8❣②✳ ❆❞❞✐#✐♦♥❛❧❧②✱ #❤❡ ❛♥❣❧❡ ❜❡#✇❡❡♥ #❤❡ ♠✉♦♥ ❛♥❞ ♥❡✉#8✐♥♦ ❛8❡

❝♦♥+#8❛✐♥❡❞ #♦ ❞❡✈✐❛#❡ ❢8♦♠ ❡❛❝❤ ♦#❤❡8 ❜② ❧❡++ #❤❛♥ ✶ ♠❡#❡8 ♦✈❡8 ✶✵ ❦✐❧♦♠❡#❡8+ ❢♦8 ❛ ♣✐♦♥ ❞❡❝❛② ❛♥❞ ❧❡++

#❤❛♥ ✶✵ ♠❡#❡8+ ♦✈❡8 ✶✵ ❦✐❧♦♠❡#❡8+ ❢♦8 ❛ ❦❛♦♥ ❞❡❝❛②✱ ✐♠♣❧②✐♥❣ #❤❡② ✇✐❧❧ ❛88✐✈❡ ❛# #❤❡ ❞❡#❡❝#♦8 #♦❣❡#❤❡8✳ ❚❤❡

❝♦♥+#8❛✐♥# ♦❢ #❤❡ ❡♥❡8❣② ♦❢ #❤❡ ♠✉♦♥ ✇✐#❤ 8❡+♣❡❝# #♦ #❤❡ ❡♥❡8❣② ♦❢ #❤❡ ♥❡✉#8✐♥♦ ❛❧❧♦✇+ ❢♦8 #❤❡ ❢8❛❝#✐♦♥ ♦❢

✈❡#♦❡❞ ❡✈❡♥#+ #♦ ❜❡ ❞❡✜♥❡❞ ❛# ❞❡♣#❤ ❜❛+❡❞ ♦♥ #❤❡ ♣8♦❜❛❜✐❧✐#② ❛ ♠✉♦♥ ✇✐❧❧ +✉8✈✐✈❡ #♦ ❞❡♣#❤ ✇✐#❤ ❡♥♦✉❣❤

❡♥❡8❣② #♦ ❜❡ 8❡❧✐❛❜❧② ❞❡#❡❝#❡❞✳ ❋♦8 ♠♦+# ■❝❡❈✉❜❡ ❛♥❛❧②+❡+ ✶ ❚❡❱ ✐+ ❛++✉♠❡❞✳

■♥ ❛❞❞✐#✐♦♥ #♦ #❤❡ +#8❛✐❣❤#✲❢♦8✇❛8❞ ♠✉♦♥ ♥❡✉#8✐♥♦ ❝❛+❡✱ #❤❡8❡ ✐+ ❛❧+♦ ❛ ♠♦8❡ ✐♥❞✐8❡❝# ✈❡#♦ ✇❤✐❝❤ ❝❛♥ ❜❡

❡+#❛❜❧✐+❤❡❞ ❢♦8 ❡❧❡❝#8♦♥ ♥❡✉#8✐♥♦+✳ ■♥ #❤❡ ❝❛+❡ ♦❢ ❛❧❧ ❡❧❡❝#8♦♥ ♥❡✉#8✐♥♦+✱ #❤❡8❡ ✐+ ♥♦ ❞✐8❡❝# ♠✉♦♥ ♣❛8#♥❡8

✇❤✐❝❤ ❝❛♥ ❜❡ ✉+❡❞ #♦ ❞❡✜♥❡❞ ❛ ✈❡#♦ ❝8✐#❡8✐♦♥✱ ❤♦✇❡✈❡8 #❤❡ ❡❧❡❝#8♦♥ ♥❡✉#8✐♥♦+ ❝♦♠❡ ❢8♦♠ ❛✐8 +❤♦✇❡8+ ✇❤✐❝❤

❣❡♥❡8❛❧❧② ♣8♦❞✉❝❡ ♠✉♦♥+✳ ■♥ #❤✐+ ❝❛+❡✱ #❤❡ ❝♦♥♥❡❝#✐♦♥ ✇❤✐❝❤ ♠✉+# ❜❡ ♠❛❞❡ ✐+ ❜❛❝❦ #♦ #❤❡ ❝♦+♠✐❝ 8❛② ♣❛8❡♥#

✇❤✐❝❤ ✐♥✐#✐❛#❡❞ #❤❡ ❛✐8 +❤♦✇❡8✳ ❚❤❡ ✢✉① ♦❢ ♥❡✉#8✐♥♦+ ♦❢ ❛ ❝❡8#❛✐♥ ❡♥❡8❣② ❝❛♥ ❜❡ ❝❛❧❝✉❧❛#❡❞ ❜② ✐♥#❡❣8❛#✐♥❣ #❤❡

♣8♦❞✉❝#✐♦♥ +♣❡❝#8❛ ♦❢ #❤❡ ♠❡+♦♥+ ✇❤✐❝❤ ♣8♦❞✉❝❡ #❤❡♠✳ ❚❤✐+ ❧❡❛❞+ #♦ #❤❡ +#❛♥❞❛8❞ ❢♦8♠ ❢♦8 ❛♣♣8♦①✐♠❛#✐♥❣

#❤❡ ✢✉① ❢8♦♠ ♣✐♦♥+ ❛♥❞ ❦❛♦♥+ ✇❤❡8❡ ❆✱ ❇ ❛♥❞ ǫ ❛8❡ #❤❡ +#❛♥❞❛8❞ ❞❡✜♥✐#✐♦♥+ ❢8♦♠ ❬✶✽❪✳

φν(Eν) = φN (Eν)

{

Aπν

1 +Bπνcos(θ)Eν/ǫπ
+

AKν

1 +BKνcos(θ)Eν/ǫK

}

✭✹✳✶✵✮

❆+ ✇✐#❤ #❤❡ +#8❛✐❣❤#✲❢♦8✇❛8❞ ❞✐8❡❝# +❡❧❢✲✈❡#♦ ❝♦✈❡8❡❞ ❡❛8❧✐❡8✱ ❝♦♠♣✉#✐♥❣ #❤❡ ♣8♦❜❛❜✐❧✐#② #❤❛# ❛ ♥❡✉#8✐♥♦ ♦❢

✐♥#❡8❡+# ✐+ ♥♦# ❛❝❝♦♠♣❛♥✐❡❞ ❜② ❛ ♠✉♦♥ ♦❢ ♠✐♥✐♠✉♠ ❡♥❡8❣② ✇❤✐❝❤ #8✐❣❣❡8+ #❤❡ ❞❡#❡❝#♦8 ✐+ #❤❡ ❣♦❛❧✳ ❍♦✇❡✈❡8✱

+✐♥❝❡ #❤❡8❡ ✐+ ♥♦ +✐❜❧✐♥❣ ♠✉♦♥✱ ✇❡ ♥❡❡❞ ❛♥ ❡+#✐♠❛#❡ ♦❢ #❤❡ ❛✈❡8❛❣❡ ♠✉♦♥ ❝♦♥#❡♥# ♦❢ #❤❡ +❛♠❡ ❛✐8 +❤♦✇❡8+

✇❤✐❝❤ ❝♦✉❧❞ ❤❛✈❡ ❝8❡❛#❡❞ #❤❡ ♥❡✉#8✐♥♦ ♦❢ ✐♥#❡8❡+#✳ ❚♦ ♦❜#❛✐♥ #❤✐+ ✐♥❢♦8♠❛#✐♦♥✱ ✇❤❛#✬+ ❦♥♦✇♥ ❛+ #❤❡ ❊❧❜❡8#

❢♦8♠✉❧❛ ❬✻✻❪ ✐+ ✉+❡❞✳

Nl(> El, A,E, θ) = Kl
A

Elcos(θ)
x−p1(1− xp3)p2

✭✹✳✶✶✮

❚❤✐+ ❢♦8♠✉❧❛ ❣✐✈❡+ #❤❡ ♥✉♠❜❡8 ♦❢ ❧❡♣#♦♥+ ❛❜♦✈❡ ❡♥❡8❣② El ❢8♦♠ ❛ ♣8✐♠❛8② ❝♦+♠✐❝ 8❛② ♥✉❝❧❡✉+ ♦❢ ♠❛++ ❆

❛♥❞ #♦#❛❧ ❡♥❡8❣② ❊✳ ❋✉8#❤❡8♠♦8❡ x = AEl/E ❛♥❞ Kl✱ p1✱ p2✱ ❛♥❞ p3 ❛8❡ ✜# ❝♦♥+#❛♥#+ +❤♦✇♥ ✐♥ ❚❛❜❧❡ ✹✳✶

❢♦8 ❞✐✛❡8❡♥# ❧❡♣#♦♥+ ✜# ❢8♦♠ ❈❖❘❙■❑❆ ❞❛#❛✳ ❚❤❡ ❊❧❜❡8# ❢♦8♠✉❧❛ ✐+ ✈❛❧✐❞ ❛❜♦✈❡ ❛ ❢❡✇ ❚❡❱ ✇❤❡♥ ♣✐♦♥+ ❛♥❞

❦❛♦♥+ ❛8❡ ♠♦8❡ ❧✐❦❡❧② #♦ ✐♥#❡8❛❝# #❤❛♥ ❞❡❝❛②✳ ❚♦ ❛❝❝♦♠♠♦❞❛#❡ ❝❤❛8♠❡❞ ❧❡♣#♦♥+✱ #❤❡ #❡8♠ ♦❢ 1/Elcos(θ)

✇❤✐❝❤ ❞❡+❝8✐❜❡+ #❤❡ ♣8♦❜❛❜✐❧✐#② ♦❢ ❞❡❝❛② ♠✉+# ❜❡ 8❡♠♦✈❡❞ ❛+ ❝❤❛8♠❡❞ ♠❡+♦♥+ ❛❧✇❛②+ ❞❡❝❛② ♣8♦♠♣#❧②✳ ❚❤✐+

❣✐✈❡+ ❊W✉❛#✐♦♥ ✹✳✶✶ #❤❡ ❢♦8♠

Nl(> El, A,E, θ) = KlAx−p1(1− xp3)p2
✭✹✳✶✷✮



✸✹

❚②♣❡ ❑ p1 p2 p3

❈♦♥✈❡♥+✐♦♥❛❧ µ ✹✾✳✺ ✵✳✻✷✻ ✹✳✾✹ ✵✳✺✽✵

❈♦♥✈❡♥+✐♦♥❛❧ νµ ✼✾✳✾ ✵✳✹✻✸ ✹✳✸✼ ✵✳✸✶✻

❈♦♥✈❡♥+✐♦♥❛❧ νe ✵✳✽✵✺ ✵✳✻✶✾ ✾✳✼✽ ✵✳✻✺✶

❈❤❛9♠ νµ ❛♥❞ νe ✵✳✵✵✵✼✽✵ ✵✳✻✵✹ ✼✳✸✹ ✵✳✼✻✼

❚❛❜❧❡ ✹✳✶✿ >❛9❛♠❡+❡9? ❢♦9 +❤❡ ❡❧❜❡9+ ❢♦9♠✉❧❛✱ ❊D✉❛+✐♦♥ ✹✳✶✶✱ ❢♦✉♥❞ ❢9♦♠ ✜++✐♥❣ ▼♦♥+❡ ❈❛9❧♦✳

❚♦ ♦❜+❛✐♥ +❤❡ ❝♦♥+9✐❜✉+✐♦♥ ♦❢ ❛ ♣9✐♠❛9② ♦❢ ♣❛9+✐❝✉❧❛9 ❡♥❡9❣② ❛♥❞ +②♣❡✱ ♦♥❡ ♥❡❡❞? +♦ ❡✈❛❧✉❛+❡ +❤❡ ❞✐?+9✐❜✉+✐♦♥

♦❢ ♣9✐♠❛9✐❡? ✇❤✐❝❤ ♣9♦❞✉❝❡ ❛ ❧❡♣+♦♥ ♦❢ ❡♥❡9❣② El

Rl(A,E,El, θ) = φN (A,E)× dNl(> El, A,E, θ)

dEl
✭✹✳✶✸✮

✇❤✐❝❤ ❝❛♥ ❜❡ ✐♥+❡❣9❛+❡❞ ♦✈❡9 ❡♥❡9❣② ❛♥❞ ?✉♠♠❡❞ ♦✈❡9 ♣9✐♠❛9② +②♣❡ +♦ ❣✐✈❡ +❤❡ ✢✉① ♦❢ ❛ ❝❡9+❛✐♥ ❧❡♣+♦♥✳

φl(El, θ) =
∑

A

∫

Rl(A,E,El, θ)dE ✭✹✳✶✹✮

❲✐+❤ ❛ ❝♦♠♣✉+❛❜❧❡ ❧❡♣+♦♥ ✢✉①✱ ❛♥ ❡D✉✐✈❛❧❡♥+ ✉♥❛❝❝♦♠♣❛♥✐❡❞ ♣9♦❜❛❜✐❧✐+② ❝❛♥ ❜❡ ♦❜+❛✐♥❡❞ ✇✐+❤

Pν(Eν , θ) =

∑

A

∫

RνP (Nµ = 0)dE
∑

A

∫

RldE
✭✹✳✶✺✮

▼♦❞❡❧❧✐♥❣ +❤❡ ♣9♦❜❛❜✐❧✐+② +❤❛+ ♥♦ ♠✉♦♥? ❛❜♦✈❡ ❛ ❝❡9+❛✐♥ ❡♥❡9❣② 9❡❛❝❤ ❞❡♣+❤ ❛? ❛ >♦✐??♦♥ ♣9♦❜❛❜✐❧✐+②✱ +❤✐?

❡D✉❛+✐♦♥ ✐? ?♦❧✈❛❜❧❡ ❢♦9 ❛❧❧ ♥❡✉+9✐♥♦?✳ ❉♦✐♥❣ ?♦ ②✐❡❧❞? +❤❡ ✈❡+♦ ♣9♦❜❛❜✐❧✐+✐❡? ?❤♦✇♥ ✐♥ +❤❡ ♣❧♦+? ♦❢ ❋✐❣✉9❡

✹✳✷✳ ❋♦9 +❤❡ ❝❛?❡ ♦❢ ♠✉♦♥ ♥❡✉+9✐♥♦?✱ ❜♦+❤ +❤❡ ❞✐9❡❝+ ❛♥❞ ✐♥❞✐9❡❝+ ♣9♦❜❛❜✐❧✐+✐❡? ❛9❡ 9❡❧❡✈❛♥+ ❛♥❞ ❛9❡ +❤✉?

♠✉❧+✐♣❧✐❡❞ +♦ ❣❡+ +❤❡ +♦+❛❧ ♣❛??✐♥❣ 9❛+❡✳

❚❤✐? ❛♣♣9♦①✐♠❛+✐♦♥ ❜9✐♥❣? ✉♣ ❛♥ ✐♥+❡9❡?+✐♥❣ ♣♦??✐❜✐❧✐+② ❢♦9 ❞❡✜♥✐♥❣ ❛+♠♦?♣❤❡9✐❝ ♥❡✉+9✐♥♦ ✈❡+♦? ♦❢ ❛♥♦+❤❡9

+②♣❡✱ ❛+ +❤❡ ?✉9❢❛❝❡✳ ■♥ +❤✐? ❝❛?❡✱ +❤❡ ✈❡+♦ ✐? ♥♦+ ❥✉?+ ♦♥ +❤❡ ♠✉♦♥✐❝ ❝♦♠♣♦♥❡♥+ ♦❢ +❤❡ ?❤♦✇❡9✱ ❜✉+ ✐♥?+❡❛❞

❛♥② ✐❞❡♥+✐✜❛❜❧❡ ❝♦♠♣♦♥❡♥+ ♦❢ +❤❡ ❛✐9 ?❤♦✇❡9 ✭?✉❝❤ ❛? ❝❤❛9❣❡❞ ♣❛9+✐❝❧❡? ♦9 ❈❤❡9❡♥❦♦✈ ♣❤♦+♦♥? ✐♥ +❤❡ ❛✐9✮✳ ■♥

+❤✐? ❝❛?❡ P (Nµ = 0) ❝❛♥ ❜❡ 9❡♣❧❛❝❡❞ ✇✐+❤ (1− ǫ(E)) ✇❤❡9❡ ǫ(E) ✐? +❤❡ ❡✣❝✐❡♥❝② ♦❢ ❞❡+❡❝+✐♥❣ +❤❡ ❝♦♠♣♦♥❡♥+✳

✹✳✷ ■♠♣❧❡♠❡♥)❛)✐♦♥

■♠♣❧❡♠❡♥+❛+✐♦♥ ♦❢ ❛ ✈❡+♦ ✐♥✈♦❧✈❡? ♣9❡❞✐❝+✐♥❣ ✇❤❡♥ ❛ ?✐❣♥❛❧ ✐? ✐♥❞✐❝❛+✐✈❡ ♦❢ ❛♥ ✐♥❝♦♠✐♥❣ ♠✉♦♥ ♦9 ♦+❤❡9

❛✐9 ?❤♦✇❡9 ❝♦♠♣♦♥❡♥+✳ ❚❤✐? ❤❛? ❜❡❡♥ ?✉❝❝❡??❢✉❧❧② ✐♠♣❧❡♠❡♥+❡❞ ✐♥ +❤❡ ✐❝❡ ❛♥❞ ✐? ✐♥ ❛ ♣9♦♦❢ ♦❢ ❝♦♥❝❡♣+ ♣❤❛?❡

❢♦9 +❤❡ ?✉9❢❛❝❡ ❛99❛② ■❝❡❚♦♣ ❬✻✼❪✳

✹✳✷✳✶ ■♥ ■❝❡

■♥ +❤❡ ✐♥✲✐❝❡ ❞❡+❡❝+♦9✱ +❤❡ ❝❤❛❧❧❡♥❣❡ ✐? ?❡♣❛9❛+✐♥❣ ♣❛9+✐❝❧❡? ❝♦♠✐♥❣ ✐♥+♦ +❤❡ ❞❡+❡❝+♦9 ❢9♦♠ +❤♦?❡ ✇❤✐❝❤

❛9❡ ?+❛9+✐♥❣ ✭❜❛❝❦❣9♦✉♥❞ ❛♥❞ ?✐❣♥❛❧ 9❡?♣❡❝+✐✈❡❧②✮✳ ❚❤✐? ✐? ❝♦♠♣❧✐❝❛+❡❞ ?❧✐❣❤+❧② ❜② +❤❡ ❢❛❝+ +❤❛+ ■❝❡❈✉❜❡ ✐?
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❛ ♥♦♥✲&❡❣♠❡♥*❡❞ ❛♥❞ &♣❛-&❡ ❞❡*❡❝*♦-✳ ❚❤✐& ♠❡❛♥& ❧✐❣❤* ❝-❡❛*❡❞ ❜② ❛ ♣❛-*✐❝❧❡ ❞♦❡& ♥♦* ❤❛✈❡ *♦ ❜❡ ❞❡*❡❝*❡❞

❜② *❤❡ ♥❡❛-❡&* ♦♣*✐❝❛❧ ♠♦❞✉❧❡✳ ❆& &✉❝❤✱ ✈❡*♦& ♦❢*❡♥ ❧♦♦❦ ❢♦- ❧✐❣❤* ❛* *❤❡ ❡❞❣❡ ♦❢ *❤❡ ❞❡*❡❝*♦- *♦ ✐♥❞✐❝❛*❡ ❛♥

✐♥❝♦♠✐♥❣ ♣❛-*✐❝❧❡✳ ❆* ❤✐❣❤ ❡♥❡-❣✐❡&✱ ❛ &✐♥❣❧❡ ❧❛②❡- ✐& ❡♥♦✉❣❤✱ ❜✉* ❛* ❧♦✇❡- ❡♥❡-❣✐❡& *❤❡ ✈❡*♦ ♠✉&* ❜❡ *❤✐❝❦❡♥❡❞

*♦ ✉&❡ ♠♦-❡ ❧❛②❡-& ♦❢ *❤❡ ❞❡*❡❝*♦- ❛♥❞ *❤✉& ❧❡❛✈❡ ❧❡&& ♦❢ *❤❡ ❞❡*❡❝*♦- ♦♣❡♥ ❢♦- *❤❡ ❞❡*❡❝*✐♦♥ ♦❢ &*❛-*✐♥❣ &✐❣♥❛❧

❡✈❡♥*& ❬✻✽❪✳ ❆ ♥❡✇ ♠❡*❤♦❞ ❢♦- ✜♥❞✐♥❣ &*❛-*✐♥❣ *-❛❝❦& ✐& ♣-❡&❡♥*❡❞ ✐♥ ❙❡❝*✐♦♥ ✾ ❛♥❞ ✐& ✇❤❛* &❡♣❛-❛*❡& *❤✐&

✇♦-❦ ❢-♦♠ ♦*❤❡-&✳

✹✳✷✳✷ ❙✉%❢❛❝❡

❆❜♦✈❡ ■❝❡❈✉❜❡ ✐* +❤❡ *✉-❢❛❝❡ ❞❡+❡❝+♦- ■❝❡❚♦♣✳ ❚❤✐* ❞❡+❡❝+♦- ✐* ❝♦♥*+-✉❝+❡❞ ♦❢ ❛ *+❛+✐♦♥ ♦♥ +♦♣ ♦❢ ❛❧♠♦*+

❛❧❧ ♦❢ +❤❡ *+-✐♥❣* ♦❢ ■❝❡❈✉❜❡✳ ❊❛❝❤ *+❛+✐♦♥ ❝♦♥*✐*+* ♦❢ +✇♦ +❛♥❦* ♦❢ ♣-✐*+✐♥❡ ✐❝❡ ✇✐+❤ +✇♦ ❞✐❣✐+❛❧ ♦♣+✐❝❛❧ ♠♦❞✉❧❡*

❡♠❜❡❞❞❡❞ ✐♥ ❡❛❝❤ +❛♥❦✳ ❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ +❤❡ ❞❡+❡❝+♦- ✐* +♦ ♠❡❛*✉-❡ ❝♦*♠✐❝ -❛② ❝♦♠♣♦*✐+✐♦♥ ❛-♦✉♥❞ +❤❡

❦♥❡❡✳ ❍♦✇❡✈❡-✱ ✐+ ❝❛♥ ❛❧*♦ ❜❡ ✉*❡❞ ❛* ❛ *✐♠♣❧❡ ✈❡+♦ ❢♦- ✈❡-+✐❝❛❧ ❡✈❡♥+* ✐♥ ■❝❡❈✉❜❡ ❬✻✼❪✳ ❚♦ ❞♦ *♦✱ +❤❡ ■❝❡❚♦♣

*✐❣♥❛❧* ❛-❡ ❝❤❡❝❦❡❞ ❢♦- +❡♠♣♦-❛❧ ❝♦✐♥❝✐❞❡♥❝❡ ✇✐+❤ ❛✐- *❤♦✇❡-* ✇❤✐❝❤ ❝♦✉❧❞ ❤❛✈❡ ❝-❡❛+❡❞ +❤-♦✉❣❤✲❣♦✐♥❣ +-❛❝❦*

✐♥ ■❝❡❈✉❜❡✳ ■❢ +❤❡-❡ ✐* ❛ ❝♦✐♥❝✐❞❡♥+ *✐❣♥❛❧ ✐♥ ■❝❡❚♦♣✱ +❤❡♥ +❤❡ ✐♥✲✐❝❡ ❡✈❡♥+ ✇❛* ❧✐❦❡❧② ❢-♦♠ ❛ ❝♦*♠✐❝ -❛②✳

❍♦✇❡✈❡-✱ ✐❢ +❤❡-❡ ✐* ♥♦+ ❛ ❝♦✐♥❝✐❞❡♥+ *✐❣♥❛❧ +❤✐* ✐* ❡✈✐❞❡♥❝❡ ❢♦- +❤❡ ❞❡+❡❝+❡❞ ♠✉♦♥ ❜❡✐♥❣ ❝-❡❛+❡❞ ❜❡+✇❡❡♥

■❝❡❚♦♣ ❛♥❞ ■❝❡❈✉❜❡✱ ❛♥❞ +❤✉* ❜❡✐♥❣ ❛♥ ❛*+-♦♣❤②*✐❝❛❧ ♥❡✉+-✐♥♦✳ ❯♥❢♦-+✉♥❛+❡❧②✱ ❜❡❝❛✉*❡ ■❝❡❚♦♣ ✐* D✉✐+❡

*♣❛-*❡ +❤❡ ❡♥❡-❣② +❤-❡*❤♦❧❞ ❢♦- ❡✣❝✐❡♥+ ❞❡+❡❝+✐♦♥ ✐* D✉✐+❡ ❤✐❣❤✳ ❚❤❡-❡ ❛-❡ ❛ ♥✉♠❜❡- ♦❢ ♦♥❣♦✐♥❣ -❡*❡❛-❝❤ ❛♥❞

❞❡✈❡❧♦♣♠❡♥+ ♣-♦❥❡❝+* +♦ ✐♠♣-♦✈❡ +❤✐* *✐+✉❛+✐♦♥ ❢♦- ❛ ❢✉+✉-❡ *✉-❢❛❝❡ ✈❡+♦✳
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❈❤❛♣$❡& ✺

❆)$&♦♣❤②)✐❝❛❧ ◆❡✉$&✐♥♦ ❋❧✉① ▼❡❛)✉&❡♠❡♥$)

❲❤❡♥ ■❝❡❈✉❜❡ ✇❛- ❝♦♠♣❧❡2❡❞ ✐♥ ✷✵✶✵✱ ✐2 ❜❡❝❛♠❡ 2❤❡ ❧❛9❣❡-2 ♥❡✉29✐♥♦ ❞❡2❡❝2♦9 ✐♥ 2❤❡ ✇♦9❧❞✱ ♠❛❦✐♥❣ ✐2

2❤❡ ♣9❡♠✐❡9 ✐♥-29✉♠❡♥2 ❢♦9 ❞❡2❡❝2✐♥❣ 2❤❡ ❛-29♦♣❤②-✐❝❛❧ ♥❡✉29✐♥♦ ✢✉①✳ ■♥ ✷✵✶✷✱ ✇❤❡♥ ■❝❡❈✉❜❡ ❝♦♥❞✉❝2❡❞ ❛

-❡❛9❝❤ ❢♦9 ✉❧29❛ ❤✐❣❤ ❡♥❡9❣② ❝♦-♠♦❣❡♥✐❝ ♥❡✉29✐♥♦- ✇✐2❤ 2✇♦ ②❡❛9- ♦❢ ❞❡2❡❝2♦9 ❞❛2❛✱ ✐2 ❢♦92✉✐2♦✉-❧② ❞✐-❝♦✈❡9❡❞

2✇♦ ❝❛-❝❛❞❡- ✇✐2❤ B❡❱ ❡♥❡9❣② ✐♥ 2❤❡ ❞❛2❛ ❬✻✾❪✳ ❚❤❡ ❞✐-❝♦✈❡9② ✇❛- ❢♦92✉✐2♦✉- ❜❡❝❛✉-❡ 2❤❡ ❡✈❡♥2 -❡❧❡❝2✐♦♥ ✉-❡❞

✇❛- ✈❡9② -✐♠♣❧❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ 2❤❡ ❞❡♣♦-✐2❡❞ ♥✉♠❜❡9 ♦❢ B❊ ❛♥❞ 2❤❡ ❛♥❣❧❡ ❢9♦♠ ❛ 29❛❝❦ 9❡❝♦♥-29✉❝2✐♦♥✱

✇❤✐❝❤ ❢♦9 ❝❛-❝❛❞❡ ❧✐❦❡ ❡✈❡♥2- ✐- ❡--❡♥2✐❛❧❧② 9❛♥❞♦♠✳ ❍♦✇❡✈❡9✱ 2❤❡ ❞✐-❝♦✈❡9② ✇❛- ❛-2♦✉♥❞✐♥❣✳ ❲✐2❤ ❡♥❡9❣✐❡- ♦❢

❛ B❡❱ ❡❛❝❤ 2❤❡② ✇❡9❡ 2♦♦ ❧♦✇ ✐♥ ❡♥❡9❣② 2♦ ❜❡ ❝♦♥-✐-2❡♥2 ✇✐2❤ 2❤❡ ❝♦-♠♦❣❡♥✐❝ ✢✉① ❛♥❞ 2♦♦ ❤✐❣❤ ✐♥ ❡♥❡9❣② 2♦

❜❡ ❝♦♥-✐-2❡♥2 ✇✐2❤ 2❤❡ ❛2♠♦-♣❤❡9✐❝ ✢✉①✳ ❚❤✐- ❧❡❢2 ♦♥❧② 2❤❡ ♦♣2✐♦♥ 2❤❛2 2❤❡-❡ ❡✈❡♥2- ✇❡9❡ 2❤❡ ✜9-2 -✐❣♥- ♦❢ 2❤❡

❛-29♦♣❤②-✐❝❛❧ ♦9 ❝❤❛9♠ ♥❡✉29✐♥♦ ✢✉①✳ B♦--✐❜❧② 2❤❡ ♠♦-2 -✉9♣9✐-✐♥❣ 2❤✐♥❣ ✇❛- 2❤❡ ❡✈❡♥2✬- 2♦♣♦❧♦❣②✱ ❝❛-❝❛❞❡-✳

❊✈❡♥ 2❤♦✉❣❤ ✼✴✾2❤- ♦❢ ❛ ✶✿✶✿✶ ♥❡✉29✐♥♦ ✢✉① ✐- ❡①♣❡❝2❡❞ 2♦ ❤❛✈❡ 2❤✐- 2♦♣♦❧♦❣② ❛2 2❤❡ 2✐♠❡ ■❝❡❈✉❜❡✬- -29♦♥❣❡9

❞❡2❡❝2✐♦♥ ❝❤❛♥♥❡❧ ✇❛- ✈✐❡✇❡❞ ❛- 2❤❡ ✉♣✇❛9❞ 29❛✈❡❧✐♥❣ 2❤9♦✉❣❤✲❣♦✐♥❣ 29❛❝❦ ❡✈❡♥2-✳ ❚❤✐- 2❤9♦✉❣❤✲❣♦✐♥❣ ♠✉♦♥

-❡❧❡❝2✐♦♥ ❝❛♥ ♦❜-❡9✈❡ ♠✉♦♥✲♥❡✉29✐♥♦- 2❤❛2 ❤❛✈❡ ✐♥2❡9❛❝2❡❞ ♦✉2-✐❞❡ 2❤❡ ❞❡2❡❝2♦9 ❛♥❞ ❤❛❞ 2❤❡✐9 ♦✉2✲❣♦✐♥❣

♠✉♦♥ ❝♦♠❡ ✐♥ 2♦ 2❤❡ ❞❡2❡❝2♦9✱ 2❤✉- ❣9❡❛2❧② ❡①2❡♥❞✐♥❣ 2❤❡ ❡✛❡❝2✐✈❡ -✐③❡ ♦❢ 2❤❡ ❞❡2❡❝2♦9✳ ■♥ ❛❞❞✐2✐♦♥ 2♦ ❜❡✐♥❣

❝❛-❝❛❞❡-✱ 2❤❡-❡ ❡✈❡♥2- ♦❝❝✉99❡❞ ✇❡❧❧ ❛✇❛② ❢9♦♠ 2❤❡ ❡❞❣❡ ♦❢ 2❤❡ ❞❡2❡❝2♦9✳ ❚❤✐- -✉❣❣❡-2❡❞ ❛ -✐♠♣❧❡ -❡❧❡❝2✐♦♥

❝♦✉❧❞ ❜❡ ♠❛❞❡ 2♦ -❡❛9❝❤ ❢♦9 ♠♦9❡ ❡✈❡♥2- ❧✐❦❡ 2❤❡-❡ ❜② ✉-✐♥❣ 2❤❡ ❡❞❣❡ ♦❢ 2❤❡ ❞❡2❡❝2♦9 ❛- ❛ -✐♠♣❧❡ ✈❡2♦ ❛❣❛✐♥-2

✐♥❝♦♠✐♥❣ ❡✈❡♥2-✳ ❆- ✇❛- ❞✐-❝✉--❡❞ ✐♥ ❈❤❛♣2❡9 ✹✱ ✈❡2♦❡- ✐♥ ■❝❡❈✉❜❡ ♥♦2 ♦♥❧② ♣9♦2❡❝2 ❛❣❛✐♥-2 ♣❡♥❡29❛2✐♥❣

♠✉♦♥-✱ ❜✉2 ❛❧-♦ ❛2♠♦-♣❤❡9✐❝ ♥❡✉29✐♥♦-✳ ❯-✐♥❣ 2❤✐- -✐♠♣❧❡ ✈❡2♦✱ ■❝❡❈✉❜❡ ❞✐-❝♦✈❡9❡❞ 2❤❡ ❛-29♦♣❤②-✐❝❛❧ ♥❡✉29✐♥♦

✢✉① ✐♥ ✷✵✶✹ ❬✼✵❪✱ ❛♥❞ ✉-❤❡9❡❞ ✐♥ 2❤❡ ❛❣❡ ♦❢ ♥❡✉29✐♥♦ ❛-29♦♥♦♠②✳ ❙✐♥❝❡ 2❤❛2 2✐♠❡✱ ■❝❡❈✉❜❡ ❤❛- ♠❡❛-✉9❡❞ 2❤❡

❛-29♦♣❤②-✐❝❛❧ ✢✉① ✐♥ ♦2❤❡9 ❝❤❛♥♥❡❧- ❛- ✇❡❧❧✱ ✐♥❝❧✉❞✐♥❣ 2❤❡ 2❤9♦✉❣❤✲❣♦✐♥❣ ❝❤❛♥♥❡❧✳ ❚❤❡ 9❡-2 ♦❢ 2❤✐- -❡❝2✐♦♥

✇✐❧❧ ❜❡ ❞❡✈♦2❡❞ 2♦ 2❤❡ ❞✐✛❡9❡♥2 ♣✉❜❧✐-❤❡❞ ❛♥❛❧②-❡- 2❤❛2 ❤❛✈❡ ♦❜-❡9✈❡❞ 2❤❡ ❛-29♦♣❤②-✐❝❛❧ ♥❡✉29✐♥♦ -✐❣♥❛❧✳

✺✳✶ ❙$❛&$✐♥❣ ❊✈❡♥$ ❆♥❛❧②0❡0

✺✳✶✳✶ ❍✐❣❤ ❊♥❡&❣② ❙$❛&$✐♥❣ ❊✈❡♥$ ❙❡❧❡❝$✐♦♥

❆- ✇❛- ♠❡♥2✐♦♥❡❞ ❜❡❢♦9❡✱ ❛ -✐♠♣❧❡ ✈❡2♦ ❛♥❛❧②-✐- ❝❛❧❧❡❞ 2❤❡ ❤✐❣❤ ❡♥❡9❣② -2❛92✐♥❣ ❡✈❡♥2- ✭❍❊❙❊✮ -❡❧❡❝2✐♦♥

✇❛- 2❤❡ ✜9-2 -❡❧❡❝2✐♦♥ ✇✐2❤ ✇❤✐❝❤ ❛-29♦♣❤②-✐❝❛❧ ♥❡✉29✐♥♦- ✇❡9❡ ❞✐-❝♦✈❡9❡❞✳ ❚♦ ♣❡9❢♦9♠ 2❤❡ ✈❡2♦✱ 2❤❡ ❉❖▼-
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time

Q charge in the
detector vs. time

total charge in
time window

time window

time

Q
charge in the veto

region (for incoming events)

time

Q
charge in the veto

region (for starting events)

❋✐❣✉&❡ ✺✳✷✿ ❚❤❡ ✈❡/♦ /✐♠❡ ✈2 ❝❤❛&❣❡ ❞❡✜♥✐/✐♦♥✳ ❚❤❡ ✜❣✉&❡ ❝♦♠❡2 ❢&♦♠ ❬✼✶❪✳
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E−2
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✇❤❡%❡ &❤❡ ❛&♠♦*♣❤❡%✐❝ ❛♥❞ ❛*&%♦♣❤②*✐❝❛❧ ✢✉①❡* ❛%❡ ❛& &❤❡ *❛♠❡ ❧❡✈❡❧ ❛❢&❡% &❤❡ ❛&♠♦*♣❤❡%✐❝ ✢✉① ✐* ✈❡&♦❡❞✳

▲♦✇❡%✐♥❣ &❤❡ ♠✐♥✐♠✉♠ ♥❡✉&%✐♥♦ ❡♥❡%❣② ✇❛* &❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ &❤❡ ▼❡❞✐✉♠ ❊♥❡%❣② ❙&❛%&✐♥❣ ❈❛*❝❛❞❡ ✭▼❊❙❈✮

*❡❧❡❝&✐♦♥✳

❚❤❡ ▼❊❙❈ *❡❧❡❝&✐♦♥ ❜❡❣❛♥ ❛* ❛ *❡❧❡❝&✐♦♥ &♦ *❡❛%❝❤ ❢♦% ♣%♦♠♣& ❛&♠♦*♣❤❡%✐❝ ♥❡✉&%✐♥♦* ✐♥ &❤❡ ❢♦%♠ ♦❢

❡❧❡❝&%♦♥ ♥❡✉&%✐♥♦ ❝❛*❝❛❞❡ ❡✈❡♥&*✳ ❲♦%❦ ♦♥ ▼❊❙❈ ❜❡❣❛♥ ❜❡❢♦%❡ &❤❡ %❡*✉❧&* ♦❢ ❍❊❙❊ ✇❡%❡ ♣✉❜❧✐*❤❡❞ ❛♥❞

❛✛❡❝&❡❞ &❤❡ ✜%*& %❡*✉❧& ✐♥ ❛ ❢❡✇ ✇❛②*✳ ❚❤❡ ♠❛✐♥ ❡✛❡❝& ✇❛* ♦♥ &❤❡ ❞❛&❛ *&%❡❛♠ ❝♦♥*✐❞❡%❡❞✳ ■❢ ♦♥❡ ❜❡❧✐❡✈❡*

&❤❡② ❛%❡ ❛❢&❡% ❛ ❝❛*❝❛❞❡ *✐❣♥❛&✉%❡✱ &❤❡♥ ✐& ♠❛❦❡* *❡♥*❡ &♦ ✉*❡ ❝✉&* ❝❧♦*❡ &♦ &❤❡ ✜❧&❡%✐♥❣ ♦❢ &❤❡ ❞❡&❡❝&♦% ❞❛&❛

✇❤✐❝❤ ♦♣&✐♠✐③❡ &❤❡ ❝♦❧❧❡❝&✐♦♥ ♦❢ ❝❛*❝❛❞❡* ❛♥❞ %❡❥❡❝&✐♦♥ ♦❢ &%❛❝❦*✳ ❆* ❛ %❡*✉❧&✱ &❤❡ ❛✉&❤♦% ✐♥✐&✐❛❧❧② ✇♦%❦❡❞ ♦♥

&❤❡ ■❝❡❈✉❜❡✬* ❝❛*❝❛❞❡ ❝❤❛♥♥❡❧ ▲❡✈❡❧ ✸ *❡❧❡❝&✐♦♥✱ ✇❤✐❝❤ ✐* ❜❛*❡❞ ❡♥&✐%❡❧② ♦✛ &❤❡ ❝❛*❝❛❞❡ ✜❧&❡%✳ ❖♥❡ ❝❛♥ %❡❢❡%

&♦ ❙❡❝&✐♦♥ ✻✳✻ ❢♦% ♠♦%❡ ✐♥❢♦%♠❛&✐♦♥ ♦♥ ✜❧&❡%*✳ ❚❤✐* %❡*✉❧&❡❞ ✐♥ ❛ *❡❧❡❝&✐♦♥ ✇❤✐❝❤ ❤❛❞ ❛ ✈❡%② ❣♦♦❞ ❛❝❝❡♣&❛♥❝❡

❢♦% ❛*&%♦♣❤②*✐❝❛❧ ♥❡✉&%✐♥♦* ✇✐&❤ ❛ ❝❛*❝❛❞❡ &♦♣♦❧♦❣②✱ ❜✉& ❛ %❡❞✉❝❡❞ ❛❝❝❡♣&❛♥❝❡ ❢♦% ❛*&%♦♣❤②*✐❝❛❧ ♥❡✉&%✐♥♦

*&❛%&✐♥❣ &%❛❝❦*✳ ❚❤❛& ❜❡✐♥❣ &❤❡ ❝❛*❡✱ ▼❊❙❈ ✇❛* *&✐❧❧ ❛❜❧❡ &♦ ♦❜*❡%✈❡ &❤❡ ❡✈❡♥&* ❢%♦♠ &❤❡ ❛*&%♦♣❤②*✐❝❛❧

*♣❡❝&%✉♠ ✉&✐❧✐③✐♥❣ &❤❡ ❡✈❡♥& *❡❧❡❝&✐♦♥ &❡❝❤♥✐P✉❡* ✇❤✐❝❤ ❢♦❧❧♦✇✳

❚❤❡ *❡❧❡❝&✐♦♥ ❜❡❣✐♥* ✇✐&❤ ❛ ♦✉&❡%✲❧❛②❡% ✈❡&♦ *✐♠✐❧❛% &♦ &❤❛& ✉*❡❞ ✐♥ ❍❊❙❊✳ ❍♦✇❡✈❡%✱ *✐♥❝❡ &❤❡ ❡✈❡♥&

*❡❧❡❝&✐♦♥* ✇❡%❡ ❞❡✈❡❧♦♣❡❞ ✐♥❞❡♣❡♥❞❡♥&❧②✱ ❛♥❞ ❜❡❝❛✉*❡ ▼❊❙❈ &❛%❣❡&* ❧♦✇❡% ❡♥❡%❣② ♥❡✉&%✐♥♦*✱ ✐& ✈❛%✐❡* *❧✐❣❤&❧②✳

❋♦% ❜%✐❣❤& ❤✐❣❤ ❡♥❡%❣② ❡✈❡♥&*✱ ❛❝❝✉♠✉❧❛&✐♥❣ ✷✺✵ U❊ ❢♦% ❞❡✜♥✐&✐♦♥ ♦❢ &❤❡ ✈❡&♦ %❡❣✐♦♥ &✐♠❡ &❤%❡*❤♦❧❞ ✐* ❡❛*②✱

❜✉& ❢♦% ❧♦✇❡% ❡♥❡%❣② ❡✈❡♥&* ✷✺✵ U❊ ❝❛♥ ❜❡ ♠♦%❡ &❤❛♥ &❤❡ ❡♥&✐%❡ ❡♥❡%❣② ♦❢ &❤❡ ❡✈❡♥&✳ ❆* ❛ %❡*✉❧& &❤❡ *&❛%&✐♥❣

❝❤❛%❣❡ &❤%❡*❤♦❧❞ ✇❛* ♠❛❞❡ &♦ ❜❡ ♣%♦♣♦%&✐♦♥❛❧ &♦ &❤❡ &♦&❛❧ ❞❡♣♦*✐&❡❞ ❝❤❛%❣❡ ❜❡&✇❡❡♥ ✼✷ ❛♥❞ ✻✵✵✵ U❊✳ ❆❜♦✈❡

✻✵✵✵ U❊✱ &❤❡ &❤%❡*❤♦❧❞ ♦❢ ✷✺✵ U❊ ✇❛* ❦❡♣&✱ ❛♥❞ ❜❡❧♦✇ ✼✷ U❊ ❛ ✸ U❊ &❤%❡*❤♦❧❞ ✇❛* %❡P✉✐%❡❞✳

Qstart =























3 PE Qtot < 72 PE

Qtot/24 72 PE ≤ Qtot < 6000 PE

250 PE Qtot ≥ 6000 PE

✭✺✳✶✮

❲✐&❤✐♥ &❤❡ &✐♠❡ ✇✐♥❞♦✇ ❞❡✜♥❡❞ ❜② &❤❡ &❤%❡*❤♦❧❞✱ &❤❡ ❛♠♦✉♥& ♦❢ ❝❤❛%❣❡ %❡P✉✐%❡❞ ✇❛* ❛❧*♦ ❝❤❛♥❣❡❞✳ ❙✐♥❝❡

❧♦✇❡% ❡♥❡%❣② ❡✈❡♥&* ✇❡%❡ &❤❡ &❛%❣❡&✱ ❛♥② ❝❤❛%❣❡ ✐♥ &❤❡ ✈❡&♦ %❡❣✐♦♥ ❞✉%✐♥❣ &❤❡ ✈❡&♦ &✐♠❡ ✇✐♥❞♦✇ ❧❡❛❞* &♦ &❤❡

❡✈❡♥& ❜❡✐♥❣ %❡♠♦✈❡❞ ❢%♦♠ &❤❡ *❡❧❡❝&✐♦♥✳ ❚❤❡ ♦✉&❡%✲❧❛②❡% ✈❡&♦ ✐* ❣♦♦❞ ❛& %❡♠♦✈✐♥❣ ❜%✐❣❤& ❡✈❡♥&*✱ ❜✉& ✐* &♦♦

✇❡❛❦ &♦ %❡♠♦✈❡ &❤❡ ❞✐♠♠❡% ❧♦✇ ❡♥❡%❣② ❡✈❡♥&*✱ ❥✉*& ❧✐❦❡ ❍❊❙❊✳ ❚❤❡ ❞♦♠✐♥❛♥& ❜❛❝❦❣%♦✉♥❞ %❡♠❛✐♥✐♥❣ ❛❢&❡%

&❤❡ ♦✉&❡%✲❧❛②❡% ✈❡&♦ ✐* *✐♥❣❧❡ ♠✉♦♥* ✇❤✐❝❤ ♣❡♥❡&%❛&❡ ✐♥&♦ &❤❡ ❞❡&❡❝&♦% ✇❤❡♥ &❤❡② ❛%❡ ❡♠✐&&✐♥❣ *♠❛❧❧ ❛♠♦✉♥&*

♦❢ ❧✐❣❤&✱ ❛♥❞ *✉❞❞❡♥❧② ❜❡❝♦♠❡ ✈✐*✐❜❧❡ ✇❤❡♥ &❤❡② ✉♥❞❡%❣♦ ❛ ❧❛%❣❡ ❡♥❡%❣② ❧♦**✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ *✉❝❤ ❛♥ ❡✈❡♥&

❝❛♥ ❜❡ *❡❡♥ ✐♥ &❤❡ ❧❡❢& ✐❧❧✉*&%❛&✐♦♥ ✐♥ ❋✐❣✉%❡ ✺✳✽✳ ❲❤❡♥ ✈✐❡✇❡❞ ♦♥❧② ✇✐&❤ &❤❡ ❍▲❈ ♣✉❧*❡*✱ &❤❡ ❡✈❡♥& ❛♣♣❡❛%*

&♦ ❜❡ ❛ ❝❛*❝❛❞❡✱ ❤♦✇❡✈❡% ✇✐&❤ &❤❡ ❛❞❞✐&✐♦♥ ♦❢ &❤❡ ❙▲❈ ♣✉❧*❡*✱ ✐& ✐* ❝❧❡❛% &❤❛& &❤❡ ❡✈❡♥& ✇❛* ❛ ♣❡♥❡&%❛&✐♥❣

♠✉♦♥✳ ❍♦✇❡✈❡%✱ ♠❛♥② ♥♦✐*❡ ❤✐&* ❛%❡ ♣%❡*❡♥& ✐♥ &❤❡ ❙▲❈ ♣✉❧*❡*✳ ❚❤❡ &%✐❝❦ ✐* &♦ ✐❞❡♥&✐❢② ✇❤✐❝❤ ♦❢ &❤❡ ❙▲❈

♣✉❧*❡* ❛%❡ ✐♥ ❛❣%❡❡♠❡♥& ✇✐&❤ &❤❡ ❤②♣♦&❤❡*✐* ♦❢ ❛♥ ✐♥❝♦♠✐♥❣ &%❛❝❦ ✇❤✐❝❤ ♣❛**❡* &❤%♦✉❣❤ &❤❡ ❝❛*❝❛❞❡ ✈❡%&❡①✳

❙✐♥❝❡ &❤❡ ❡✈❡♥&* ❛%❡ ❝❛*❝❛❞❡*✱ &❤❡%❡ ✐* ♥♦ ❣♦♦❞ ♣♦✐♥&✐♥❣ ✐♥❢♦%♠❛&✐♦♥ &♦ ✉*❡✳ ❍♦✇❡✈❡%✱ ♦♥❡ ❝❛♥ ✉*❡ ♠❛♥②





m = a+ b(c− log10 Qtot)
1/d
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❋❛❝❡ ❛ ❜ ❝ ❞

❙✐❞❡* ✵ ✶✼✷✻✻ ✸✳✹✶ ✶✳✼✹

❚♦♣ ✶✵✵ ✷✸✼✶✵ ✸✳✹✵ ✶✳✽✽

❚❛❜❧❡ ✺✳✶✿ ❱❛❧✉❡* :♦ ❞❡✜♥❡ :❤❡ ❝❤❛>❣❡ ❞❡♣❡♥❞❡♥: ❞✐*:❛♥❝❡ :♦ ❡❞❣❡ ❝✉: ✉*✐♥❣ ❊A✉❛:✐♦♥ ✺✳✶✳✷✳ ❚❤❡ ✜❣✉>❡ ❝♦♠❡*

❢>♦♠ ❬✼✸❪✳

❋✐❣✉>❡ ✺✳✶✵✿ ❆ ❢❡✇ ♣♦*✐:✐♦♥* ♦❢ :❤❡ *❝❛❧✐♥❣ ✈❡:♦ ❢♦> ✜①❡❞ ❝❤❛>❣❡* ❢>♦♠ :❤❡ :♦♣ ❛♥❞ *✐❞❡ ✈✐❡✇*✳ ❚❤❡ ✜❣✉>❡

❝♦♠❡* ❢>♦♠ ❬✼✸❪✳





νµ νe

Φastro = 2.06+0.35
−0.26 × 10−18(

E

100TeV
)−2.46+0.12

−0.12 GeV −1cm−2sr−1s−1

δ

σ





✺✷

❛ ♥❡✉&'✐♥♦✳ ▼✉♦♥ ♥❡✉&'✐♥♦, ❤❛✈❡ &❤❡ ❛❞❞✐&✐♦♥❛❧ ❢❡❛&✉'❡ ♦❢ ❜❡✐♥❣ ❛❜❧❡ &♦ ✐♥&❡'❛❝& ♦✉&,✐❞❡ &❤❡ ❞❡&❡❝&♦' ❛♥❞

❝'❡❛&❡ ♠✉♦♥, ✇❤✐❝❤ ❝❛♥ &'❛✈❡❧ ✐♥&♦ ❛♥❞ &❤'♦✉❣❤ &❤❡ ❞❡&❡❝&♦' &♦ ❜❡ ♦❜,❡'✈❡❞✳ ❚❤✐, ✐, &❤❡ ❜❛,✐, ♦❢ &❤❡ ✉♣✇❛'❞✲

❣♦✐♥❣ ♠✉♦♥ ♥❡✉&'✐♥♦ ❡✈❡♥& ,❡❧❡❝&✐♦♥✳ ■♥❢♦'♠❛&✐♦♥ ❛❜♦✉& &❤✐, ,❡❧❡❝&✐♦♥ ✐, ❜❡✐♥❣ &❛❦❡♥ ❢'♦♠ &❤❡ ❛♥❛❧②③❡'✬,

✇✐❦✐ ♣❛❣❡ ❬✼✹❪ ❛♥❞ &❤❡ ♣❛♣❡' ✧❖❜,❡'✈❛&✐♦♥ ❛♥❞ ❈❤❛'❛❝&❡'✐③❛&✐♦♥ ♦❢ ❛ ❈♦,♠✐❝ ▼✉♦♥ ◆❡✉&'✐♥♦ ❋❧✉① ❋'♦♠ &❤❡

◆♦'&❤❡'♥ ❍❡♠✐,♣❤❡'❡ ❯,✐♥❣ ❙✐① ❨❡❛', ♦❢ ■❝❡❈✉❜❡ ❉❛&❛✧ ❬✸✼❪ ❢'♦♠ ✷✵✶✻ ✇❤✐❝❤ ,❤♦✇❡❞ &❤❡ ✜',& ✜✈❡ ,✐❣♠❛

'❡,✉❧& ❢♦' ✉♣✇❛'❞✲❣♦✐♥❣ &'❛❝❦,✳ ❲❤✐❧❡ ♥♦& ♣'❡,❡♥&❡❞ ❤❡'❡✱ &❤❡ ❡❛'❧✐❡' ✈❡',✐♦♥ ♦❢ &❤✐, ❛♥❛❧②,✐, ✧❊✈✐❞❡♥❝❡ ❢♦'

❆,&'♦♣❤②,✐❝❛❧ ▼✉♦♥ ◆❡✉&'✐♥♦, ❢'♦♠ &❤❡ ◆♦'&❤❡'♥ ❙❦② ✇✐&❤ ■❝❡❈✉❜❡✧ ✐, ❛❧,♦ ✇♦'&❤ '❡❛❞✐♥❣ ❛♥❞ ✉♥❞❡',&❛♥❞✐♥❣

❬✼✺❪✳

❆, &❤❡ &✐&❧❡ ♦❢ &❤❡ ♣❛♣❡' ,❛②,✱ &❤✐, ,❡❧❡❝&✐♦♥ ✐, ❝❛''✐❡❞ ♦✉& ✉,✐♥❣ ❡✈❡♥&, ❢'♦♠ ,✐① ②❡❛', ♦❢ ■❝❡❈✉❜❡ ❞❛&❛✳

❚✇♦ ♦❢ &❤❡ ②❡❛', ✉,❡❞ ✇❡'❡ ❢'♦♠ &❤❡ ❞❡&❡❝&♦' ❝♦♥,&'✉❝&✐♦♥ ♣❤❛,❡✱ ■❈✲✺✾ ❛♥❞ ■❈✲✼✾✳ ❋♦' &❤❡ ❡✈❡♥&, ❢'♦♠

■❈✲✺✾✱ &❤❡ ,❡❧❡❝&✐♦♥ ✐, ♣'❡,❡♥&❡❞ ✐♥ &❤❡ ❛♥❛❧②③❡'✬, ✇✐❦✐ ♣❛❣❡ ❬✼✻❪ ❛♥❞ &❤❡ ♣❛♣❡' ✧❙❡❛'❝❤ ❢♦' ❛ ❉✐✛✉,❡ ❋❧✉①

♦❢ ❆,&'♦♣❤②,✐❝❛❧ ▼✉♦♥ ◆❡✉&'✐♥♦, ❲✐&❤ &❤❡ ■❝❡❈✉❜❡ ✺✾✲❙&'✐♥❣ ❈♦♥✜❣✉'❛&✐♦♥✧ ❬✼✼❪✳ ❋♦' ■❈✲✼✾ ❛♥❞ &❤❡ ❢♦✉'

■❈✲✽✻ ②❡❛',✱ &❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡&❤♦❞ ✐, ✉,❡❞✳ ❚❤❡ ,❡❧❡❝&✐♦♥ ,&❛'&, ❛& ♠✉♦♥ ▲❡✈❡❧ ✷ ✭,❡❡ ❙❡❝&✐♦♥ ✻✳✻ ❢♦' ♠♦'❡

✐♥❢♦'♠❛&✐♦♥ ♦♥ ✜❧&❡',✮ ❛♥❞ ,❡❧❡❝&, ♦♥❧② &❤❡ ❡✈❡♥&, ✇✐&❤ ❛ ③❡♥✐&❤ ❛♥❣❧❡ ❧❛'❣❡' &❤❛♥ ✽✺ ❞❡❣'❡❡,✳ ❚❤❡ ,❡❧❡❝&✐♦♥

✐♠♣❧❡♠❡♥&, ❛ ❢❡✇ ❜❛,✐❝ ❝♦✐♥❝✐❞❡♥& ❡✈❡♥& ❝✉&, &♦ ❛&&❡♠♣& &♦ ❝❧❡❛♥ ✉♣ &❤❡ ✶✵✪ ♦❢ ■❝❡❈✉❜❡ ❡✈❡♥&, ✇❤✐❝❤ ❝♦♥&❛✐♥

✐♥❢♦'♠❛&✐♦♥ ❢'♦♠ ♠♦'❡ &❤❛♥ ♦♥❡ ♣❛'&✐❝❧❡ ✐♥ &❤❡ ❞❡&❡❝&♦'✳ ❚❤❡,❡ ❝♦✐♥❝✐❞❡♥& ❡✈❡♥&, ❛'❡ &❤❡ ♠❛✐♥ ❜❛❝❦❣'♦✉♥❞

&♦ &❤❡ ❛♥❛❧②,✐, ,✐♥❝❡ ■❝❡❈✉❜❡ '❡❝♦♥,&'✉❝&✐♦♥, ❛'❡ ❡❛,✐❧② ❢♦♦❧❡❞ ✐♥&♦ ♠✐,✲'❡❝♦♥,&'✉❝&✐♥❣ &❤❡,❡ ❡✈❡♥&, ❛, ✉♣✲

❣♦✐♥❣✱ ❛, ✐, ,❤♦✇♥ ✐♥ ❋✐❣✉'❡ ✺✳✶✹✳ ❆❢&❡' &❤❡ ❝✉&,✱ &❤❡ ,❡❧❡❝&✐♦♥ ❤❛, ❛ '♦✉❣❤❧② ✶ ❍③ '❛&❡✳ ❚❤✐, ✐, ❛ ,♠❛❧❧

❡♥♦✉❣❤ &♦&❛❧ ♥✉♠❜❡' ♦❢ ❡✈❡♥&, &❤❛& ❈^❯✲✐♥&❡♥,✐✈❡ '❡❝♦♥,&'✉❝&✐♦♥, ❝❛♥ ❜❡ ♣❡'❢♦'♠❡❞ ♦♥ ❞❛&❛ ❛♥❞ ▼♦♥&❡

❈❛'❧♦✳ ❚❤❡ ✇♦'❦✲❤♦',❡ ♦❢ &❤❡ ❡✈❡♥& ,❡❧❡❝&✐♦♥ ✐, ❛ ❜♦♦,&❡❞ ❞❡❝✐,✐♦♥ &'❡❡ ✭❇❉❚✮✳ ❋♦' &'❛✐♥✐♥❣✱ ✉♣✲❣♦✐♥❣ ♠✉♦♥

♥❡✉&'✐♥♦ ,✐♠✉❧❛&✐♦♥ ✇❡✐❣❤&❡❞ &♦ ❛♥ E−2
✢✉① ✇✐&❤ ❛ '❡❝♦♥,&'✉❝&❡❞ '❡,♦❧✉&✐♦♥ ❜❡&&❡' &❤❛♥ ✺ ❞❡❣'❡❡, ✇❡'❡ ✉,❡❞✳

❚❤❡ ❜❛❝❦❣'♦✉♥❞ ✇❛, ❛ ❝♦♠❜✐♥❛&✐♦♥ ♦❢ ❛&♠♦,♣❤❡'✐❝ ♠✉♦♥, ❢'♦♠ ❝♦,♠✐❝ '❛② ,✐♠✉❧❛&✐♦♥ ❛♥❞ ♠✉♦♥ ♥❡✉&'✐♥♦

,✐♠✉❧❛&✐♦♥ ✇❡✐❣❤&❡❞ &♦ ❛♥ ❛&♠♦,♣❤❡'✐❝ ,♣❡❝&'✉♠✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛'✐❛❜❧❡, ✐♥ ❚❛❜❧❡ ✺✳✷ ✇❡'❡ ✉,❡❞ ❛, ❢❡❛&✉'❡,

✐♥ &❤❡ &'❛✐♥✐♥❣ ❛❢&❡' '❡❝❛❧❝✉❧❛&✐♦♥ &♦ '❡♠♦✈❡ &❤❡ ❡✛❡❝&, ♦❢ ❉❡❡♣❈♦'❡✱ ♣'❡,❡♥&✐♥❣ ❛ ♠♦'❡ ✉♥✐❢♦'♠ ❞❡&❡❝&♦'✳

❚♦ ✈❡'✐❢② ♣❡'❢♦'♠❛♥❝❡ ♦❢ &❤❡ ❇❉❚✱ ❑✲❢♦❧❞ ❝'♦,, ✈❛❧✐❞❛&✐♦♥ ✇❛, ✉,❡❞✳ ■♥ &❤✐, ♠❡&❤♦❞✱ &❤❡ &'❛✐♥✐♥❣ ,✐♠✉❧❛&✐♦♥

✐, ❜'♦❦❡♥ ✐♥&♦ ❑ ❞✐,❥♦✐♥& ,❛♠♣❧❡,✳ ❚❤❡ ❇❉❚ ✇❛, &'❛✐♥❡❞ ♦♥ ❑✲✶ ♦❢ &❤❡ ,❛♠♣❧❡,✱ ❛♥❞ &❡,&❡❞ ✇✐&❤ &❤❡ ✶

❤❡❧❞ ♦✉& ,❛♠♣❧❡✳ ❚❤✐, ♣'♦❝❡❞✉'❡ ✐, '❡♣❡❛&❡❞ ✇✐&❤ ❛❧❧ &❤❡ ,❛♠♣❧❡, ❜❡✐♥❣ ❤❡❧❞ ♦✉& ❡①❛❝&❧② ♦♥❝❡✳ ❋'♦♠ &❤✐,

✈❡'✐✜❝❛&✐♦♥✱ ❛♥ ❡,&✐♠❛&✐♦♥ ♦❢ &❤❡ ❛✈❡'❛❣❡ ❜❛❝❦❣'♦✉♥❞ ❝♦♥&❛♠✐♥❛&✐♦♥ ❛♥❞ ,✐❣♥❛❧ ❡✣❝✐❡♥❝✐❡, ❝❛♥ ❜❡ ♦❜&❛✐♥❡❞

❢'♦♠ &❤❡ ❛✈❡'❛❣❡ ♦✈❡' &❤❡ ❝'♦,, ✈❛❧✐❞❛&✐♦♥ &'❛✐♥✐♥❣ ,❛♠♣❧❡,✳ ❚❤❡ ♦✉&♣✉& ♦❢ ❛ ❇❉❚ ✐, ❛ ♣❡' ❡✈❡♥& ,❝♦'❡

♦❢ &❤❡ ,✐❣♥❛❧♥❡,, ❢'♦♠ ✵ &♦ ✶✱ ✇❤❡'❡ ✵ ✐, ❝♦♠♣❧❡&❡❧② ✉♥,✐❣♥❛❧✲❧✐❦❡ ❛♥❞ ✶ ✐, ❝♦♠♣❧❡&❡❧② ,✐❣♥❛❧✲❧✐❦❡✳ ❙✐♥❝❡

&❤❡ ❜❛❝❦❣'♦✉♥❞ ❛♥❞ ,✐❣♥❛❧ ❝❤❛♥❣❡ ❛, ❛ ❢✉♥❝&✐♦♥ ♦❢ ③❡♥✐&❤ ❛♥❣❧❡✱ &❤❡ ✜♥❛❧ ❝✉& ♦♥ ❇❉❚ ,❝♦'❡ ✐, ♠❛❞❡ ❛, ❛

❢✉♥❝&✐♦♥ ♦❢ ③❡♥✐&❤ ❛♥❣❧❡ ❛, ✐, ,❤♦✇♥ ✐♥ ❋✐❣✉'❡ ✺✳✶✺✳ ❚❤❡ ❝✉& '❡♠♦✈❡, ♠♦,& ♦❢ &❤❡ '❡♠❛✐♥✐♥❣ ❛&♠♦,♣❤❡'✐❝

♠✉♦♥ ❜❛❝❦❣'♦✉♥❞ ❛♥❞ ❝❛,❝❛❞❡ ❡✈❡♥&, ❝❛✉,❡❞ ❜② ♥❡✉&'✐♥♦,✳ ❆& &❤❡ ,❛♠❡ &✐♠❡ &❤❡ ❝✉& ✐, ✈❡'② ❡✛❡❝&✐✈❡ ❛&

'❡&❛✐♥✐♥❣ &❤❡ ❛,&'♦♣❤②,✐❝❛❧ ❡✈❡♥&,✳ ❖♥❧② ❛& &❤❡ ❤♦'✐③♦♥ ✐, ,♦♠❡ ❧♦,, ❢♦'❝❡❞ ❜② &❤❡ ❡①❝❡,, ♦❢ ♠✉♦♥, ✇❤✐❝❤





✺✹

❱❛"✐❛❜❧❡ ◆❛♠❡ ❉❡$❝&✐♣)✐♦♥✴❘❡❛$♦♥✐♥❣

❇❛②❡+✐❛♥ ❧✐❦❡❧✐❤♦♦❞

"❛1✐♦

❊❛❝❤ ❡✈❡♥) ✐$ ✜) ✇✐)❤ ❛ ❞♦✇♥✲❣♦✐♥❣ ♠✉♦♥ ❤②♣♦)❤❡$✐$ ❢♦& )❤❡ )✇♦✲✐)❡&❛)✐♦♥$

❙<❊ ❋✐) ❚❤❡ ❧✐❦❡❧✐❤♦♦❞ &❛)✐♦ ♦❢ )❤❡ &❡❝♦♥$)&✉❝)✐♦♥ ✐♥❝❧✉❞✐♥❣ )❤❡ ❞♦✇♥✲❣♦✐♥❣
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✻✳✼✳✶ ❙❝❛''❡)✐♥❣

❙❝❛**❡(✐♥❣ ♦❢ *❤❡ ♦♣*✐❝❛❧ ❧✐❣❤* ✐♥ *❤❡ ✐❝❡ ❝❛♥ ❜❡ ❞❡%❝(✐❜❡❞ ❜② *❤❡ %❝❛**❡(✐♥❣ ♦❢ ❡❧❡❝*(♦♠❛❣♥❡*✐❝ (❛❞✐❛*✐♦♥

♦✛ ♠✐❝(♦%❝♦♣✐❝ ❞✉%* ❣(❛✐♥%✳ ❚❤✐% ✐% ♦❢*❡♥ (❡❢❡((❡❞ *♦ ❛% ▼✐❡ %❝❛**❡(✐♥❣ ❛❢*❡( ●✉%*❛✈ ▼✐❡ ✇❤♦ ✜(%* ❞❡%❝(✐❜❡❞
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〈cosθ〉n = 〈cosθ〉n ✇❤❡(❡ 〈cosθ〉 ✐% *❤❡ %❝❛**❡(✐♥❣ ❛❢*❡( ♦♥❡ ✐♥*❡(❛❝*✐♦♥✳ ❚❤✉% ✐♥ *❤❡ ❝❛%❡ *❤❛* 〈cosθ〉 ≈ 1 *❤❡

♥❡* ❡✛❡❝* ♦❢ ❛ %❝❛**❡( ♦( ❝♦❧❧❡❝*✐♦♥ ♦❢ %❝❛**❡(% ✐% %♠❛❧❧✳ ❚❤❡ ♠♦❞❡❧ ✉%❡❞ *♦ ❞❡%❝(✐❜❡ *❤❡ %❝❛**❡(✐♥❣ ❢✉♥❝*✐♦♥

p(θ) ✐% ❛ ❧✐♥❡❛( ❝♦♠❜✐♥❛*✐♦♥ ♦❢ *❤❡ ❍❡♥②❡②✲●(❡❡♥%*❡✐♥ ❬✾✶❪ ❛♥❞ %✐♠♣❧✐✜❡❞ ▲✐✉ ❬✾✷❪ ❢✉♥❝*✐♦♥%✳

p(cosθ) = (1− fSL)HG(cosθ) + fSLSL(cosθ) ✭✻✳✶✮

✇❤❡(❡ HG ✐% *❤❡ ❍❡♥②❡②✲●(❡❡♥%*❡✐♥ ❢✉♥❝*✐♦♥

HG(cosθ) =
1

2

1− g2

[1 + g2 − 2gcosθ]
3
2

✭✻✳✷✮

✇✐*❤

g = 〈cosθ〉 ✭✻✳✸✮



SL(cosθ) =
1 + α

2
[
1 + cosθ

2
]α

α =
2g

1− g
, g = 〈cosθ〉

fSL

be(λ) = be(400)(
λ

400
)−α

α



fSL



a =
1

λa
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❜❡❤❛✈✐♦✉3 ✇✐"❤ ❛ 3❡❧❛"✐✈❡ ❡①❝❡++ ❛3♦✉♥❞ ✷✵✪ ❛♥❞ ❞❡✜❝✐" ❛3♦✉♥❞ ✶✺✪✳ ❚❤❡ ♣❤❛+❡ ❛♥❞ ❛♠♣❧✐"✉❞❡ ♦❢ "❤❡ ❡①❝❡++

❛♥❞ ❞❡✜❝✐" ❛❣3❡❡ ✇✐"❤ "❤❡ ❛♥✐+♦"3♦♣② ❢♦✉♥❞ ✇✐"❤ "❤❡ ▲❊❉+ ❛♥❞ ❝♦♥✜3♠❡❞ "❤❡ ❛♥✐+♦"3♦♣②✳ ❚❤❡ ❛♥✐+♦"3♦♣②

❤❛+ ❜❡❡♥ ✐♥❝❧✉❞❡❞ ✐♥ ■❝❡❈✉❜❡✬+ +✐♠✉❧❛"✐♦♥ +✐♥❝❡ "❤❛" "✐♠❡ ❛♥❞ ✇♦3❦ ❝♦♥"✐♥✉❡+ ✉+✐♥❣ "❤❡ ❞♦✇♥✲❣♦✐♥❣ ♠✉♦♥

❛♣♣3♦❛❝❤✳ ❘❡❝❡♥"❧②✱ ❛❞✈❛♥❝❡♠❡♥"+ ❤❛✈❡ ❜❡❡♥ ♠❛❞❡ ✐♥ W✉❛♥"✐❢②✐♥❣ "❤❡ ❛♠♦✉♥" ♦❢ ❛♥✐+♦"3♦♣②✳ ❚❤✐+ ♥❡✇ ✐❞❡❛

✉"✐❧✐③❡+ ❋♦✉3✐❡3 ❛♥❛❧②+✐+ ❛♥❞ ❤❛+ "❛❦❡♥ "❤✐+ ♠❡"❤♦❞ ❢3♦♠ ❛ W✉❛❧✐"❛"✐✈❡ ✈❡3✐✜❝❛"✐♦♥ "♦ ❛ W✉❛♥"✐"❛"✐✈❡ ♠❡"❤♦❞

"♦ ❡✈❛❧✉❛"❡ "❤❡ ♣❛3❛♠❡"❡3+ ♦❢ ❛♥✐+♦"3♦♣② "❤❛" +❤♦✉❧❞ ❜❡ ✐♥ "❤❡ ✐❝❡ ♠♦❞❡❧✳

✻✳✼✳✺ ▲♦❝❛❧ ❊✛❡❝,-

■❝❡❈✉❜❡✬+ ♠♦❞❡❧+ ♦❢ "❤❡ ✐❝❡ ❝♦♥"✐♥✉❡ "♦ ✐♥❝3❡❛+❡ ✐♥ ❝♦♠♣❧❡①✐"② ❛+ ♠♦3❡ ❡✛❡❝"+ ❛3❡ ❞✐+❝♦✈❡3❡❞✳ ■♥ ❝♦♥✲

❥✉♥❝"✐♦♥ ✇✐"❤ ✐♥❝3❡❛+❡❞ ❝♦♠♣❧❡①✐"② ❝♦♠❡+ ❛ ❞❡❝3❡❛+❡ ✐♥ "❤❡ +②+"❡♠❛"✐❝ ✉♥❝❡3"❛✐♥"② ♦♥ "❤❡ ✐❝❡✳ ❆" "❤✐+ ♣♦✐♥"
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✐# $❡❡♠$ #❤❛# #❤❡ ♠❛❥♦+✐#② ♦❢ #❤❡ ❜✉❧❦ ✐❝❡ ❡✛❡❝#$✱ ❡✛❡❝#$ ✇❤✐❝❤ ❛+❡ ✐♥ #❤❡ ✐❝❡ ♦✉#$✐❞❡ #❤❡ ❤♦❧❡$ ❞+✐❧❧❡❞ ❢♦+

■❝❡❈✉❜❡✬$ ❝♦♥$#+✉❝#✐♦♥✱ ❛+❡ ❞❡$❝+✐❜❡❞ ✇❡❧❧✳ ◆♦✇ #❤❡ ♠❛✐♥ ❢♦❝✉$ ♦❢ $#✉❞② ✐$ ♦♥ #❤❡ ❧♦❝❛❧ ❡✛❡❝#$ ✐♥ #❤❡ +❡❢+♦③❡♥

❤♦❧❡$ #❤❡♠$❡❧✈❡$✳ ❚❤❡ #✇♦ ♠❛✐♥ ❡✛❡❝#$ #❤❛# $❤♦✉❧❞ ❡①✐$# ❛+❡ ❛ $❤❛❞♦✇ ❢+♦♠ #❤❡ ❝❛❜❧❡ ✇❤✐❝❤ ❧✐❡$ ❛❧♦♥❣$✐❞❡

❡✈❡+② ❉❖▼ ❛♥❞ ❛ ♣♦$$✐❜❧❡ ❜✉❜❜❧❡ ❝♦❧✉♠♥ ✇❤✐❝❤ ❡①✐$#$ ✐♥ #❤❡ ❝❡♥#❡+ ♦❢ #❤❡ ❤♦❧❡ ❛$ ❛ ❜②♣+♦❞✉❝# ♦❢ ❞+✐❧❧✐♥❣✳

❚❤❡$❡ ❧♦❝❛❧ ❡✛❡❝#$ ❛+❡ ✐♥ ❛ ❞✐✣❝✉❧# ❛+❡❛ #♦ $#✉❞② $✐♥❝❡ ♠♦$# ♦❢ #❤❡ $#+✐♥❣$ ❛+❡ $♣❛❝❡❞ ♦✉# ❜② ✶✷✺ ♠✳ ❍♦✇❡✈❡+✱

❛ +❡❝❡♥# #❡❝❤♥✐K✉❡ ✐♥✈♦❧✈✐♥❣ ✢❛$❤✐♥❣ $✐♥❣❧❡ ▲❊❉$ $❤♦✇$ ❣♦♦❞ ♣+♦♠✐$❡ $✐♥❝❡ #❤❡ ▲❊❉$ ❤❛✈❡ ❛ ✜①❡❞ ♦+✐❡♥#❛#✐♦♥

✇✐#❤ +❡$♣❡❝# #♦ #❤❡ ❝❛❜❧❡ ❜② ❞❡$✐❣♥ $♣❡❝✐✜❝❛#✐♦♥✳ ❆$ $✉❝❤✱ ✜❣✉+✐♥❣ ♦✉# #❤❡ ♦+✐❡♥#❛#✐♦♥ ♦❢ #❤❡ ✐♥❞✐✈✐❞✉❛❧ ▲❊❉$

$❤♦✉❧❞ ❣✐✈❡ ❦♥♦✇❧❡❞❣❡ ♦❢ #❤❡ ❝❛❜❧❡ ♣♦$✐#✐♦♥ ❢♦+ ❛❧❧ ❉❖▼$ ✐♥ #❤❡ ❞❡#❡❝#♦+✱ ❧❡❛✈✐♥❣ ♦♥❧② #❤❡ ❜✉❜❜❧❡ ❝♦❧✉♠♥

❧❡❢# #♦ ❜❡ ❞❡#❡+♠✐♥❡❞ ❜② ✜##✐♥❣✳
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❈❤❛♣$❡& ✼

❊✈❡♥$ ❙✐♠✉❧❛$✐♦♥

❚❤❡ ♠❛✐♥ ❣♦❛❧ ❢♦- ■❝❡❈✉❜❡ ❛♥❛❧②4❡4 ✐4 5♦ ♠❡❛4✉-❡ 6✉❛♥5✐5✐❡4 ❢-♦♠ ❛ 4❡5 ♦❢ ❡✈❡♥54 -❡❝♦-❞❡❞ ✐♥ 5❤❡ ❞❡5❡❝5♦-✳

❇❡❢♦-❡ 5❤❛5 ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❛ ♥✉♠❜❡- ♦❢ 5❤✐♥❣4 ♠✉45 ❜❡ ❞♦♥❡ ❛♥❞ ✈❡-✐✜❡❞ ✜-45✳ ❚❤❡ ✜-45 5❤✐♥❣ 5❤❛5 ♠✉45 ❜❡

❞♦♥❡ 5♦ ❣❡5 ❛ 4✉✐5❛❜❧❡ 4❡5 ♦❢ ❡✈❡♥54 ✐4 5♦ -❡♠♦✈❡ 5❤❡ ❡✈❡♥54 ✇❤✐❝❤ ❛-❡ ❝♦♥4✐❞❡-❡❞ ❜❛❝❦❣-♦✉♥❞✳ ❙✐♥❝❡ ■❝❡❈✉❜❡

❤❛4 ♥♦ ❡①5❡-♥❛❧ 5❛❣❣✐♥❣ 4②45❡♠✱ 5❤❡-❡ ✐4 ♥♦ ✐♥❞✐❝❛5✐♦♥ ❢♦- 5❤❡ ♦-✐❣✐♥ ♦❢ ❛ ♣❛-5✐❝✉❧❛- ❡✈❡♥5✳ ■♥ ♦-❞❡- 5♦ ❤❛✈❡

❛ ❣♦♦❞ ✉♥❞❡-45❛♥❞✐♥❣ ♦❢ 5❤❡ ♣♦44✐❜❧❡ ♦-✐❣✐♥4 ♦❢ ❡✈❡♥54✱ ■❝❡❈✉❜❡ ❛55❡♠♣54 5♦ ❡①❛❝5❧② 4✐♠✉❧❛5❡ 5❤❡ ♦-✐❣✐♥4 ♦❢

❡✈❡♥54 5❤❛5 ❝♦✉❧❞ ❜❡ ❞❡5❡❝5❡❞✳ ❉♦✐♥❣ 4♦ ❛❧❧♦✇4 ❛♥❛❧②③❡-4 5♦ 45✉❞② 5❤❡ ❡✛❡❝5 ♦❢ ❝✉54 ❛♥❞ ♠❡5❤♦❞4 ♦♥ 5❛❣❣❡❞

4❡54 ♦❢ 4✐♠✉❧❛5❡❞ ❡✈❡♥54 ✇✐5❤♦✉5 ❤❛✈✐♥❣ 5♦ ❝♦♠♣-♦♠✐4❡ 5❤❡ ❡✈❡♥54 ✐5 ❤♦♣❡4 5♦ ♠❛❦❡ ❛ ♠❡❛4✉-❡♠❡♥5 ✇✐5❤✳ ❚❤✐4

♠❡5❤♦❞ ♦❢ ✉4✐♥❣ 4✐♠✉❧❛5✐♦♥ ❛44✉-❡4 5❤❡ ❞❛5❛ ✐4 ❦❡♣5 ✧❜❧✐♥❞✧ ❛♥❞ ✐4 ❛ ♠❡❛♥4 ♦❢ ❛44✉-✐♥❣ 45❛5✐45✐❝❛❧ ✐♥5❡❣-✐5②

♦❢ -❡4✉❧54✳ ❚❤❡ ♣-❛❝5✐❝❡ ♦❢ ❜❧✐♥❞ ❛♥❛❧②4✐4 ❛❞♦♣5❡❞ ✐♥ ■❝❡❈✉❜❡ ✐♥✈♦❧✈❡4 ✐♥4♣❡❝5✐♥❣ ❛♥❞ ❝♦♠♣❛-✐♥❣ ✶✵✪ ♦❢ 5❤❡

❢✉❧❧ ❡✈❡♥5 4❛♠♣❧❡ 5♦ 4✐♠✉❧❛5✐♦♥ ❢♦- ✈❡-✐✜❝❛5✐♦♥ ♣✉-♣♦4❡4✳ ❲❤❡♥ ❣♦♦❞ ❛❣-❡❡♠❡♥5 ❜❡5✇❡❡♥ 5❤❡ ✶✵✪ 4❛♠♣❧❡

❛♥❞ 4✐♠✉❧❛5✐♦♥ ✐4 ❛❝❤✐❡✈❡❞✱ 5❤❡-❡ ✐4 ❣♦♦❞ -❡❛4♦♥ 5♦ ❜❡❧✐❡✈❡ 5❤❛5 5❤❡ 4✐♠✉❧❛5✐♦♥ ❞❡4❝-✐❜❡4 5❤❡ ♠❡❛4✉-❡❞ ❞❛5❛

✇❡❧❧ ❛♥❞ ❝❛♥ ❜❡ ✉4❡❞ ❢♦- ✜55✐♥❣ ❛♥❞ ✉♥❞❡-45❛♥❞✐♥❣ ♦❢ 5❤❡ ❢✉❧❧ ❡✈❡♥5 4❛♠♣❧❡✳ ❆❢5❡- 5❤❡ ❛❣-❡❡♠❡♥5 ✐4 ✈❡-✐✜❡❞

5❤❡ ❢✉❧❧ 4❛♠♣❧❡ ✐4 ✧✉♥❜❧✐♥❞❡❞✧ ❛♥❞ -❡4✉❧54 ❛-❡ ✜5 5♦ 5❤❡ ❞❛5❛ ✇✐5❤ 5❤❡ 4✐♠✉❧❛5✐♦♥✳

❚❤✐4 4❡❝5✐♦♥ ❢♦❝✉4❡4 ♦♥ 5❤❡ ♣-♦❝❡44 ♦❢ -❡❝-❡❛5✐♥❣ 5❤❡ ♣❤②4✐❝4 ❡✈❡♥54 ❛♥❞ 5❤❡ ❞❡5❡❝5♦- -❡4♣♦♥4❡ ♦❢ ■❝❡❈✉❜❡✳

❚❤✐4 ❝❛♥ ❧❛-❣❡❧② ❜❡ ❜-♦❦❡♥ ❞♦✇♥ ✐♥5♦ ♣❛-5✐❝❧❡ ❣❡♥❡-❛5✐♦♥✱ ♣❛-5✐❝❧❡ ♣-♦♣❛❣❛5✐♦♥✱ ♣❤♦5♦♥ ♣-♦♣❛❣❛5✐♦♥✱ ❛♥❞ 5❤❡

❞❡5❡❝5♦- -❡4♣♦♥4❡ 5♦ 5❤❡ ♣❤♦5♦♥4✳

✼✳✶ #❛%&✐❝❧❡ ●❡♥❡%❛&✐♦♥

❊✈❡-②5❤✐♥❣ ♠✉45 ❜❡❣✐♥ 4♦♠❡✇❤❡-❡✳ ■♥ 5❤❡ ❝❛4❡ ♦❢ ■❝❡❈✉❜❡ 4✐♠✉❧❛5✐♦♥ 5❤❛5 5❤✐♥❣ ✐4 5❤❡ ♣-✐♠❛-② ♣❛-5✐❝❧❡✳

❚❤✐4 ✐4 5❤❡ ♣❛-5✐❝❧❡ ✇❤✐❝❤ ✐4 ♦- ❞✐-❡❝5❧② ❝-❡❛5❡4 5❤❡ ♣❛-5✐❝❧❡4 ✇❤✐❝❤ ♣❛44 5❤-♦✉❣❤ ■❝❡❈✉❜❡✳ ❋♦- 45❛♥❞❛-❞

4✐♠✉❧❛5✐♦♥ 5❤❡4❡ ♣❛-5✐❝❧❡4 ❝❛♥ ❝♦♠❡ ✐♥ ❛ ❢❡✇ ❞✐✛❡-❡♥5 ❢♦-♠4✿ ♥✉❝❧❡✐✱ ♠✉♦♥4✱ ❛♥❞ ♥❡✉5-✐♥♦4✳

✼✳✶✳✶ ❆&♠♦0♣❤❡%✐❝ ▼✉♦♥0

❆5♠♦4♣❤❡-✐❝ ♠✉♦♥4 ❛-❡ 5❤❡ ♠♦45 ❛❜✉♥❞❛♥5❧② ❞❡5❡❝5❡❞ ♣❛-5✐❝❧❡ ✐♥ ■❝❡❈✉❜❡✱ ♦❝❝✉--✐♥❣ ❛5 ❛ -❛5❡ ♦❢ ♦✈❡-

✷✵✵✵ ♣❡- 4❡❝♦♥❞✳ ❚❤❡4❡ ♣❛-5✐❝❧❡4 ❛-❡ ❝-❡❛5❡❞ ✐♥ ❛♥ ❡①5❡♥4✐✈❡ ❛✐- 4❤♦✇❡- ✇❤✐❝❤ ✐4 5❤❡ ❛❢5❡-♠❛5❤ ♦❢ ❛ ❝♦4♠✐❝



✾✶
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&❤❡ &✐♠❡✳ ❆ ♣+❡❞❡&❡+♠✐♥❡❞ ♥✉♠❜❡+ ♦❢ ❡✈❡♥&. ✐. ❣❡♥❡+❛&❡❞ ❛♥❞ .♣+❡❛❞ ♦✈❡+ &❤❡ ❞✐✛❡+❡♥&✐❛❧ .♣❛❝❡✱ ❜✉& &❤❡✐+

&❡♠♣♦+❛❧ +❡❧❛&✐♦♥.❤✐♣ ✐. ✉♥.♣❡❝✐✜❡❞✳ ❚❤✐. ♠❡❛♥. &❤❛& &❤❡ ❣❡♥❡+❛&❡❞ ✢✉① ✐. ❛❝&✉❛❧❧② ❛ ✢✉❡♥❝❡✳

dNgenerated

dEdAdΩ
✭✼✳✷✮

❚❤❡ ♥✉♠❜❡+ ❝+❡❛&❡❞ ✐♥ ♥❛&✉+❡ ✐. ♦❢&❡♥ ♥♦& ❦♥♦✇♥ ❡①❛❝&❧② ❛♥❞ ✐. ✉.✉❛❧❧② ❛♥ ❡.&✐♠❛&❡ ❜❛.❡❞ ♦♥ &❤❡♦+❡&✐❝❛❧

♠♦❞❡❧. &✉♥❡❞ ♦♥ ♠❡❛.✉+❡♠❡♥&. ❢+♦♠ ❡①♣❡+✐♠❡♥&.✳
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❚♦ ❝♦♥&'(✉❝' ❛ ✇❡✐❣❤'✱ ♦♥❡ &✐♠♣❧② '❛❦❡& '❤❡ (❛'✐♦ ❜❡'✇❡❡♥ '❤❡ ❡①♣❡❝'❡❞ ✢✉① ❢(♦♠ ♥❛'✉(❡ ❛♥❞ '❤❡ ✢✉❡♥❝❡

❢(♦♠ '❤❡ &✐♠✉❧❛'✐♦♥ ❢♦( ❛ ♣❛('✐❝✉❧❛( ♣❛('✐❝❧❡✳

wprimary =
naturalflux

generated fluence
=

dNnature

dEdAdΩdt
dNgenerated

dEdAdΩ

=
1

dt
✭✼✳✸✮

❚❤❡ (❡&✉❧' ✐& ❛ (❛'❡

1
dt ✳ ■❢ '❤❡ (❛'❡ ✐& ❡①❛❝'❧② ❛& ❡①♣❡❝'❡❞ ❢(♦♠ ♥❛'✉(❡✱ '❤❡ &✐♠✉❧❛'✐♦♥ ✇❛& ❝(❡❛'❡❞ ❛' '❤❡

♥❛'✉(❛❧ (❛'❡ ❛♥❞ ❡✈❡(② ♣❛('✐❝❧❡ ❝❛♥ ❜❡ '❤♦✉❣❤' ♦❢ ❛& (❡♣(❡&❡♥'✐♥❣ ♦♥❡ (❡❛❧ ❞❡'❡❝'❡❞ ♣❛('✐❝❧❡✳ ■❢ '❤❡ (❛'❡ ✐&

&♠❛❧❧❡( '❤❛♥ ✇❤❛' ✐& ❡①♣❡❝'❡❞ ❢(♦♠ ♥❛'✉(❡ '❤❡♥ '❤❡ &✐♠✉❧❛'✐♦♥ ❤❛& '♦♦ ❢❡✇ ♣❛('✐❝❧❡& '♦ (❡♣(❡&❡♥' ❛❧❧ '❤❛'

♥❛'✉(❡ ✇♦✉❧❞ ❤❛✈❡ ❝(❡❛'❡❞✳ ■❢ '❤❡ (❛'❡ ✐& ❧❛(❣❡( '❤❛♥ ✇❤❛' ✐& ❡①♣❡❝'❡❞ ❢(♦♠ ♥❛'✉(❡ '❤❡♥ '❤❡ &✐♠✉❧❛'✐♦♥ ❤❛&

♠❛♥② ♣❛('✐❝❧❡& '♦ (❡♣(❡&❡♥' '❤❡ &✐♥❣❧❡ ♣❛('✐❝❧❡ ♥❛'✉(❡ ✇♦✉❧❞ ❤❛✈❡ ❝(❡❛'❡❞✳ ●❡♥❡(❛❧❧② '❤❡ ❣♦❛❧ ✐& '♦ ❜❡ ✐♥

'❤❡ (❡❣✐♠❡ ♦❢ ❤❛✈✐♥❣ ♠❛♥② &✐♠✉❧❛'❡❞ ♣❛('✐❝❧❡& (❡♣(❡&❡♥'✐♥❣ ❛ &✐♥❣❧❡ ♣❛('✐❝❧❡ ✐♥ ♥❛'✉(❡✳ ❚❤✐& ❛❧❧♦✇& ❢♦( ❣♦♦❞

❝♦✈❡(❛❣❡ ♦❢ '❤❡ &'❛'✐&'✐❝❛❧ ✢✉❝'✉❛'✐♦♥& ✇❤✐❝❤ ❢♦❧❧♦✇ ❢✉('❤❡( ✐♥ '❤❡ ♣(♦❝❡&& ♦❢ ♣(♦♣❛❣❛'✐♦♥✱ ❞❡'❡❝'✐♦♥✱ ❛♥❞

(❡❝♦♥&'(✉❝'✐♦♥ ♦❢ '❤❡ ♣❛('✐❝❧❡✳

❍♦✇ '❤❡ ❣❡♥❡(❛'❡❞ &✐♠✉❧❛'✐♦♥ '❡(♠ ♦❢ '❤❡ ✇❡✐❣❤'✐♥❣ ♠✉&' ❜❡ ❝♦♥&'(✉❝'❡❞ ❞❡♣❡♥❞& ♦♥ ✇❤❛' &✐♠✉❧❛'✐♦♥ ✐&

❜❡✐♥❣ ❞❡❛❧' ✇✐'❤✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ &✉❜&❡❝'✐♦♥& ❞❡&❝(✐❜❡ ✇❡✐❣❤'✐♥❣ ♦❢ ❞✐✛❡(❡♥' '②♣❡& ♦❢ &✐♠✉❧❛'✐♦♥& ❢(♦♠ &✐♠♣❧❡&'

'♦ ♠♦&' ❝♦♠♣❧❡①✳

✼✳✶✳✸✳✶ ❲❡✐❣❤)✐♥❣ ▼✉♦♥●✉♥

▼✉♦♥●✉♥ ♦❢'❡♥ ✐& '❤❡ &✐♠♣❧❡&' &✐♠✉❧❛'✐♦♥ '♦ ✇❡✐❣❤' ❜❡❝❛✉&❡ ❜② ❞❡&✐❣♥ ✐' ✐& ❝(❡❛'❡❞ ❛' '❤❡ ♥❛'✉(❛❧ (❛'❡

❜❡❝❛✉&❡ ✐' ✐& ❛ ♣❛(❛♠❡'❡(✐③❛'✐♦♥ ♦❢ ✇❡✐❣❤'❡❞ ❈❖❘❙■❑❆ ✢✉①❡&✳ ❍♦✇❡✈❡(✱ ✐' ✐& ♣♦&&✐❜❧❡ '♦ (❡✲✇❡✐❣❤' ✐' '♦

♦'❤❡( ♣(✐♠❛(② ✢✉①❡&✳ ❚❤✐& ✐& &✐♠♣❧② ❛❝❝♦♠♣❧✐&❤❡❞ ❜② ❡①'(❛❝'✐♥❣ '❤❡ ❣❡♥❡(❛'❡❞ ✢✉❡♥❝❡ ❢(♦♠ '❤❡ &✐♠✉❧❛'✐♦♥

✐♥❢♦(♠❛'✐♦♥ ❛♥❞ ❝❛❧❝✉❧❛'✐♥❣ '❤❡ ✢✉① ❢♦( ❛ ❞✐✛❡(❡♥' ♣(✐♠❛(② ♠♦❞❡❧✳ ❚❤❡ (❛'✐♦ ♦❢ '❤❡ ♥❡✇ ✢✉① ❛♥❞ '❤❡

&✐♠✉❧❛'✐♦♥ ✢✉❡♥❝❡ ❣✐✈❡& '❤❡ ♥❡✇ ✇❡✐❣❤'&✳

✼✳✶✳✸✳✷ ❲❡✐❣❤)✐♥❣ ❈❖❘❙■❑❆

❈❖❘❙■❑❆ ✐& ✇❡✐❣❤'❡❞ ✐♥ ♠✉❝❤ '❤❡ &❛♠❡ ✇❛② ❛& ▼✉♦♥●✉♥✳ ❍♦✇❡✈❡(✱ ✐♥ '❤✐& ❝❛&❡ '❤❡ ❈❖❘❙■❑❆ &✐♠✲

✉❧❛'✐♦♥ ✐& ✉♥✇❡✐❣❤'❡❞✳ ●❡♥❡(❛❧❧② '❤✐& ♠❡❛♥& '❤❛' '❤❡ ♣(✐♠❛(② &♣❡❝'(✉♠ ✐& ❣❡♥❡(❛'❡❞ ✐♥ ♣♦✇❡( ❧❛✇&✱ ❛♥❞

'❤❡ (❡❧❛'✐✈❡ ♣(✐♠❛(② ❝♦♠♣♦&✐'✐♦♥ ✐& ❝♦♥&'❛♥'✳ ❚❤✐& ✐& ♦♥❧② ❡✈❡( '❤❡ ❝❛&❡ ✐♥ ♥❛'✉(❡ ♦✈❡( ✈❡(② &♠❛❧❧ ❡♥❡(❣②

✐♥'❡(✈❛❧& &♦ ✇❡✐❣❤'✐♥❣ ✐& ❛❧✇❛②& ♥❡❡❞❡❞✳ ❚♦ ❝♦♥&'(✉❝' '❤❡ ✇❡✐❣❤'& ♦♥❡ &✐♠♣❧② ♥❡❡❞& '♦ ❜❡ ❛❜❧❡ '♦ ❝♦♥&'(✉❝'

'❤❡ ♥❛'✉(❛❧ ✢✉① ❛♥❞ ❣❡♥❡(❛'❡❞ ✢✉❡♥❝❡& ❢♦( '❤❡ ✈❛(✐♦✉& ♥✉❝❧❡❛( '②♣❡& ♦❢ '❤❡ ♣(✐♠❛(✐❡& ❛& ✐♥ ❊O✉❛'✐♦♥ ✼✳✸✳

❚❤❡ '♦'❛❧ ✇❡✐❣❤' ✐& '❤❡ &✉♠ ♦❢ ✇❡✐❣❤'& ❢(♦♠ '❤❡ &✐♠✉❧❛'❡❞ ♣(✐♠❛(② '②♣❡&✳
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✼✳✶✳✸✳✸ ❲❡✐❣❤)✐♥❣ ◆❡✉)-✐♥♦ ●❡♥❡-❛)♦-

❲❡✐❣❤'✐♥❣ ◆❡✉'+✐♥♦ ●❡♥❡+❛'♦+ ✐/ ✈❡+② /✐♠✐❧❛+ '♦ ✇❡✐❣❤'✐♥❣ ❈❖❘❙■❑❆✱ ❡①❝❡♣' '❤❡ ♣+✐♠❛+② ✐/ ❛ ♥❡✉'+✐♥♦

✐♥/'❡❛❞ ♦❢ ❛ ❝♦/♠✐❝ +❛② ♥✉❝❧❡✉/✳ ❚❤✐/ ♠❡❛♥/ '❤❛' ♦♥❡ ♠✉/' '❛❦❡ ✐♥'♦ ❛❝❝♦✉♥' '❤❡ ♣+♦❜❛❜✐❧✐'② ♦❢ '❤❡ ♥❡✉'+✐♥♦

✐♥'❡+❛❝'✐♥❣ ♥❛'✉+❛❧❧② ♦♥ '♦♣ ♦❢ ✇❡✐❣❤'✐♥❣ '❤❡ ❣❡♥❡+❛'❡❞ ✢✉❡♥❝❡ ✐♥ '❤❡ ❢♦+♠ ♦❢ ❛ ♣♦✇❡+ ❧❛✇ '♦ ❛ ♥❛'✉+❛❧

✢✉① ✇❤✐❝❤ ❝❛♥ ❜❡ '❤❡ /✉♠ ♦❢ ♠❛♥② /♦✉+❝❡/ ✭/❡❡ ❙❡❝'✐♦♥ ✸✳✸ ❢♦+ ❞❡'❛✐❧/✮✳ ●❡''✐♥❣ ❢+♦♠ ❣❡♥❡+❛'❡❞ ✢✉❡♥❝❡

❛♥❞ ♥❛'✉+❛❧ ✢✉① '♦ ✇❡✐❣❤' ✐/ '❤❡ /❛♠❡ ❛/ ✐♥ '❤❡ ❲❡✐❣❤'✐♥❣ ❈❖❘❙■❑❆ /❡❝'✐♦♥✳ ❚❤❡ ♣+♦❜❛❜✐❧✐'② ♦❢ /✉❝❤ ❛♥

✐♥'❡+❛❝'✐♦♥ ❝❛♥ ❜❡ '❛❦❡♥ ✐♥'♦ ❛❝❝♦✉♥' ❜② ❝❛❧❝✉❧❛'✐♥❣ '❤❡ ♣+♦❜❛❜✐❧✐'② ♦❢ '❤❡ ♥❡✉'+✐♥♦ ✐♥'❡+❛❝'✐♥❣ ✇✐'❤✐♥ '❤❡

✐♥'❡+❛❝'✐♦♥ ✈♦❧✉♠❡ ❛♥❞ ♠✉❧'✐♣❧②✐♥❣ '❤❡ ✇❡✐❣❤' ❜② '❤✐/ ♣+♦❜❛❜✐❧✐'②✳ ❚♦ ❝❛❧❝✉❧❛'❡ '❤❡ ✐♥'❡+❛❝'✐♦♥ ♣+♦❜❛❜✐❧✐'②

♦♥❡ ❝❛♥ ✉/❡ '❤❡ ❢♦❧❧♦✇✐♥❣✳

pinteraction = 1 − psurvival ✭✼✳✹✮

psurvival = e
−σall×Ld

Mp×C
✭✼✳✺✮

✇❤❡+❡ Ld ✐/ '❤❡ '♦'❛❧ ❝♦❧✉♠♥ ❞❡♣'❤ ✇✐'❤✐♥ '❤❡ ✐♥'❡+❛❝'✐♦♥ ✈♦❧✉♠❡✱ Mp ✐/ '❤❡ ♠❛// ♦❢ ❛ ♣+♦'♦♥✱ σall ✐/ '❤❡ '♦'❛❧

❝+♦// /❡❝'✐♦♥ ❛' ✐♥'❡+❛❝'✐♦♥ ♣♦✐♥'✱ ❛♥❞ ❈ ✐/ '❤❡ ✉♥✐' ❝♦♥✈❡+/✐♦♥ ❢❛❝'♦+ ❢+♦♠ ♠✐❧❧✐❜❛+♥/ '♦ m2
✳ ❚❤✐/ ✐/ ❥✉/' ❛

/'❛'❡♠❡♥' '❤❛' '❤❡ ♣+♦❜❛❜✐❧✐'② ♦❢ ♣❡♥❡'+❛'✐♥❣ '❤+♦✉❣❤ ❛ ♠❛'❡+✐❛❧ ♦❢ ❛ ❣✐✈❡♥ ❞❡♥/✐'② ✇✐'❤ ❛ ❣✐✈❡♥ ❝+♦// /❡❝'✐♦♥

✐/ ❣✐✈❡♥ ❜② ❛♥ ❡①♣♦♥❡♥'✐❛❧ ❞✐/'+✐❜✉'✐♦♥✳ ❈♦♠❜✐♥✐♥❣ '❤✐/ ✇✐'❤ '❤❡ ❢❛❝' '❤❛' ♥♦' /✉+✈✐✈✐♥❣ ✭✐♥'❡+❛❝'✐♥❣✮ ✐/

❡M✉❛❧ ✶ ♠✐♥✉/ ❛❧❧ ✇❛②/ '♦ /✉+✈✐✈❡ ❣✐✈❡/ '❤❡ ✐♥'❡+❛❝'✐♦♥ ♣+♦❜❛❜✐❧✐'②✳ ❚❤✐/ '✐♠❡/ '❤❡ ♣+✐♠❛+② ✇❡✐❣❤' +❡♣+❡/❡♥'/

'❤❡ +❛'❡ ❛' ✇❤✐❝❤ ❛ ♥❡✉'+✐♥♦ ♣❛//❡/ '❤+♦✉❣❤ '❤❡ ❞❡'❡❝'♦+ '✐♠❡/ '❤❡ ♣+♦❜❛❜✐❧✐'② ✐' ✐♥'❡+❛❝'/✳

✼✳✶✳✸✳✹ ❲❡✐❣❤)✐♥❣ ❈❖❘❙■❑❆ ◆❡✉)-✐♥♦9

❲❡✐❣❤'✐♥❣ ❈❖❘❙■❑❆ ♥❡✉'+✐♥♦/ ✐/ ❛ ❝♦♠❜✐♥❛'✐♦♥ ♦❢ ❈❖❘❙■❑❆ ❛♥❞ ◆❡✉'+✐♥♦ ●❡♥❡+❛'♦+ ✇❡✐❣❤'✐♥❣✳ ❚♦

/'❛+'✱ '❤❡ ♣❛+'✐❝❧❡/ ✐♥ '❤❡ /✐♠✉❧❛'✐♦♥ ❛+❡ ❣❡♥❡+❛'❡❞ ❜② ❛ ❈❖❘❙■❑❆ /✐♠✉❧❛'✐♦♥✱ /♦ '❤❡ ❣❡♥❡+❛'❡❞ ✢✉❡♥❝❡✱ ❛♥❞

♥❛'✉+❛❧ ✢✉① ✐/ ❞❡'❡+♠✐♥❡❞ ❜② '❤❡ ♥✉❝❧❡❛+ ♣+✐♠❛+✐❡/✳ ■♥ '❤❡ ✐❝❡ '❤❡ ♥❡✉'+✐♥♦ ♠✉/' ✐♥'❡+❛❝' ✇✐'❤✐♥ '❤❡ /♣❡❝✐✜❡❞

✈♦❧✉♠❡✳ ❍♦✇❡✈❡+✱ ✐♥ ❛♥ ❛✐+ /❤♦✇❡+ '❤❡+❡ ❝❛♥ ❜❡ ♠✉❧'✐♣❧❡ ♥❡✉'+✐♥♦/✳ ❚❤✐/ ♠❡❛♥/ '❤❛' ❛ ♥❡✉'+✐♥♦ ♠✉/' ❜❡

/❡❧❡❝'❡❞ ❢+♦♠ '❤❡ ❜✉♥❞❧❡✳ ❆/ ✇✐'❤ '❤❡ ❝❛❧❝✉❧❛'✐♦♥ ♦❢ '❤❡ ♣+✐♠❛+② ✇❡✐❣❤' '❤✐/ ♣+♦❜❧❡♠ ❝❛♥ ❜❡ ❜+♦❦❡♥ ❞♦✇♥

✐♥'♦ ❛ +❛'✐♦ ♦❢ ♥❛'✉+❛❧ +❛'❡ ♦✈❡+ ❢♦+❝❡❞ +❛'❡✳ ❇❡❝❛✉/❡ '❤❡ /✐♠✉❧❛'✐♦♥ ✉/❡/ ❛♥ ❡①'❡♥❞❡❞ ✈♦❧✉♠❡ ❢♦+ '❤❡ ❢♦+❝❡❞

✐♥'❡+❛❝'✐♦♥ ♦♥❧② '❤❡ ❢♦+❝❡❞ +❛'❡ ✐/ +❡❧❡✈❛♥'✳ ■♥ ♦+❞❡+ '♦ ❣❡' ❣♦♦❞ /'❛'✐/'✐❝/ ❛' ❤✐❣❤❡+ ❡♥❡+❣✐❡/✱ ✐' ✐/ ❝♦♠♠♦♥ '♦

❢♦+❝❡ ✐♥'❡+❛❝'✐♦♥/ ❛' ❛ +❛'❡ ♣+♦♣♦+'✐♦♥❛❧ '♦ ❛ ♣♦✇❡+ ♦❢ '❤❡ ❡♥❡+❣②✳ ❚❤✐/ ❝+❡❛'❡/ +❛'❡/ ❤✐❣❤❡+ '❤❛♥ '❤❡ ♥❛'✉+❛❧

+❛'❡✳ ❚❤✐/ ✇❡✐❣❤' '❛❦❡/ '❤❡ ❣❡♥❡+❛❧ ❢♦+♠

wselection =
En

i
∑all neutrinos

j En
j

✭✼✳✻✮

✇❤❡+❡ i ✐/ '❤❡ /❡❧❡❝'❡❞ ♥❡✉'+✐♥♦ ❛♥❞ n ✐/ '❤❡ ♣♦✇❡+ ❧❛✇✳ ❚❤❡ /❡❧❡❝'❡❞ ♥❡✉'+✐♥♦ ♠✉/' ✐♥'❡+❛❝' /♦ ❛♥ ✐♥'❡+❛❝'✐♦♥

♣+♦❜❛❜✐❧✐'② ♠✉/' ❜❡ ❝❛❧❝✉❧❛'❡❞ ❛/ ✇❡❧❧✱ ❥✉/' ✐♥ ✇❡✐❣❤'✐♥❣ ♥❡✉'+✐♥♦ ❣❡♥❡+❛'♦+✳ ❚❤❡ ✇❡✐❣❤' ❢♦+ '❤✐/ '②♣❡ ♦❢
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"✐♠✉❧❛(✐♦♥ ❤❛" (❤❡ ❢♦.♠

w = wprimary × wselection × pinteraction ✭✼✳✼✮

✼✳✷ #❛%&✐❝❧❡ #%♦♣❛❣❛&✐♦♥

❆❢(❡. (❤❡ ❞❡(❡.♠✐♥❛(✐♦♥ ♦❢ ✜♥❛❧ "(❛(❡ ♣❛.(✐❝❧❡" ✐" ❝♦♠♣❧❡(❡❞ ❜② (❤❡ ♣❛.(✐❝❧❡ ❝.❡❛(✐♦♥ .♦✉(✐♥❡"✱ ♣.♦♣❛❣❛(✐♦♥

♦❢ (❤❡ ✜♥❛❧ "(❛(❡ ♣❛.(✐❝❧❡" (❤.♦✉❣❤ (❤❡ ✐❝❡ ♠✉"( ❜❡ ♣❡.❢♦.♠❡❞✳ ❚❤✐" ❝❛♥ ❜❡ ❜.♦❦❡♥ ❞♦✇♥ ✐♥(♦ (.❛❝❦✲❧✐❦❡ ♣❛.(✐❝❧❡

(.❛❝❦✐♥❣ ❛♥❞ ❝❛"❝❛❞❡✲❧✐❦❡ ♣❛.(✐❝❧❡ (.❛❝❦✐♥❣ ✇❤✐❝❤ ♠✉"( ❜❡ (.❡❛(❡❞ ❞✐✛❡.❡♥(❧② ❜❡❝❛✉"❡ ♦❢ (❤❡✐. (♦♣♦❧♦❣②✳

✼✳✷✳✶ ❚%❛❝❦✲▲✐❦❡ #❛%&✐❝❧❡ #%♦♣❛❣❛&✐♦♥

❚.❛❝❦✲❧✐❦❡ ♣❛.(✐❝❧❡" "✉❝❤ ❛" ♠✉♦♥" ❛♥❞ (❛✉" ❛.❡ ♣.♦♣❛❣❛(❡❞ (❤.♦✉❣❤ (❤❡ ✐❝❡ ✈✐❛ (❤❡ ♣.♦❣.❛♠ B❘❖B❖❙❆▲

✭B❘♦♣❛❣❛(♦. ✇✐(❤ ❖♣(✐♠❛❧ B.❡❝✐"✐♦♥ ❛♥❞ ❖♣(✐♠✐③❡❞ ❙♣❡❡❞ ❢♦. ❆❧❧ ▲❡♣(♦♥"✮ ❬✻✵❪✳ ❆" ❞✐"❝✉""❡❞ ✐♥ (❤❡ "❡❝(✐♦♥

♦♥ ♠✉♦♥ ♣❤②"✐❝"✱ ❙❡❝(✐♦♥ ✸✳✺✱ ❧❡♣(♦♥" ✐♥ ❛ ♠❡❞✐✉♠ ✉♥❞❡.❣♦ ❢♦✉. .❡❧❡✈❛♥( (②♣❡" ♦❢ ❡♥❡.❣② ❧♦""❀ ✐♦♥✐③❛(✐♦♥✱

❇.❡♠""(.❛❤❧✉♥❣✱ ♣❛✐.✲♣.♦❞✉❝(✐♦♥✱ ❛♥❞ ♥✉❝❧❡❛. ✐♥(❡.❛❝(✐♦♥✳ B❘❖B❖❙❆▲ ✐" ❞❡"✐❣♥❡❞ (♦ .❡♣.❡"❡♥( ❛❧❧ ♦❢ (❤❡

❧♦""❡" ❢.♦♠ (❤❡"❡ ♣.♦❝❡""❡"✳ ❍♦✇❡✈❡.✱ ❜❡❧♦✇ "♦♠❡ ❡♥❡.❣②✱ (❤❡ ✐♥❞✐✈✐❞✉❛❧ (.❛❝❦✐♥❣ ♦❢ (❤❡"❡ ❧♦""❡" ❜❡❝♦♠❡"

✈❡.② ❝♦♠♣✉(❛(✐♦♥❛❧❧② ❡①♣❡♥"✐✈❡✱ "✐♥❝❡ (❤❡✐. ❢.❡Q✉❡♥❝② ❣♦❡" ❧✐❦❡ 1/Eloss✱ ✇❤✐❧❡ (❤❡✐. ❝♦♥(.✐❜✉(✐♦♥ ✐" ✐♥❞✐"(✐♥✲

❣✉✐"❤❛❜❧❡ ❢.♦♠ (❤❛( ♦❢ ❝♦♥(✐♥✉♦✉" ❧♦""❡"✳ ❚♦ ❞❡❛❧ ✇✐(❤ (❤✐"✱ (❤❡ ♣.♦❣.❛♠ ❜.❡❛❦" ❧♦""❡" ✐♥(♦ ❛ ❝♦♥(✐♥✉♦✉" ❛♥❞

"(♦❝❤❛"(✐❝ ❝❛(❡❣♦.②✳ ❈♦♥✈❡♥(✐♦♥❛❧❧② (❤❡ ❝♦♥(✐♥✉♦✉" ♣♦.(✐♦♥ ✇♦✉❧❞ ❝♦♥"✐"( ♦❢ ♦♥❧② (❤❡ ✐♦♥✐③❛(✐♦♥ ❧♦""❡" ✇❤✐❧❡

(❤❡ "(♦❝❤❛"(✐❝ ❧♦""❡" ✇♦✉❧❞ ❜❡ (❤❡ ♦(❤❡. ❝♦♥(.✐❜✉(✐♦♥"✳ ❍♦✇❡✈❡.✱ ✐♥ B❘❖B❖❙❆▲ (❤❡ "❡♣❛.❛(✐♦♥ ❜❡(✇❡❡♥

(❤❡"❡ (✇♦ ❝❛(❡❣♦.✐❡" ✐" ❞❡(❡.♠✐♥❡❞ ❜② (❤❡ ❢.❛❝(✐♦♥ ♦❢ (❤❡ (♦(❛❧ ❧❡♣(♦♥ ❡♥❡.❣② ❛ ❧♦"" ❝♦✉❧❞ ❤❛✈❡✱ ❝❛❧❧❡❞ (❤❡

vcut✳

vcut =
ecut
Eµ
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❚❤✉" (❤❡ ❝.♦"" "❡❝(✐♦♥" ♦❢ (❤❡ ❞✐✛❡.❡♥( ♣.♦❝❡""❡" ❛.❡ ♦♥❧② ❡✈❛❧✉❛(❡❞ ❞♦✇♥ (♦ (❤❡ ❡♥❡.❣② ecut ❛♥❞ ❝❛♥ ✐♥❝❧✉❞❡

✐♦♥✐③❛(✐♦♥ ❧♦""❡" ✇❤✐❝❤ ❛.❡ ❧❛.❣❡ ❡♥♦✉❣❤ (♦ ❝❛❧❧❡❞ ✧"(♦❝❤❛"(✐❝✧ ✉♥❞❡. (❤✐" ♣❛.❛❞✐❣♠✳ ❲❤❡♥ ❛ "(♦❝❤❛"(✐❝

❧♦"" ♦❝❝✉."✱ (❤❡ ✐♥❢♦.♠❛(✐♦♥ ♦♥ (❤❡ (②♣❡✱ ❡♥❡.❣②✱ ❛♥❞ ❧♦❝❛(✐♦♥ ♦❢ (❤❡ ❡♥❡.❣② ❞❡♣♦"✐( ✐" .❡❝♦.❞❡❞ ❢♦. ✉"❡ ✐♥

♣❤♦(♦♥ ❣❡♥❡.❛(✐♦♥✳ ❚❤❡ ❧♦❝❛(✐♦♥ ♦❢ (❤❡ ❧♦""❡" ❛.❡ ❝❛❧❝✉❧❛(❡❞ ✐♥ ✶ ❝♠ "(❡♣" ✇❤✐❧❡ (❤❡ ❝♦♥(✐♥✉♦✉" ✐" (❛❦❡♥ (♦

❜❡ ❝♦♥"(❛♥( ❛♥❞ ♦❢ (❤❡ ❢♦.♠

dE

dX
= −(aX + b) ✭✼✳✾✮

✇❤❡.❡ ❛ ✐" ✵✳✷✹✾ ●❡❱✴♠✇❡ ❛♥❞ ❜ ✐" ✳✹✷✷×10−3
✶✴♠✇❡ ✐♥ ✐❝❡✳

■♥ (❤❡ ■❝❡❈✉❜❡ "✐♠✉❧❛(✐♦♥ (❤❡ ♠✉♦♥" ❛.❡ (.❛❝❦❡❞ ❛" (❤❡② ♣.♦♣❛❣❛(❡ ❛♥❞ ❧♦"❡ ❡♥❡.❣② ✐♥ (❤❡ ✐❝❡✳ ❍♦✇❡✈❡.

(❤❡ ❞❡(❛✐❧" ♦❢ (❤❡ ❧♦""❡" ❛.❡ ♥♦( ❦❡♣( ✉♥(✐❧ (❤❡ ♠✉♦♥ .❡❛❝❤❡" ✇❤❛( ✐" .❡❢❡.❡❡❞ (♦ ❛" (❤❡ "✐♠✉❧❛(✐♦♥ ✈♦❧✉♠❡✳

❈♦♠♠♦♥❧② (❤❡ "✐♠✉❧❛(✐♦♥ ✈♦❧✉♠❡ ✐" ❛ ❝②❧✐♥❞❡. ✽✵✵ ♠❡(❡." ✐♥ .❛❞✐✉" ❛♥❞ ✶✻✵✵ ♠❡(❡." ✐♥ ❤❡✐❣❤( ❝❡♥(❡.❡❞ ♦♥

(❤❡ ❞❡(❡❝(♦. ♦.✐❣✐♥✳ ❚❤✐" ✈♦❧✉♠❡ ✐" ❧❛.❣❡ ❡♥♦✉❣❤ (❤❛( ❛❧❧ ❧✐❣❤( ♣.♦❞✉❝✐♥❣ ❧♦""❡" ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❞❡(❡❝(❡❞ ✇✐❧❧
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❤❛✈❡ &❤❡✐( ❢✉❧❧ ✐♥❢♦(♠❛&✐♦♥ ❦❡♣& ❢♦( ✐♥1♣❡❝&✐♦♥ ❧❛&❡(✳ ▲♦11❡1 ✐♥ &❤✐1 (❡❣✐♦♥ ❛(❡ ❦❡♣& ❛♥❞ &(❛❝❦❡❞ ❢✉(&❤❡( ❛1

❝❛1❝❛❞❡ ❧♦11❡1✳

✼✳✷✳✷ ❈❛%❝❛❞❡✲▲✐❦❡ -❛./✐❝❧❡ -.♦♣❛❣❛/✐♦♥

■♥ &❤❡✐( 1✐♠♣❧❡1& ❛♣♣(♦①✐♠❛&✐♦♥✱ ❝❛1❝❛❞❡1 ❝❛♥ ❜❡ ❝♦♥1✐❞❡(❡❞ ❛1 ♣♦✐♥&✲❧✐❦❡ ❡♠✐&&❡(1 ✇✐&❤ ❛ ✜①❡❞ ❡♠✐11✐♦♥

♣❛&&❡(♥✳ ■❝❡❈✉❜❡ (❡♣(❡1❡♥&1 &❤❡1❡ ❝❛1❝❛❞❡1 ✇✐&❤ ❛ 1♣❧✐♥❡ ❞❡(✐✈❡❞ ❢(♦♠ ▼♦♥&❡ ❈❛(❧♦ 1✐♠✉❧❛&✐♦♥1 ♦❢ ❡❧❡❝&(♦✲

♠❛❣♥❡&✐❝ ❝❛1❝❛❞❡1✳ ■♥ &❤✐1 (❡♣(❡1❡♥&❛&✐♦♥ &❤❡ ❝❛1❝❛❞❡1 ❡♠✐& ❢(♦♠ ❛ ♣♦✐♥& ✇❤✐❝❤ ✐1 ❛♣♣(♦♣(✐❛&❡ ❢♦( ♠❛♥② ❝❛1❡1

❜❡❝❛✉1❡ ♦❢ ❤♦✇ 1♣❛(1❡ ■❝❡❈✉❜❡ ✐1✳ ❍♦✇❡✈❡(✱ ✐♥ (❡❛❧✐&② ✐❢ ❛ ❝❛1❝❛❞❡ ✐1 ❛❜♦✈❡ ✶ ❚❡❱ ✐& ❝❛♥ ❤❛✈❡ ❛♥ ❡①&❡♥1✐♦♥

✇❤✐❝❤ ✐1 ♦(❞❡( ❛ ❢❡✇ ♠❡&❡(1 ✐♥ ❧❡♥❣&❤✳ ❆& &❤✐1 1❝❛❧❡ &❤❡ ❡①&❡♥1✐♦♥ ❜❡❣✐♥1 &♦ ♠❛&&❡(✳ ❘❛&❤❡( &❤❛♥ ♣(♦❞✉❝❡

❡❛❝❤ ❝❛1❝❛❞❡ ✐♥ &❤❡ 1✐♠✉❧❛&✐♦♥ ✇✐&❤ ❢✉❧❧ ▼♦♥&❡ ❈❛(❧♦✱ ■❝❡❈✉❜❡ 1♣(❡❛❞1 ❛ ❝❤❛✐♥ ♦❢ ❡♥❡(❣② ❞❡♣♦1✐&1 ♦✉& ♦✈❡(

&❤❡ ❡①&❡♥1✐♦♥ ♦❢ &❤❡ ❝❛1❝❛❞❡✳ ❚❤❡ ❡♥❡(❣② ♦❢ ❡❛❝❤ ❡♥❡(❣② ❞❡♣♦1✐& ✐1 ❣♦✈❡(♥❡❞ ❜② ✐&1 ♣♦1✐&✐♦♥ ✐♥ &❤❡ ❝❛1❝❛❞❡

❛1 1❡❡♥ ✐♥ ❊H✉❛&✐♦♥ ✼✳✶✵ ❛♥❞ ✐1 (❡❝(❡❛&❡❞ ❢(♦♠ &❤❡ 1❛♠❡ 1♣❧✐♥❡1 ❛1 ✐♥ &❤❡ ♣♦✐♥&✲❧✐❦❡ ❝❛1❡✳

dE

dX
= E0b

(bX)(a− 1)ebX

Γ(a)
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❆/ ✇❛/ ❞✐/❝✉//❡❞ ✐♥ ,❤❡ /✐♠✉❧❛,✐♦♥ /❡❝,✐♦♥✱ ✼✱ ❝❛/❝❛❞❡/ ❝❛♥ ❜❡ ,(❡❛,❡❞ ❛/ ♣♦✐♥,✲❧✐❦❡ ❡♠✐,,❡(/ ,♦ ✜(/, ♦(❞❡(✳

❆❞❞✐,✐♦♥❛❧❧②✱ ❜❡❝❛✉/❡ ♦❢ ,❤❡ ❧❛(❣❡ ❛♠♦✉♥, ♦❢ ♣❤♦,♦♥ /❝❛,,❡(✐♥❣ ✇❤✐❝❤ ♦❝❝✉(/ ✐♥ ,❤❡ ✐❝❡✱ ♣❤♦,♦♥ ❡♠✐//✐♦♥ ❝❛♥

❜❡ ❛♣♣(♦①✐♠❛,❡❞ ❛/ /♣❤❡(✐❝❛❧✳ ❲❤✐❧❡ ♥❡✐,❤❡( ♦❢ ,❤❡/❡ ✐/ ,(✉❡✱ ,❤❡② ❛❧❧♦✇ ❢♦( ❛ 3✉✐❝❦ ✜(/, ❣✉❡// ❛❜♦✉, ,❤❡

♣♦/✐,✐♦♥✱ ,✐♠❡✱ ❛♥❞ ♦(✐❡♥,❛,✐♦♥ ♦❢ ,❤❡ ❝❛/❝❛❞❡ ,❤❛♥❦/ ,♦ ❛ ,✐❡ ✐♥ ,♦ ❝❧❛//✐❝❛❧ ♣❤②/✐❝/✳ ■❢ ♦♥❡ ❝♦♥/✐❞❡(/ ,❤❡ ❤✐,/

❛/ ❛ (✐❣✐❞ ❜♦❞② ✇❤❡(❡ ,❤❡ ✧♠❛//❡/✧ ❛(❡ ,❤❡ ❝❤❛(❣❡ ❛, ❡❛❝❤ ❉❖▼ ✐, ✐/ ❡❛/② ,♦ ❞❡✜♥❡ ❛ ❝❡♥,❡( ♦❢ ❣(❛✈✐,② ❛♥❞

,❡♥/♦( ♦❢ ✐♥❡(,✐❛✳ ❚❤❡ ❝❡♥,❡( ♦❢ ❣(❛✈✐,② ✐/ ❣✐✈❡♥ ❜②

~xCOG =

∑i
Hit DOMs qi · ~xi
∑i

Hit DOMs qi
✭✽✳✶✮
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✇❤❡&❡ qi ✐( )❤❡ ❝❤❛&❣❡ ♦♥ )❤❡ ✐)❤ ❉❖▼✱ ❛♥❞ ~xi ✐( )❤❡ ✈❡❝)♦& )♦ )❤❡ ith ❉❖▼ ❢&♦♠ )❤❡ ♦&✐❣✐♥✳ ❚❤❡ ❝❡♥)❡& ♦❢

❣&❛✈✐)② ✐( ❛ ❣♦♦❞ ❣✉❡(( ❢♦& )❤❡ ♦&✐❣✐♥ ♦❢ )❤❡ ❝❛(❝❛❞❡✳ ❚❤❡ )❡♥(♦& ♦❢ ✐♥❡&)✐❛ ❡❧❡♠❡♥)( ❛&❡ ❣✐✈❡♥ ❜②

Ikl =

∑i
Hit DOMs qi[δ

kl(~xi)
2 − ~xk

i · ~xl
i]

∑i
Hit DOMs qi

✭✽✳✷✮

✇❤❡&❡ ❦ ❛♥❞ ❧ ❛&❡ ❛①❡( ♦❢ )❤❡ ❝♦♦&❞✐♥❛)❡ (②()❡♠✳ ❙♦❧✈✐♥❣ )❤✐( (②()❡♠ ❢♦& ✐)( ❡✐❣❡♥✈❛❧✉❡( ❣✐✈❡( )❤❡ ✸ ♠❛✐♥ ❛①❡(

♦❢ )❤❡ ❡✈❡♥)✳ ❚❤❡ (♠❛❧❧❡() ❡✐❣❡♥✈❛❧✉❡ ❝♦&&❡(♣♦♥❞( )♦ )❤❡ ❧♦♥❣❡() ❛①✐( ♦❢ )❤❡ ❤✐)(✳ ■♥ ❛ ❞❡)❡❝)♦& ✇✐)❤ ✉♥✐❢♦&♠

♣&♦♣❛❣❛)✐♦♥ )❤✐( ❞✐&❡❝)✐♦♥ ✇♦✉❧❞ ❝♦&&❡(♣♦♥❞ )♦ )❤❡ ❞✐&❡❝)✐♦♥ ♦❢ )❤❡ ❝❛(❝❛❞❡ ✐❢ ✐)( ❡♥❡&❣② ❛♥❞ ♦&✐❡♥)❛)✐♦♥ ✇❡&❡

❢❛✈♦&❛❜❧❡✳ ❍♦✇❡✈❡&✱ ❢♦& ■❝❡❈✉❜❡ )❤✐( ✐( &❛&❡❧② )❤❡ ❝❛(❡✳

▼♦&❡ ❛❞✈❛♥❝❡❞ ❝❛(❝❛❞❡ &❡❝♦♥()&✉❝)✐♦♥( ❞♦ ❡①✐()✱ ❜✉) )❤❡ ♦♥❧② &❡❝♦♥()&✉❝)✐♦♥ ✇❤✐❝❤ &❡❧✐❛❜❧② ❣✐✈❡( ❡♥❡&❣②

❛♥❞ ❛♥❣❧❡ ✐♥❢♦&♠❛)✐♦♥ ✐( )❤❡ (✐♥❣❧❡ ❝❛(❝❛❞❡ ✈❡&(✐♦♥ ♦❢ ▼✐❧❧✐♣❡❞❡✱ ❦♥♦✇♥ ❛( ▼♦♥♦♣♦❞✳ ❉✐(❝✉((✐♦♥ ♦❢ )❤❛)

❛❧❣♦&✐)❤♠ ✇✐❧❧ ❜❡ (❛✈❡❞ ❢♦& )❤❡ &❡❧❡✈❛♥) ♣❛&) ✐♥ )❤✐( (❡❝)✐♦♥✳

✽✳✷ ❚$❛❝❦ ❘❡❝♦♥,-$✉❝-✐♦♥

❘❡❝♦♥()&✉❝)✐♥❣ )&❛❝❦( ✐♥ ■❝❡❈✉❜❡ ✐( ✉(✉❛❧❧② ❞♦♥❡ ✐♥ )✇♦ ♣❛&)( ❜❡❝❛✉(❡ ♦♥❡ ❞♦❡( ♥♦) ♥❡❡❞ )♦ ❦♥♦✇ )❤❡

❡♥❡&❣② ♦❢ )❤❡ )&❛❝❦ )♦ (♦❧✈❡ ❢♦& ✐)( ❞✐&❡❝)✐♦♥ ❛♥❞ ✈✐(❡✲✈❡&(❛✳ ❆( ❛ &❡(✉❧) )❤❡ ❞✐(❝✉((✐♦♥ ♦❢ ❞✐&❡❝)✐♦♥ ✜))✐♥❣ ❛♥❞

❡♥❡&❣② ✜))✐♥❣ ❢♦& )&❛❝❦( ✇✐❧❧ ❜❡ ❞✐(❝✉((❡❞ (❡♣❛&❛)❡❧②✳

✽✳✷✳✶ ❉✐$❡❝-✐♦♥

❚&❛❝❦ &❡❝♦♥()&✉❝)✐♦♥( ✉(❡ )❤❡ ❤②♣♦)❤❡(✐( )❤❛) ❛ ♣❛&)✐❝❧❡ ♠♦✈✐♥❣ ❛) )❤❡ (♣❡❡❞ ❧✐❣❤) ✐( ✉♥✐❢♦&♠❧② ❡♠✐))✐♥❣

❧✐❣❤)✳ ❚❤❡ )&❛❝❦ ❝❛♥ ❜❡ ❞❡(❝&✐❜❡❞ ✇✐)❤ )❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛&❛♠❡)❡&(

y = (~r0, t0, ~v) ✭✽✳✸✮

❲❤❡&❡ ~r0 ✐( )❤❡ ♣♦(✐)✐♦♥ )❤❡ )&❛❝❦ ♣❛((❡( )❤&♦✉❣❤ ❛) )✐♠❡ t0✱ ❛♥❞ ~p ✐( )❤❡ ✈❡❧♦❝✐)② ✈❡❝)♦&✳ ❖❢)❡♥✱ )❤❡

❛((✉♠♣)✐♦♥ ✐( )❤❛) ❛❧♦♥❣ )❤✐( )&❛❝❦ ❈❤❡&❡♥❦♦✈ ♣❤♦)♦♥( ❛&❡ ❜❡✐♥❣ ✉♥✐❢♦&♠❧② ❡♠✐))❡❞ ❛♥❞ ❞❡)❡❝)❡❞ ♦♥ )❤❡

❉❖▼(✳ ❲❤❛) ✐♥❢♦&♠❛)✐♦♥ ✐( ✉(❡❞ ❢&♦♠ )❤❡ ❞❡)❡❝)✐♦♥(✱ ❛♥❞ ❤♦✇ )❤❡ ♣❤♦)♦♥( ❛&❡ ❤②♣♦)❤❡(✐③❡❞ )♦ )&❛✈❡❧

)❤&♦✉❣❤ )❤❡ ✐❝❡ ❛&❡ )❤❡ ❧❛&❣❡() ❞✐✛❡&❡♥❝❡( ❜❡)✇❡❡♥ ■❝❡❈✉❜❡✬( ❛❧❣♦&✐)❤♠(✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ (❡❝)✐♦♥( ♣&❡(❡♥)

)❤&❡❡ ❞✐✛❡&❡♥) ❛❧❣♦&✐)❤♠( ♦❢ ✐♥❝&❡❛(✐♥❣ ❝♦♠♣❧❡①✐)② ✇❤✐❝❤ ❛&❡ ✉(❡❞ ❛( ❛♥ ✐)❡&❛)✐✈❡ (❡❡❞ ❝❤❛✐♥ )♦ (♦❧✈❡ ❢♦& )❤❡

❞✐&❡❝)✐♦♥ ♦❢ )&❛❝❦( ✐♥ ■❝❡❈✉❜❡✳

✽✳✷✳✶✳✶ ▲✐♥❡ ❋✐-

▼❛♥② ♦❢ ■❝❡❈✉❜❡✬( ✜))✐♥❣ ❛❧❣♦&✐)❤♠( ❛&❡ ❧✐❦❡❧✐❤♦♦❞ ❜❛(❡❞✱ ❛♥❞ ♥❡❡❞ ❛ (❡❡❞ )♦ ♦♣❡&❛)❡ ❡✣❝✐❡♥)❧② ❛♥❞

❡✛❡❝)✐✈❡❧②✳ ❚❤✐( ♥❡❝❡((✐)❛)❡( ❛ (✐♠♣❧❡ ❞❡)❡&♠✐♥✐()✐❝ ❛❧❣♦&✐)❤♠ )♦ ✉(❡ ❛( ❛ ✜&() ❣✉❡((✳ ▲✐♥❡ ✜) ✐( ❛♥ ❛❧❣♦&✐)❤♠

✇❤✐❝❤ ❢✉❧✜❧❧( )❤✐( ♥❡❡❞✳ ▲✐♥❡ ✜)✬( ❤②♣♦)❤❡(✐( ✐( )❤❛) )❤❡ ❤✐)( ❛&❡ ❢&♦♠ ❛ ♣❧❛♥❡ ✇❛✈❡ ♠♦✈✐♥❣ )❤&♦✉❣❤ )❤❡

❞❡)❡❝)♦&✳ ❚❤✐( ♠❛❦❡( )❤❡ )✐♠❡ ♦❢ )❤❡ ✜&() ♣✉❧(❡ ♦♥ ❡✈❡&② ❉❖▼ &❡❧❛)❡❛❜❧❡ )♦ )❤❡ ♣♦(✐)✐♦♥✱ ❞✐&❡❝)✐♦♥✱ ❛♥❞



✶✵✸

#♣❡❡❞ ♦❢ )❤❡ ♣❛,)✐❝❧❡ ✇✐)❤ )❤❡ ❡1✉❛)✐♦♥✳

~xDOMi
= ~x0 + ~v · ti ✭✽✳✹✮

❲❤❡,❡ ti ✐# )❤❡ )✐♠❡ ♦❢ ❡❛❝❤ ❤✐) ♦♥ )❤❡ ❉❖▼ ❛) ♣♦#✐)✐♦♥ xi ❛♥❞ ~x0 ❛♥❞ ~v ❛,❡ #♦♠❡ ♣♦#✐)✐♦♥ ❛♥❞ ✈❡❧♦❝✐)② ✈❡❝)♦,

❢,♦♠ ❊1✉❛)✐♦♥ ✽✳✸✳ ■♥ )❤❡ ✐❞❡❛❧ ❝❛#❡ |~v| = c✱ ❤♦✇❡✈❡,✱ ❣✐✈❡♥ ❡♥♦✉❣❤ ❤✐)# )♦ #♣❡❝✐❢② )❤❡ #✐① ❢,❡❡ ♣❛,❛♠❡)❡,# ✭✸

♣♦#✐)✐♦♥ ❛♥❞ ✸ ❞✐,❡❝)✐♦♥✴✈❡❧♦❝✐)②✮ ♦♥❡ ❝❛♥ #♦❧✈❡ ❢♦, ~x0 ❛♥❞ ~v ✉#✐♥❣ )❤❡ ,❡❢♦,♠✉❧❛)✐♦♥# ♦❢ ❊1✉❛)✐♦♥ ✽✳✹ ❛♥❞

✜♥❞✐♥❣ )❤❡ ❧❡❛#) #1✉❛,❡# #♦❧✉)✐♦♥✳

~x0 =< ~x0 > −~v < ti > ✭✽✳✺✮

~v =
< ti · ~xDOM i > − < ~xDOM i >< ti >

< t2i > − < ti >2
✭✽✳✻✮

❲❤❡,❡ ❁❆❃ ✐# )❤❡ ❛,✐)❤♠❡)✐❝ ♠❡❛♥ ♦✈❡, ❛❧❧ )❤❡ ♣✉❧#❡# ✐♥ ❛♥ ❡✈❡♥)✳

✽✳✷✳✶✳✷ ❙%❊ ❋✐)

❆#✐❞❡ ❢,♦♠ ▲✐♥❡ ❋✐)✱ )❤❡ ,❡#) ♦❢ ■❝❡❈✉❜❡✬# ,❡❝♦♥#),✉❝)✐♦♥# ❛,❡ ❧✐❦❡❧✐❤♦♦❞ ❜❛#❡❞✳ ❚❤✐# ✐# )♦ #❛② )❤❛) )❤❡

✉♥❦♥♦✇♥ ✜) ♣❛,❛♠❡)❡,# y ❛,❡ ❞❡)❡,♠✐♥❡❞ ❜② ✜♥❞✐♥❣ ✇❤❛) ❝♦♠❜✐♥❛)✐♦♥ ♦❢ ✜) ♣❛,❛♠❡)❡,# ♠❛①✐♠✐③❡# )❤❡

❧✐❦❡❧✐❤♦♦❞

L(x|y) =
i
∏

AllDOMs

p(xi|y) ✭✽✳✼✮

✇❤❡,❡ x ❛,❡ )❤❡ ♦❜#❡,✈❡❞ ✈❛❧✉❡# ❛♥❞ p(xi|y) ✐# )❤❡ ♣,♦❜❛❜✐❧✐)② ❞❡♥#✐)② ❢✉♥❝)✐♦♥ ❞❡#❝,✐❜✐♥❣ )❤❡ ♣,♦❜❛❜✐❧✐)② ♦❢

♦❜#❡,✈✐♥❣ xi ❣✐✈❡♥ ❛ ❝♦♠❜✐♥❛)✐♦♥ ♦❢ ✜) ♣❛,❛♠❡)❡,# y✳ ❆# ✐# ❝♦♠♠♦♥ ✇✐)❤ ❧✐❦❡❧✐❤♦♦❞#✱ )❤❡ ❧♦❣ ♦❢ )❤❡ ❧✐❦❡❧✐❤♦♦❞

✐# ❞❡❛❧) ✇✐)❤ ❜❡❝❛✉#❡ ♦❢ ✐)# ♠❛)❤❡♠❛)✐❝❛❧ ♣,♦♣❡,)✐❡#✳ ❆# #)❛)❡❞ ❜❡❢♦,❡✱ )❤❡ ❛##✉♠♣)✐♦♥ ✐# )❤❛) ♣❤♦)♦♥# ❛,❡

❡♠✐))❡❞ ✉♥✐❢♦,♠❧② ❛) )❤❡ ❈❤❡,❡♥❦♦✈ ❛♥❣❧❡ ❢,♦♠ ❛ ♣❛,)✐❝❧❡ ✇❤♦#❡ ♠♦)✐♦♥ ❝❛♥ ❜❡ ❞❡#❝,✐❜❡❞ ❜② ❊1✉❛)✐♦♥ ✽✳✸✱

✇❤✐❝❤ ✇❛# ♥♦) )❤❡ ❝❛#❡ ✐♥ ▲✐♥❡ ❋✐)✳ ■♥ ❛❞❞✐)✐♦♥✱ ✐♠♣,♦✈❡❞ ❤❛♥❞❧✐♥❣ ♦❢ )❤❡ ♣❤♦)♦♥ ),❛❝❦✐♥❣ ✐♥ )❤❡ ✐❝❡ ✐# ✉#❡❞✳

■♥ )❤❡ ✐❞❡❛❧ ❝❛#❡ ✇❤❡,❡ ♥♦ #❝❛))❡,✐♥❣ ♦❝❝✉,# ✐♥ )❤❡ ✐❝❡✱ ♦♥❡ ❝♦✉❧❞ ❡①♣❡❝) )❤❛) ❛❧❧ ♣❤♦)♦♥# )❛❦❡ )❤❡ ❢❛#)❡#) ♣❛)❤

❢,♦♠ )❤❡ ♠✉♦♥ )♦ )❤❡ ❉❖▼ ✈✐❛ )❤❡ ❈❤❡,❡♥❦♦✈ ❛♥❣❧❡✳ ❚❤✐# )✐♠❡ ♦❢ ),❛✈❡❧ ❢,♦♠ ♣❛,)✐❝❧❡ ♦,✐❣✐♥ ✈✐❛ )❤❡ ❢❛#)❡#)

♣❛)❤ #♦❧✉)✐♦♥ ✐# ❝♦♠♠♦♥❧② ❝❛❧❧❡❞ )❤❡ ❣❡♦♠❡),✐❝ )✐♠❡ ❛♥❞ ✐# ❞❡♣✐❝)❡❞ ✐♥ ❋✐❣✉,❡ ✽✳✶ ❛♥❞ ❝❛♥ ❜❡ ,❡♣,❡#❡♥)❡❞

❜② ❊1✉❛)✐♦♥ ✽✳✽✳

tgeo = t0 +
~p · (~ri − ~r0) + d tanθC

cvac
✭✽✳✽✮

❲✐)❤✐♥ ■❝❡❈✉❜❡✱ )❤❡ ❛,,✐✈❛❧ )✐♠❡ ♦❢ ♣❤♦)♦♥# ✐# ❛❧♠♦#) ❛❧✇❛②# ❞❡❧❛②❡❞ ❞✉❡ )♦ #❝❛))❡,✐♥❣ ✐♥ )❤❡ ✐❝❡✳ ■) ✐# )❤✉#

,❡❧❡✈❛♥) )♦ ❞❡✜♥❡ ❛ )✐♠❡ ,❡#✐❞✉❛❧ ✇✐)❤ ,❡#♣❡❝) )♦ )❤❡ ♠✐♥✐♠✉♠ ),❛✈❡❧ )✐♠❡✳

tres = tarrival − tgeo ✭✽✳✾✮

❚❤✉#✱ tres ✐# ♥❡❣❛)✐✈❡ ❢♦, ❛,,✐✈❛❧# ❜❡❢♦,❡ tgeo ❛♥❞ ♣♦#✐)✐✈❡ ❢♦, ❞❡❧❛②❡❞ ❛,,✐✈❛❧# ✇❤✐❝❤ ❝♦♠❡ ✐♥ ❛❢)❡, tgeo✳

❍♦✇ ♠✉❝❤ )❤❡ ✐❝❡ #❝❛))❡,# ♣❤♦)♦♥# ❞✐,❡❝)❧② ✐♠♣❛❝)# )❤❡ ❞✐#),✐❜✉)✐♦♥ ♦❢ ,❡#✐❞✉❛❧ )✐♠❡#✳ ❲❤✐❧❡ )❤❡,❡ ✐# ♥♦

❡①❛❝) #♦❧✉)✐♦♥ )♦ )❤❡ tres ❞✐#),✐❜✉)✐♦♥✱ )❤❡,❡ ❛,❡ ❛ ♥✉♠❜❡, ♦❢ ❛♣♣,♦①✐♠❛)✐♦♥# )♦ ✐)✳ ❚❤❡ #✐♠♣❧❡#) ❞❡#❝,✐♣)✐♦♥





tres

dP (tres|d)
dt

dP (t|d)
dt

δt

p(xi|y)



✶✵✻

❢❛❧&❡ &♦❧✉*✐♦♥& ✐& *♦ ❣✐✈❡ ❛ ❣♦♦❞ ✐♥✐*✐❛❧ &♦❧✉*✐♦♥✳ ■❝❡❈✉❜❡ ✉&❡& ❛ 5❡❝✉5&✐✈❡ ❛♣♣5♦❛❝❤ *♦ ❛❝❝♦♠♣❧✐&❤ *❤✐&✳ ❋✐5&*

*❤❡ ❞❡*❡5♠✐♥✐&*✐❝ &♦❧✉*✐♦♥ ♦❢ ▲✐♥❡ ❋✐* ✐& ❢♦✉♥❞✳ ❚❤✐& ✐& *❤❡♥ ✉&❡❞ ❛& *❤❡ &❡❡❞ ❢♦5 ❛♥ ❙=❊ ❋✐*✳ ❚❤✐& ✜* ✐& *❤❡♥

❢✉5*❤❡5 ✉&❡❞ ❛& ❛ &❡❡❞ ❢♦5 ❛ ▼=❊ ❋✐*✳ ❋✐♥❛❧ ✜*& ❧✐❦❡ *❤❡ &♣❧✐♥❡ ✈❡5&✐♦♥ ♦❢ ▼=❊ ❛♥❞ ▼✐❧❧✐♣❡❞❡ ❣❡♥❡5❛❧❧② *❛❦❡

❛♥ ▼=❊ ❋✐* ❛& ❛ &❡❡❞✳ ❚❤❡ ❞❡*❛✐❧& ♦❢ &♣❧✐♥❡&✱ ▼=❊✱ ❛♥❞ ▼✐❧❧✐♣❡❞❡ ❛5❡ ❞✐&❝✉&&❡❞ ❧❛*❡5 ✐♥ *❤✐& &❡❝*✐♦♥✳

✽✳✷✳✶✳✸ ▼&❊ ❋✐*

▼=❊ ❋✐* ✐& ❛♥ ❡①*❡♥&✐♦♥ *♦ ❙=❊ ❋✐* ✇❤✐❝❤ *❛❦❡& ❛❞✈❛♥*❛❣❡ ♦❢ *❤❡ ❢❛❝* *❤❛* *❤❡ ✜5&* ♣❤♦*♦♥ ♦❜&❡5✈❡❞

❢5♦♠ ❛ ❝♦❧❧❡❝*✐♦♥ ✐& ♠♦5❡ ❧✐❦❡❧② *♦ ❜❡ ❛ ❞✐5❡❝* ♣❤♦*♦♥ *❤❛♥ *❤❡ ❛✈❡5❛❣❡ ♣❤♦*♦♥ ❞❡&❝5✐♣*✐♦♥ ♣5♦✈✐❞❡❞ ✐♥ *❤❡

=❛♥❞❡❧ ❞✐&*5✐❜✉*✐♦♥✳ ❚❤✐& ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛& ❛ ❜✐♥♦♠✐❛❧ ♣5♦❜❛❜✐❧✐*② ✇❤❡5❡ ❛ &✉❝❝❡&& ✐& ❦ ♣❤♦*♦♥& ❤❛✈✐♥❣ ♥♦

&❝❛**❡5& ♦✉* ♦❢ ◆ ♣❤♦*♦♥&✳ ❚❤✐& ❣✐✈❡&

pdirect(tres) =

(

N

k

)

(probability of success at tres)
k(probability of failure after tres)

(N−k)
✭✽✳✶✶✮

✇❡ ❛5❡ ✐♥*❡5❡&*❡❞ ✐♥ *❤❡ ✜5&* ♣❤♦*♦♥ &♦ k = 1 ❛♥❞ *❤❡ ♣5♦❜❛❜✐❧✐*② ♦❢ &✉❝❝❡&& ❛* tres ✐& ❣✐✈❡♥ ❜② *❤❡ =❛♥❞❡❧

❞✐&*5✐❜✉*✐♦♥✳ ❚❤❡ ♣5♦❜❛❜✐❧✐*② ♦❢ ❢❛✐❧✉5❡& ❝♦♠✐♥❣ ❛❢*❡5 *❤✐& ✐& ❣✐✈❡♥ ❜②

∫ ∞

tres

(Pandel distribution)dt = 1− P (tres) ✭✽✳✶✷✮

✇❤❡5❡ P (tres) ✐& *❤❡ ❝✉♠✉❧❛*✐✈❡ ♣5♦❜❛❜✐❧✐*② ♦❢ *❤❡ =❛♥❞❡❧ ❞✐&*5✐❜✉*✐♦♥✳ ❚❤✐& ♠❡❛♥& ❊K✉❛*✐♦♥ ✽✳✶✶ ❜❡❝♦♠❡&

pdirect(tres) = N p(tres)(1− P (tres))
(N−1)

✭✽✳✶✸✮
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✽✳✷✳✶✳✹ ❯-✐♥❣ ❙♣❧✐♥❡-
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❞✐✛✉&✐✈❡ ♠❡❞✐❛✳ ❍♦✇❡✈❡5✱ *❤❡② ❛5❡ ❧✐♠✐*❡❞ ✐♥ *❤❡✐5 ❛❜✐❧✐*②✳ ❚❤✐& ✐& ❧❛5❣❡❧② ❞✉❡ *♦ *❤❡ ❢❛❝* *❤❛* *❤❡② ❞♦ ♥♦*

❤❛✈❡ *❤❡ ❝❛♣❛❜✐❧✐*② *♦ ❞❡&❝5✐❜❡ ✈❛5✐❛*✐♦♥& ✐♥ *❤❡ ✐❝❡✬& ♣5♦♣❡5*✐❡&✳ ■♥ ♦5❞❡5 *♦ ❝❛♣*✉5❡ *❤❡ ✐♥*5✐❝❛❝✐❡& ♦❢ *❤❡ 5❡❛❧

✐❝❡✱ ■❝❡❈✉❜❡ ✉&❡& ✇❤❛* ✐& ❝♦♠♠♦♥❧② ❝❛❧❧❡❞ &♣❧✐♥❡& ♦5 *❛❜❧❡&✳ ❚❤❡&❡ ❛5❡ ❝♦♥&*5✉❝*❡❞ ❜② &✐♠✉❧❛*✐♥❣ ❛♥ ❡♥&❡♠❜❧❡

♦❢ ❡✈❡♥*& ✇❤✐❝❤ ♣5♦✈✐❞❡ ❛❞❡K✉❛*❡ ❝♦✈❡5❛❣❡ ♦❢ ❛❧❧ ♣♦&&✐❜❧❡ ❝♦♠❜✐♥❛*✐♦♥& ♦❢ ❞✐5❡❝*✐♦♥& ❛♥❞ ♣♦&✐*✐♦♥& ❢♦5 *5❛❝❦&

*❤5♦✉❣❤ *❤❡ ❞❡*❡❝*♦5✳ ❚♦ ❣❡♥❡5❛❧❧② ❡♥❝♦❞❡ *❤❡ 5❡&♣♦♥&❡ ♦❢ *❤❡ ❞❡*❡❝*♦5 *♦ *❤❡&❡ ❡✈❡♥*& ✇♦✉❧❞ ♥❛✐✈❡❧② 5❡K✉✐5❡

*❤❡ &♣❧✐♥❡ *♦ ❝♦✈❡5 ♥✐♥❡ ❞✐♠❡♥&✐♦♥&✿ *❤❡ ♣♦&✐*✐♦♥✱ *✐♠❡✱ ❛♥❞ ♦5✐❡♥*❛*✐♦♥ ♦❢ *❤❡ ❡✈❡♥* ✭✻✮ *♦❣❡*❤❡5 ✇✐*❤ 5❡❧❛*✐✈❡

♣♦&✐*✐♦♥ ♦❢ *❤❡ ❉❖▼ ✭✸✮✳ ❍♦✇❡✈❡5✱ *❤❛♥❦& *♦ &②♠♠❡*5✐❡& ✐♥ *❤❡ ❞❡*❡❝*♦5 *❤❡&❡ ♥✐♥❡ ❝❛♥ ❜❡ 5❡❞✉❝❡❞ *♦ &✐①✿ *❤❡

❞❡♣*❤ ❛♥❞ ③❡♥✐*❤ ❛♥❣❧❡ ♦❢ *❤❡ &♦✉5❝❡✱ *❤❡ ❞✐&♣❧❛❝❡♠❡♥* ✈❡❝*♦5 ❝♦♥♥❡❝*✐♥❣ ✐* *♦ *❤❡ 5❡❝❡✐✈❡5✱ ❛♥❞ *❤❡ ❞✐✛❡5❡♥❝❡

❜❡*✇❡❡♥ *❤❡ *✐♠❡ ♦❢ ❧✐❣❤* ❞❡*❡❝*✐♦♥ ❛♥❞ ♣5♦❞✉❝*✐♦♥✳ ❙✐♥❝❡ ❞❡♣*❤ ✐& ✐♥❝❧✉❞❡❞ *❤❡ ✈❛5✐❛*✐♦♥ ♦❢ *❤❡ ✐❝❡ ❞✐&❝✉&&❡❞

✐♥ ❙❡❝*✐♦♥ ✻✳✼ ❝❛♥ ❜❡ ✐♥❝❧✉❞❡❞✳ ❚❤❡ ♦♥❧② &❤♦5*❝♦♠✐♥❣ *♦ *❤✐& ❛♣♣5♦❛❝❤ ✐& *❤❛* ❛③✐♠✉*❤❛❧ ✈❛5✐❛*✐♦♥& ❛5❡



dP (t|d)
dt
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❝❛(❝❛❞❡ ✈❡/(✐♦♥✳ ❚❤✐( ♠❡)❤♦❞ ✉(❡( ❛ ❜✐♥♥❡❞ ❧✐❦❡❧✐❤♦♦❞ ❛♣♣/♦❛❝❤ )♦❣❡)❤❡/ ✇✐)❤ )❤❡ (♣❧✐♥❡ )❛❜❧❡( )♦ ♣/♦✈✐❞❡

❛♥ ❛❝❝✉/❛)❡ ❛ ❞❡(❝/✐♣)✐♦♥ ♦❢ ❛ ❤②♣♦)❤❡(✐( ✇✐)❤♦✉) ❞✐/❡❝)❧② /❡✲(✐♠✉❧❛)✐♥❣ )❤❡ ❡✈❡♥)✳

✽✳✸✳✶ ■♥,-♦❞✉❝,✐♦♥

❋♦/ ♠❛♥② ♦❢ ■❝❡❈✉❜❡✬( ♦❜(❡/✈❡❞ ❡✈❡♥)(✱ )❤❡ ❡♠✐((✐♦♥ ❝❛♥ ❜❡ ❛♣♣/♦①✐♠❛)❡❞ ❛( ❛♥ ❡❧❡❝)/♦♠❛❣♥❡)✐❝ ❝❛(❝❛❞❡

♦/ ❛ (❡) ♦❢ ❝❛(❝❛❞❡(✳ ❚❤❡(❡ ❝❛(❝❛❞❡( ❣✐✈❡ ♦✛ ❧✐❣❤) ✇❤✐❝❤ ✐( ❞❡)❡❝)❡❞ ❛) )❤❡ ❉❖▼( ❛❢)❡/ ♣/♦♣❛❣❛)✐♥❣ )❤/♦✉❣❤

)❤❡ ✐❝❡ ❛♥❞ ✉♥❞❡/❣♦✐♥❣ (❝❛))❡/✐♥❣ ❛♥❞ ❛❜(♦/♣)✐♦♥✳ ❲✐)❤ ❦♥♦✇❧❡❞❣❡ ♦❢ )❤❡ ✐♥✐)✐❛❧ ❝❛(❝❛❞❡✬( ✭♦/ (❡) ♦❢ ❝❛(❝❛❞❡(✬✮

❡♥❡/❣②✱ ♣♦(✐)✐♦♥✱ )✐♠❡✱ ❛♥❞ ♦/✐❡♥)❛)✐♦♥ ❛♥❞ )❤❡ ✐❝❡✬( )/❛♥(♠✐((✐♦♥ ♣/♦♣❡/)✐❡( ✐) ✐( ♣♦((✐❜❧❡ )♦ ❡()✐♠❛)❡ )❤❡

♦❜(❡/✈❡❞ (✐❣♥❛❧ /❡❝❡✐✈❡❞ ✐♥ (♦♠❡ ✜♥✐)❡ )✐♠❡ ❜✐♥( ❢♦/ ❡❛❝❤ ❉❖▼ ✇✐)❤✐♥ J♦✐((♦♥ ❡//♦/(✳ ❚❤✐( ✐( )❤❡ (❝❡♥❛/✐♦

/❡♣/❡(❡♥)❡❞ ✐♥ )❤❡ ♣❡/ ❜✐♥ ❊L✉❛)✐♦♥

yi =
∑

i

pijxj + ni ✭✽✳✶✹✮

✇❤❡/❡ yi ✐( )❤❡ ♣/❡❞✐❝)❡❞ ♥✉♠❜❡/ ♦❢ J❊ ✐♥ ❜✐♥ i✱ ni ✐( )❤❡ ♠❡❛♥ ♥✉♠❜❡/ ♦❢ ♣/❡❞✐❝)❡❞ J❊ ❡①♣❡❝)❡❞ ❢/♦♠ ♥♦✐(❡

✐♥ ❜✐♥ i✱ xj ✐( )❤❡ ❡♥❡/❣② ♦❢ )❤❡ jth ❡♥❡/❣② ❧♦((✱ ❛♥❞ pij ✐( )❤❡ )/❛♥(♠✐((✐♦♥ ❝♦❡✣❝✐❡♥) ✇❤✐❝❤ ♣/♦✈✐❞❡( )❤❡

❡①♣❡❝)❡❞ ♥✉♠❜❡/ ♦❢ J❊ ✐♥ ❜✐♥ i ❢/♦♠ ❡❛❝❤ ♦❢ )❤❡ j ❤②♣♦)❤❡(✐③❡❞ ❧♦((❡(✳ ❋♦/ ❛ ❢✉❧❧ ❡✈❡♥)✱ )❤❡ ♣/♦❜❧❡♠ ❝❛♥ ❜❡

✇/✐))❡♥ ❞♦✇♥ ❛( )❤❡ ♠❛)/✐① ❡①♣/❡((✐♦♥ ✐♥ ❊L✉❛)✐♦♥ ✽✳✶✺

~Y = P · ~X + ~N ✭✽✳✶✺✮

✇❤❡/❡✱ (✐♠✐❧❛/ )♦ )❤❡ ♣❡/ ❜✐♥ ❢♦/♠✉❧❛✱

~Y ✐( )❤❡ ✈❡❝)♦/ ♦❢ ♣/❡❞✐❝)✐♦♥( ✐♥ J❊✱

~N ✐( )❤❡ ❡①♣❡❝)❡❞ ♥✉♠❜❡/ ♦❢

❜❛❝❦❣/♦✉♥❞ J❊ ♣❡/ ❜✐♥ ✐♥

~Y ✱

~X ✐( )❤❡ ✈❡❝)♦/ ♦❢ ❡♥❡/❣② ❧♦((❡(✱ ❛♥❞ P ✐( )❤❡ )/❛♥(♠✐((✐♦♥ ♠❛)/✐① ❢/♦♠ ❡❛❝❤

❜✐♥ )♦ ❡❛❝❤ ❧♦((✳ ❚❤✐( ✐( ❞❡♣✐❝)❡❞ ✐♥ ❋✐❣✉/❡ ✽✳✹✳ ❋♦/ ♦❜(❡/✈❡❞ ❡✈❡♥)(✱ ✐) ✐( )❤❡ ♣❛))❡/♥ ♦❢ ❧♦((❡(✱

~X✱ ✇❤✐❝❤

♥❡❡❞( )♦ ❜❡ /❡❝♦✈❡/❡❞✳ ❍♦✇❡✈❡/✱ (♦❧✈✐♥❣ ❢♦/

~X ✐( ❛♥ ✐❧❧ ❢♦/♠❡❞ ♣/♦❜❧❡♠ ❛( ❊L✉❛)✐♦♥ ✽✳✶✹ ❝❛♥♥♦) ❜❡ ✐♥✈❡/)❡❞

(✐♥❣✉❧❛/❧② (✐♥❝❡ )❤❡/❡ ❛/❡ ♠❛♥② ♣♦((✐❜❧❡ ✇❛②( )♦ ❝/❡❛)❡ ❛ ✈❡❝)♦/

~X ✇❤✐❝❤ ✇♦✉❧❞ (❛)✐(❢②

~M ✱ )❤❡ ♦❜(❡/✈❡❞

J❊ ♣❡/ ❜✐♥✱ ✇✐)❤✐♥ ()❛)✐()✐❝❛❧ ❡//♦/(✳ ▼❡)❤♦❞( )♦ (♦❧✈❡ ♣/♦❜❧❡♠( ♦❢ )❤✐( ♥❛)✉/❡ ❛/❡ ❛ ✜❡❧❞ ❝❛❧❧❡❞ ❧✐♥❡❛/

♣/♦❣/❛♠♠✐♥❣✱ ❛( )❤❡② ✐♥✈♦❧✈❡ (②()❡♠( ♦❢ ❧✐♥❡❛/ ❡L✉❛)✐♦♥( ✇✐)❤ ✉♥❦♥♦✇♥(✳ ❆ ❣♦♦❞ /❡❢❡/❡♥❝❡ ♦♥ )❤❡ ✜❡❧❞ ✐(

▲✐♥❡❛/ ❛♥❞ ◆♦♥❧✐♥❡❛/ J/♦❣/❛♠♠✐♥❣ ❜② ❉❛✈✐❞ ●✳ ▲✉❡♥❜❡/❣❡/ ❛♥❞ ❨✐♥②✉ ❨❡❬✶✵✶❪ ✇❤✐❝❤ ❞✐(❝✉((❡( ❛ ♥✉♠❜❡/

♦❢ ❛♣♣/♦❛❝❤❡( )♦ (♦❧✈✐♥❣ )❤✐( ❝❧❛(( ♦❢ ♣/♦❜❧❡♠(✳

▼✐❧❧✐♣❡❞❡ ✉)✐❧✐③❡( ❛♥ ❛❧❣♦/✐)❤♠ ❦♥♦✇♥ ❛( ♣/❡❝♦♥❞✐)✐♦♥❡❞ ❣/❛❞✐❡♥) ❞❡(❝❡♥)✱ ❛( ✐( ❞❡✜♥❡❞ ✐♥ ✧❚❤❡ ♣❡/❢♦/✲

♠❛♥❝❡ ♦❢ ♠♦♥♦)♦♥✐❝ ❛♥❞ ♥❡✇ ♥♦♥✲♠♦♥♦)♦♥✐❝ ❣/❛❞✐❡♥) ❛(❝❡♥) /❡❝♦♥()/✉❝)✐♦♥ ❛❧❣♦/✐)❤♠( ❢♦/ ❤✐❣❤✲/❡(♦❧✉)✐♦♥

♥❡✉/♦/❡❝❡♣)♦/ J❊❚ ✐♠❛❣✐♥❣✧ ❬✶✵✷❪✳ ❚❤✐( ♠❡)❤♦❞ ❛♥❞ ✐)( ❛♣♣❧✐❝❛)✐♦♥ )♦ ■❝❡❈✉❜❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❙❡❝)✐♦♥

✽✳✸✳✷✳ ❙✐♥❝❡ )❤❡ ♠❡)❤♦❞ ♣/❡❞✐❝)( )❤❡ ♣❡/ ❜✐♥ ♥✉♠❜❡/ ♦❢ ♣❤♦)♦♥( ❢♦/ ❛ ❣✐✈❡♥ ♦/✐❡♥)❛)✐♦♥ ♦❢ ❛ ❝❤❛✐♥ ♦❢ ❧♦((❡(✱

)❤❡ ♦✉)♣✉) ♦❢ ▼✐❧❧✐♣❡❞❡ ❝❛♥ ❛❧(♦ ❜❡ ✉(❡❞ ✐♥ ❝♦♠❜✐♥❛)✐♦♥ ✇✐)❤ ❛♥ ❡①)❡/♥❛❧ ♦/✐❡♥)❛)✐♦♥ ♠✐♥✐♠✐③❡/✳ ■♥ ❞♦✐♥❣ (♦✱
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✶✶✵

❝❤❛♥❣❡( )♦ )❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ 0❡♣♦0)❡❞ ❜② ▼✐❧❧✐♣❡❞❡ ✇❤❡♥ )❤❡ ♣♦(✐)✐♦♥ ♦0 ❛♥❣❧❡ ❛0❡ ❝❤❛♥❣❡❞ ❝❛♥ ❜❡ ❢❡❞ )♦ ❛

♠✐♥✐♠✐③❡0✳ ■❞❡❛❧❧②✱ )❤❡ ♠✐♥✐♠❛ ❢♦✉♥❞ (❤♦✉❧❞ ♣0♦✈✐❞❡ )❤❡ ❜❡() ✜) ❛✈❛✐❧❛❜❧❡ ❢♦0 )❤❡ ♦❜(❡0✈❡❞ ✐♥❢♦0♠❛)✐♦♥ (✐♥❝❡

▼✐❧❧✐♣❡❞❡ ✐( )❤❡ ♠♦() ❝♦00❡❝) ❞❡(❝0✐♣)✐♦♥ ♦❢ )❤❡ ✉♥❞❡0❧②✐♥❣ ♣❤②(✐❝( ♣0♦❜❧❡♠✳ ❍♦✇❡✈❡0✱ ▼✐❧❧✐♣❡❞❡ ❤❛( ♥❡✈❡0

❜❡❡♥ (❤♦✇♥ )♦ ♣0♦✈✐❞❡ ❛ ❜❡))❡0 ❛♥❣✉❧❛0 ✜) )❤❛♥ ▼@❊ ✜)( ✇✐)❤ (♣❧✐♥❡(✳ ❉✐(❝✉((✐♦♥ ♦❢ ✉(✐♥❣ ▼✐❧❧✐♣❡❞❡ ❛( ❛♥

❛♥❣✉❧❛0 ✜) ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❙❡❝)✐♦♥ ✽✳✸✳✹✱ ✐)( ♣❡0❢♦0♠❛♥❝❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❙❡❝)✐♦♥ ✽✳✸✳✸✱ ❛♥❞ ✐)( (❤♦0)❝♦♠✐♥❣(

❛0❡ ❞✐(❝✉((❡❞ ✐♥ ❙❡❝)✐♦♥ ✽✳✸✳✺✳ ❆❧)❤♦✉❣❤ )❤❡ ❝✉00❡♥) ♣❡0❢♦0♠❛♥❝❡ ✐( ♥♦) ❛( ❣♦♦❞ ❛( ❤♦♣❡❞✱ )❤❡0❡ ❤❛✈❡ ❜❡❡♥

(♦♠❡ ✐♠♣0♦✈❡♠❡♥)( ❛♥❞ ✐❞❡❛( ✇❤✐❝❤ ❝❛♥ ❜❡ ❛))❡♠♣)❡❞ ✇❤✐❝❤ ❛0❡ ❞✐(❝✉((❡❞ ✐♥ ✽✳✸✳✻✳

✽✳✸✳✷ ❯♥❞❡(❧②✐♥❣ ❆❧❣♦(✐/❤♠

❚❤❡ ❣♦❛❧ ♦❢ ▼✐❧❧✐♣❡❞❡ ✐( )♦ (♦❧✈❡ ❊K✉❛)✐♦♥ ✽✳✶✺ ❢♦0 )❤❡ ❧♦(( ✈❡❝)♦0

~X✳ ❚❤✐( ✐( ❛❝❝♦♠♣❧✐(❤❡❞ ❜② ♠✐♥✐♠✐③✐♥❣

)❤❡ @♦✐((♦♥ ❧✐❦❡❧✐❤♦♦❞ ❝♦♥()0✉❝)❡❞ ❢0♦♠ )❤❡ ♦❜(❡0✈❡❞ @❊( ❛♥❞ ❡①♣❡❝)❡❞ @❊( ♦❢ )❤❡ ❝♦♥()0✉❝)❡❞ ❜✐♥(✳ ❚❤❡0❡

❛0❡ ❛ ♥✉♠❜❡0 ♦❢ ✇❛②( )♦ ❣♦ ❛❜♦✉) )❤✐(✱ ❜✉) ■❝❡❈✉❜❡ ✉(❡( )❤❡ ♣0❡✲❝♦♥❞✐)✐♦♥❡❞ ❝♦♥❥✉❣❛)❡ ❣0❛❞✐❡♥) ✭@❈●✮

♠❡)❤♦❞✳ ❚❤✐( ♠❡)❤♦❞ ✇♦0❦( ✐)❡0❛)✐✈❡❧② ❛♥❞ ❝❤♦♦(❡( )❤❡ ❞✐0❡❝)✐♦♥ ❛♥❞ (✐③❡ ♦❢ )❤❡ ❝❛(❝❛❞❡ ❡♥❡0❣② ()❡♣( ❛) )❤❡

♦♥(❡) ♦❢ ❡✈❡0② ✐)❡0❛)✐♦♥✳ ❙✐♥❝❡ )❤❡ ❣♦❛❧ ✐( )♦ ♠✐♥✐♠✐③❡ )❤❡ @♦✐((♦♥ ❧✐❦❡❧✐❤♦♦❞

L( ~M | ~X) =
∏

i

ymi

i

mi!
e−yi

✭✽✳✶✻✮

✇❤❡0❡

~M ✐( )❤❡ ✈❡❝)♦0 ♦❢ ❜✐♥♥❡❞ ♦❜(❡0✈❛)✐♦♥(✳ ◆♦)❡ )❤❛) ✐) ✐( ♠❛)❤❡♠❛)✐❝❛❧❧② ❡K✉✐✈❛❧❡♥) )♦ ♠❛①✐♠✐③❡ )❤❡

❧♦❣✲❧✐❦❡❧✐❤♦♦❞✳

log(L( ~M | ~X)) = Σimilog(yi)−Σiyi −Σilog(mi!) ✭✽✳✶✼✮

❚❤❡ ✜0() ❞❡0✐✈❛)✐✈❡ ♦❢ ❊K✉❛)✐♦♥ ✽✳✶✼ ❣✐✈❡( )❤❡ ❣0❛❞✐❡♥) )♦ ♠✐♥✐♠✐③❡ )❤✐( ❧♦❣✲❧✐❦❡❧✐❤♦♦❞✳

gj =
∂log(L( ~M | ~X))

∂xj
= Σipij

mi

Σjpijxj + ni
−Σipij ✭✽✳✶✽✮

❚❤❡ ♣0❡❝♦♥❞✐)✐♦♥✐♥❣ )♦ ❜❡ ❛♣♣❧✐❡❞ )♦ )❤❡ ❣0❛❞✐❡♥) ❛♥❞ )❛❦❡( )❤❡ ❢♦0♠

cjj =
xj + ǫ

Σipij
✭✽✳✶✾✮

✇❤✐❝❤ ✐( ❛ ♠❛)0✐① )❤❛) ❝♦00❡(♣♦♥❞( )♦ ❛ ✇❡✐❣❤)✐♥❣ ❢❛❝)♦0 ❢♦0 ❞❡(❝❡♥)✳ ❚❤✐( ❧❡❛❞( )♦ )❤❡ ❞❡✜♥✐)✐♦♥ ♦❢ )❤❡

♣0❡❝♦♥❞✐)✐♦♥❡❞ ❣0❛❞✐❡♥) vj

vj = cjjgj ✭✽✳✷✵✮

❚❤❡ ♣0❡❝♦♥❞✐)✐♦♥❡0 ✐( ❞❡(✐❣♥❡❞ )♦ ❛♠❡♥❞ )❤❡ ❣0❛❞✐❡♥) ❢♦0 )❤❡ ❝✉00❡♥) ()0❡♥❣)❤ ♦❢ )❤❡ ❡♠✐))❡0 ❛♥❞ )❤❡ ✐♥)❡0✲

✈❡♥✐♥❣ ✐❝❡ ♣0♦♣❡0)✐❡(✳ ❙)0♦♥❣❡0 ❧♦((❡( ✉♥❞❡0 )❤❡ (❛♠❡ ✐❝❡ ❝♦♥❞✐)✐♦♥( ✇✐❧❧ 0❡❝❡✐✈❡ ❛ 0❡❧❛)✐✈❡ ✐♥❝0❡❛(❡ )♦ )❤❡✐0

❣0❛❞✐❡♥)✱ ✇❤✐❧❡ ❝♦♥()❛♥) ❧♦((❡( ✐♥ ❞✐✛❡0✐♥❣ ✐❝❡ ✇✐❧❧ 0❡❝❡✐✈❡ ❛♥ ✐♥❝0❡❛(❡ ♦0 ❞❡❝0❡❛(❡ )♦ )❤❡✐0 ❣0❛❞✐❡♥) 0❡❧❛)✐✈❡

)♦ )❤❡ )0❛♥(♠✐((✐♦♥ ♣0♦♣❡0)✐❡(✳ ❚❤❡ ✈❛❧✉❡ ♦❢ ❡♣(✐❧♦♥ ✐( ❦❡♣) (♠❛❧❧ ❜✉) ♥♦♥✲③❡0♦ )♦ ♣0❡✈❡♥) )❤❡ ♣0❡❝♦♥❞✐)✐♦♥❡0
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❢"♦♠ ❡❧✐♠✐♥❛*✐♥❣ ❛ ❧♦,, ❛, ❛ ♣♦,,✐❜❧❡ ❝♦♥*"✐❜✉*❡"✳ ■♥ *❤❡ ✐*❡"❛*✐✈❡ ,❡❛"❝❤ ❡✈❡"② ,✉❜,❡6✉❡♥* ,❡❛"❝❤ ❣"❛❞✐❡♥* ✐,

❝♦♥❣✉❛*❡ *♦ *❤❡ ♦*❤❡",✱ ❛♥❞ ✐, *❤✉, ❞❡✜♥❡❞ ❛, ❛ ❧✐♥❡❛" ❝♦♠❜✐♥❛*✐♦♥ ♦❢ *❤❡ ❝✉""❡♥* ❣"❛❞✐❡♥* ❛♥❞ ♣❛,* ❣"❛❞✐❡♥*,

dkj = vkj + βkdk−1
j ✭✽✳✷✶✮

✇❤❡"❡ ❦ ✐♥❞✐❝❛*❡, *❤❡ ✐*❡"❛*✐♦♥ ✐♥❞❡① ❛♥❞ β ✐, *❤❡ A♦❧❛❦✲❘✐❜✐❡"❡ ❢♦"♠✉❧❛❬✶✵✸❪✳

βk = max

{

Σjg
k
j (v

k
j − vk−1

j )

Σjg
k−1
j vk−1

j

, 0

}

✭✽✳✷✷✮

❖♥❝❡ *❤❡ ♥❡✇ ,❡❛"❝❤ ❣"❛❞✐❡♥* ✐, ❢♦✉♥❞✱ *❤❡ ,✐③❡ ♦❢ *❤❡ ,*❡♣ *♦ ❜❡ *❛❦❡♥ ✐♥ *❤✐, ❞✐"❡❝*✐♦♥ ✐, ❞❡*❡"♠✐♥❡❞ ❜②

❛ ❧✐♥❡ ,❡❛"❝❤ ✉*✐❧✐③✐♥❣ *❤❡ ◆❡✇*♦♥✲❘❛♣❤,♦♥ ❛❧❣♦"✐*❤♠❬✶✵✹❪✳ ❖♥❡ ♣"❡❝❛✉*✐♦♥ *❤❛* ♠✉,* ❜❡ *❛❦❡♥ ✇✐*❤ *❤✐,

♠❡*❤♦❞ ✐, *♦ ✈❡"✐❢② *❤❛* ❛❧❧ ,♦❧✉*✐♦♥, ❛"❡ ♥♦♥✲♥❡❣❛*✐✈❡✳ ❚❤✐, ✐, ❞♦♥❡ ❜② ♣"❡❢♦"♠✐♥❣ *❤❡ ❧✐♥❡ ,❡❛"❝❤ *✇✐❝❡✱

♦♥❝❡ ♦♥ *❤❡ ♦"✐❣✐♥❛❧ ,♦❧✉*✐♦♥

~X✱ ❛♥❞ ❛ ,❡❝♦♥❞ *✐♠❡ ✇✐*❤ ❛❧❧ *❤❡ ♥❡❣❛*✐✈❡ *❡"♠, ,❡* *♦ ✵✳ ❚❤✐, ❣✉❛"❛♥*❡❡,

*❤❛* *❤❡ ✜♥❛❧ "❡,✉❧*✐♥❣ ,♦❧✉*✐♦♥ ✐, ♥♦♥✲♥❡❣❛*✐✈❡✳

❚❤✐, ❛❧❣♦"✐*❤♠ ✐, "✉♥ "❡❝✉",✐✈❡❧② ✉♥*✐❧ *❤❡ ,✉♠ ♦❢ *❤❡ ❣"❛❞✐❡♥*,✱ ❊6✉❛*✐♦♥ ✽✳✶✽✱ ✐, ❢♦✉♥❞ *♦ ❜❡ ❜❡❧♦✇ ❛

,♣❡❝✐✜❡❞ *♦❧❡"❛♥❝❡✳ ❋♦" ♠✉♦♥,✱ *❤✐, ✐, ❣❡♥❡"❛❧❧② ♦♥ *❤❡ ♦"❞❡" ♦❢ ✶✵✵ ✐*❡"❛*✐♦♥, ❢♦" *❤❡ ❞❡❢❛✉❧* *♦❧❡"❛♥❝❡ ,❡**✐♥❣

♦❢ ✳✶✳ ❚❤❡ ♦✉*♣✉* ♦❢ ▼✐❧❧✐♣❡❞❡ ✐, *❤❡ ❜❡,* ✜* ✈❡❝*♦" ♦❢ ❧♦,,❡,✱ ❛♥❞ *❤❡ ♣❡" ❜✐♥ ✜* ,*❛*✐,*✐❝, ✭❧♦❣✲❧✐❦❡❧✐❤♦♦❞✱

❝❤✐✲,6✉❛"❡✱ ❛♥❞ "❡,✐❞✉❛❧,✮✳ ❚❤❡ ♣❡" ❜✐♥ ❡①♣❡❝*❡❞ A❊ ❛"❡ ✉,❡❞ *♦ ❞❡*❡"♠✐♥❡ *❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ♦❢ *❤❡ ,♦❧✉*✐♦♥

❢♦" ❞✐"❡❝*✐♦♥ ❛♥❞ ♣♦,✐*✐♦♥ ✜**✐♥❣✱ ❞✐,❝✉,,❡❞ ❢✉"*❤❡" ✐♥ ❙❡❝*✐♦♥ ✽✳✸✳✹✳

✽✳✸✳✸ #❡%❢♦%♠❛♥❝❡

❚❤❡ ♣❡"❢♦"♠❛♥❝❡ ♦❢ *❤❡ ♣"❡❝♦♥❞✐*✐♦♥❡❞ ❝♦♥❥✉❣❛*❡ ❣"❛❞✐❡♥*✭A❈●✮ ♠❡*❤♦❞ ✐, ❝♦♠♣❛"❡❞ *♦ *❤❛* ♦❢✿ ❛

♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡①♣❡❝*❛*✐♦♥ ♠❛①✐♠✐③❛*✐♦♥✭▼▲❊▼✮ *❡❝❤♥✐6✉❡✱ ❛♥ ♦"❞❡"❡❞ ,✉❜,❡* ❡①♣❡❝*❛*✐♦♥ ♠❛①✐✲

♠✐③❛*✐♦♥✭❖❙❊▼✮ *❡❝❤♥✐6✉❡✱ ❛♥❞ ❛ ♥♦♥✲♠♦♥♦*♦♥✐❝ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞✭◆▼▼▲✮ *❡❝❤♥✐6✉❡ ✐♥❬✶✵✷❪✳ ❚❤❡

❝♦♠♣❛"✐,♦♥, ❢♦❝✉, ♦♥ ❛ ,✐♠♣❧❡ *✇♦ ♦❜,❡"✈❛*✐♦♥ ❜✐♥ ❝❛,❡ ❛♥❞ "❡❝♦♥,*"✉❝*✐♦♥ ♦❢ ❛ ,❡* ♦❢ ❞❛*❛ ❢"♦♠ ❝❧✐♥✐❝❛❧

♣♦,✐*"♦♥ ❡♠✐,,✐♦♥ *♦♠♦❣"❛♣❤② ✭A❊❚✮ ❞❛*❛✳ ❲❡ ✇✐❧❧ ♦♥❧② ❢♦❝✉, ❤❡"❡ ♦♥ *❤❡ A❊❚ ❞❛*❛ ,✐♥❝❡ *❤❡ *✇♦ ❜✐♥ ❝❛,❡

✐, *"✐✈✐❛❧ ❛♥❞ ,❤♦✇, ❧✐**❧❡ ❞✐✛❡"❡♥❝❡ ❜❡*✇❡❡♥ ♠❛♥② ♦❢ *❤❡ ♠❡*❤♦❞, ❛,✐❞❡ ❢"♦♠ ❛ ❢❛,*❡" "❛*❡ ♦❢ ❝♦♥✈❡"❣❡♥❝❡ ❢♦"

A❈● ❛♥❞ ◆▼▼▲✳

■♥ ▼✐❧❧✐♣❡❞❡✱ ♦♥❧② *❤❡ A❈● ♠❡*❤♦❞ ✐, ✐♠♣❧❡♠❡♥*❡❞✱ ,♦ ♠❡*❤♦❞, ❝❛♥♥♦* ❜❡ ❝♦♠♣❛"❡❞✳ ❍♦✇❡✈❡"✱ ✐* ,❤♦✉❧❞

❜❡ ♥♦*❡❞ *❤❛* *❤❡ A❈● ♠❡*❤♦❞ ✇❛, ❛ "❡♣❧❛❝❡♠❡♥* ❢♦" ❛ ◆▼▼▲ *❡❝❤♥✐6✉❡ ✉,❡❞ ✐♥ ❡❛"❧✐❡" ✈❡",✐♦♥,✱ ,♦ *❤❡

❛✉*❤♦", ♠✉,* ❤❛✈❡ ♣"❡❢❡""❡❞ *❤❡ "❡,✉❧*, ♦❢ *❤❡ A❈● ♠❡*❤♦❞ ♦✈❡" *❤♦,❡ ♦❢ *❤❡ ◆▼▼▲ *❡❝❤♥✐6✉❡✳

❖♥❡ ,*❛"❦ ✜♥❞✐♥❣ ✐♥ *❤❡ ❝♦♠♣❛"✐,♦♥ ♣❛♣❡" ✐, ❛❜♦✉* *❤❡ ♣❡"❢♦"♠❛♥❝❡ ♦❢ ❞✐✛❡"❡♥* ❛❧❣♦"✐*❤♠, ✇❤❡♥ "❡❝♦♥✲

,*"✉❝*✐♥❣ ♣♦,✐*"♦♥ ❡♠✐,,✐♦♥ *♦♠♦❣"❛♣❤② ✭A❊❚✮ ✐♠❛❣❡, ✇❤✐❝❤ ❛"❡ ❛ ❝❧♦,❡ ❛♥❛❧♦❣② *♦ ✇❤❛* ■❝❡❈✉❜❡ ❤♦♣❡,

*♦ ❛❝❝♦♠♣❧✐,❤ ✇✐*❤ ▼✐❧❧✐♣❡❞❡ "❡❝♦♥,*"✉❝*✐♦♥,✳ ❚❤❡ ✜",* ❝♦♥❝❡"♥ ✐, ❛❜♦✉* *❤❡ "❛*❡ ♦❢ ❝♦♥✈❡"❣❡♥❝❡ ♦❢ *❤❡

❛❧❣♦"✐*❤♠✳ ❋✐❣✉"❡ ✽✳✺ ,❤♦✇, *❤❡ ❝♦♥✈❡"❣❡♥❝❡ ♦❢ ❞✐✛❡"❡♥* ❛❧❣♦"✐*❤♠, ❢♦" ❢♦✉" ❝❛,❡,✱ ✇✐*❤ *❤❡ *♦♣ "♦✇ ❢♦❝✉,✐♥❣

♦♥ ❡♥*✐"❡ "❡❣✐♦♥, ♦❢ *❤❡ ❜"❛✐♥✱ ✇❤✐❧❡ *❤❡ ❜♦**♦♠ "♦✇ ✉,❡, ❛ ,✉❜,❡* ♦❢ "❛♥❞♦♠ ♣✐①❡❧, ❢"♦♠ ❞✐✛❡"❡♥* "❡❣✐♦♥,✳
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❚❤❡$❡ ❛$❡ -✇♦ ♠❛✐♥ ✐((✉❡( ❢❛❝✐♥❣ ▼✐❧❧✐♣❡❞❡✳ ❋✐$(- ✐( ✐-( ♣$♦♣❡♥(✐-② -♦ ✉♥❢♦❧❞ ❜$✐❣❤- ✐(♦❧❛-❡❞ ❧♦((❡(✳ ❙❡❝♦♥❞

✐( ✐-( ♣$♦♣❡♥(✐-② -♦ ✜♥❞ ✉♥♣❤②(✐❝❛❧ (♦❧✉-✐♦♥(✳ ❚❤❡ ✐(♦❧❛-❡❞ ❧♦((❡( (❡❡♠ -♦ ❜❡ -✐❡❞ -♦ -❤❡ ❢❛❝- -❤❛- ▼✐❧❧✐♣❡❞❡

❤❛( ♥♦ ✐❞❡❛ ♦❢ -❤❡ ♣❤②(✐❝( ✐-✬( ❛--❡♠♣-✐♥❣ -♦ ✉♥❞❡$(-❛♥❞✳ ❙✐♥❝❡ -❤❡ ❛❧❣♦$✐-❤♠ ✐( ❛--❡♠♣-✐♥❣ -♦ $❡❝♦♥(-$✉❝-

♠✉♦♥(✱ ♦♥❡ (♦❧✉-✐♦♥ ✐( -♦ ❝♦♠❜✐♥❡ ✐-( ❧✐❦❡❧✐❤♦♦❞ ✇✐-❤ ♦♥❡ -❤❛- ❦♥♦✇( ❛❜♦✉- ♠✉♦♥(✳ ❚❤✐( ✐( -❤❡ ✐❞❡❛ ❜❡❤✐♥❞

▼✐❧❧✐♣❡❞❡✲❊❞❡♣✐❧❧✐♠✳ ❊❞❡♣✐❧❧✐♠ ✐( ❛ (❡♣❛$❛-❡ ❛❧❣♦$✐-❤♠ ✇❤✐❝❤ ❝♦♠❜✐♥❡( -❤❡ ❧♦((❡( ❢$♦♠ ▼✐❧❧✐♣❡❞❡ ✇✐-❤ -❤❡ ♣❞❢

♦❢ ♠✉♦♥ ❧♦((❡( ❢♦$ ❞✐✛❡$❡♥- ❡♥❡$❣② ♠✉♦♥(✳ ❊❞❡♣✐❧❧✐♠✬( ❣♦❛❧ ✐( -♦ ♦❜-❛✐♥ -❤❡ ♠✉♦♥ ❡♥❡$❣② ✇❤✐❝❤ ♠✐♥✐♠✐③❡( -❤❡

❧✐❦❡❧✐❤♦♦❞ ♦❢ -❤❡ ❧♦((❡( $❡♣♦$-❡❞ ❜② ▼✐❧❧✐♣❡❞❡✳ ❲✐-❤ ❊❞❡♣✐❧❧✐♠ -❤✐( ♣$♦❝❡(( ❤❛♣♣❡♥( ✐♥ -✇♦ ❞✐(❝♦♥♥❡❝-❡❞ (-❡♣(✱

✇✐-❤ ▼✐❧❧✐♣❡❞❡ ✜$(- ♣$♦♣♦(✐♥❣ ❛ (♦❧✉-✐♦♥ ❛♥❞ ❊❞❡♣✐❧❧✐♠ ♣$♦♣♦(✐♥❣ -❤❡ ♠✉♦♥ ❡♥❡$❣②✱ ♥♦ ❢❡❡❞❜❛❝❦ ❜❡-✇❡❡♥ -❤❡

-✇♦ ❤❛♣♣❡♥(✳ ❍♦✇❡✈❡$✱ ✐❢ -❤❡ -✇♦ ✇❡$❡ ❝♦♠❜✐♥❡❞ -♦ ❢♦$♠ ❛ ❥♦✐♥- ❧✐❦❡❧✐❤♦♦❞ -❤✐( ❝♦✉❧❞ ❤❡❧♣ ✇✐-❤ ▼✐❧❧✐♣❡❞❡✬(

✐((✉❡(✳ ▼✐❧❧✐♣❡❞❡ ✇♦✉❧❞ ♣$♦✈✐❞❡ -❤❡ ✐♥❢♦$♠❛-✐♦♥ ❛❜♦✉- ✇❤❛- -❤❡ ❧✐❦❡❧② ❧♦((❡( ❛$❡ ✇❤✐❧❡ ❊❞❡♣✐❧❧✐♠ ✇♦✉❧❞

❝♦♥❞✐-✐♦♥ ✇❤❛- ❧♦((❡( ❛$❡ ♣♦((✐❜❧❡✳ ❆ ❢✉$-❤❡$ ❝♦♥(-$❛✐♥- ❝♦✉❧❞ ❜❡ ♠❛❞❡ -♦ ❝♦♥❞✐-✐♦♥ -❤❛- -❤❡ ❞✐(-$✐❜✉-✐♦♥ ♦❢

❧♦((❡( ✐♥ ❡♥❡$❣② ❤❛✈❡ ❛ ❞✐(-$✐❜✉-✐♦♥ ❧✐❦❡ -❤♦(❡ ❢♦✉♥❞ ✇✐-❤ $❡❛❧ ♠✉♦♥(✳ ❚❤✐( ✇♦✉❧❞ ♠❛❦❡ (✉$❡ -❤❛- ♥♦- ♦♥❧②

❛$❡ -❤❡ ❧♦(( ❡♥❡$❣✐❡( ❛♣♣$♦♣$✐❛-❡✱ ❜✉- -❤❛- -❤❡② ♦❝❝✉$ ✐♥ ♣$♦♣❡$ ♥✉♠❜❡$(✳ ▼✐❧❧✐♣❡❞❡✬( ♣$♦♣❡♥(✐-② ❢♦$ ✜♥❞✐♥❣

✉♥♣❤②(✐❝❛❧ (♦❧✉-✐♦♥( ✐( ❛ (❡♣❛$❛-❡ ✐((✉❡✳ ❚❤✐( ❧❛$❣❡❧② (❡❡♠( -♦ ❜❡ ❞$✐✈❡♥ ❜② ❛♥ ✐♥❛❞❡P✉❛❝② ♦❢ ❧✐❦❡❧✐❤♦♦❞

❡✈❛❧✉❛-✐♦♥✳ ■♥ ✐♥(♣❡❝-✐♥❣ -❤❡ ♣❡$ ❜✐♥ ❡①♣❡❝-❛-✐♦♥( ❢$♦♠ ▼✐❧❧✐♣❡❞❡ (♦❧✉-✐♦♥( ✇✐-❤ -❤❡ ✇❛✈❡❢♦$♠ ✐- ♦❢-❡♥ ❝♦♠❡(

✉♣ -❤❛- -❤❡ ❧❡❛❞✐♥❣ ❡❞❣❡ ♦❢ -❤❡ ❡①♣❡❝-❛-✐♦♥ ❝♦♠❡( ❡❛$❧✐❡$ -❤❛♥ -❤❡ ✇❛✈❡❢♦$♠✳ ❚❤✐( (❤♦✉❧❞ ♥♦- ❤❛♣♣❡♥✱ ❜✉- ✐♥

-❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢♦$♠✉❧❛-✐♦♥ -❤❡$❡ ✐( ♥♦-❤✐♥❣ -♦ (-♦♣ -❤✐( (❤✐❢-✳ ❙♣❡❝✐❛❧ ❢♦$♠✉❧❛-✐♦♥ ♦❢ -❤❡ ❧✐❦❡❧✐❤♦♦❞ -♦ $❡(♣❡❝-

-❤❡ ❧❡❛❞✐♥❣ ❡❞❣❡( ❝♦✉❧❞ ❤❡❧♣ ✇✐-❤ ♣$♦❜❧❡♠( ✐♥ -❤❡ ❧✐❦❡❧✐❤♦♦❞ (♣❛❝❡ ✇❤✐❝❤ ❛✛❡❝- -❤❡ ❛♥❣✉❧❛$ ♠✐♥✐♠✐③❛-✐♦♥✳

❆♥♦-❤❡$ ✐❞❡❛ ✐♥✈♦❧✈✐♥❣ ♠✐❧❧✐♣❡❞❡✱ ❜✉- ♥♦- ❞✐$❡❝-❧② -✐❡❞ -♦ ✜①✐♥❣ -❤❡ ✐((✉❡( -❤❛- ♣❧❛❣✉❡ -❤❡ ❛❧❣♦$✐-❤♠✱ ✐(

-❤❡ ✐♥-$♦❞✉❝-✐♦♥ ♦❢ ✐❝❡ ♠♦❞❡❧ ✉♥❝❡$-❛✐♥-✐❡( ✐♥-♦ -❤❡ ❛❧❣♦$✐-❤♠✬( ❞❡✜♥✐-✐♦♥✳ ■❝❡❈✉❜❡✬( ❝✉$$❡♥- ✐❝❡ ♠♦❞❡❧ ❤❛(
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❛♥ ❛♣♣&♦①✐♠❛+❡❧② ✶✵✪ ✉♥❝❡&+❛✐♥+② ❛33♦❝✐❛+❡❞ ✇✐+❤ ✐+✳ ❚❤✐3 ♠❡❛♥3 +❤❛+ ❜✐♥3 ✇✐+❤ ♠♦&❡ +❤❛♥ ✶✵✵ :❊ ✇✐❧❧

❤❛✈❡ ❛ 3+❛+✐3+✐❝❛❧ ❡&&♦& ♦♥ ♣❛& ♦& 3♠❛❧❧❡& +❤❛♥ +❤❡ 3②3+❡♠❛+✐❝ ❡&&♦&✳ ❈✉&&❡♥+❧② +❤❡&❡ ✐3 ♥♦ 3②3+❡♠❛+✐❝ ❡&&♦&

✐♥ ▼✐❧❧✐♣❡❞❡✱ 3♦ +❤❡3❡ ❤✐❣❤ :❊ ❜✐♥3 ❛&❡ ✉♥❞❡& ♣&❡❞✐❝+✐♥❣ +❤❡✐& ❡&&♦&✳ ❖♥❡ ❝❛♥ ✐♥+&♦❞✉❝❡ ❛ 3②3+❡♠❛+✐❝ ❡&&♦&

✐♥+♦ +❤❡ ❛❧❣♦&✐+❤♠ ❜② ♠✉❧+✐♣❧②✐♥❣ ❛ ♥♦&♠❛❧ ❞✐3+&✐❜✉+✐♦♥ ✇✐+❤ +❤❡ :♦✐33♦♥ ❞✐3+&✐❜✉+✐♦♥ ♦❢ ❊C✉❛+✐♦♥ ✽✳✶✻✳ ❚❤✐3

♥♦&♠❛❧ ❞✐3+&✐❜✉+✐♦♥ ✇♦✉❧❞ +❛❦❡ +❤❡ ❢♦&♠

P (x|m) = 1√
2πσ2

e−
(x−m)2

2σ2
✭✽✳✷✸✮

✇❤❡&❡ ♠ ✐3 +❤❡ ❛✈❡&❛❣❡ ✈❛❧✉❡ ❢&♦♠ +❤❡ :♦✐33♦♥ ❞❡✜♥✐+✐♦♥✱ σ = f ×m✱ ❛♥❞ ❢ ✐3 +❤❡ ❢&❛❝+✐♦♥ ♦❢ ✉♥❝❡&+❛✐♥+② ♦♥

♠✳ ❲❤❡♥ +❤❡ ❧♦❣ ♦❢ +❤✐3 ♥❡✇ ❝♦♠❜✐♥❡❞ ❧✐❦❡❧✐❤♦♦❞ ✐3 +❛❦❡♥✱ +❤❡ &❡3✉❧+ ✐3 +✇♦ ✐♥❞❡♣❡♥❞❡♥+ +❡&♠3 ✇❤✐❝❤ ❛&❡

3✉♠♠❡❞✳ ❚❤✐3 &❡3✉❧+3 ✐♥ ❛ 3✐♠♣❧❡ ❢♦&♠ +♦ ♣&♦♣❛❣❛+❡ +❤&♦✉❣❤ +❤❡ ❛❧❣♦&✐+❤♠ ❛♥❞ ✐♠♣❧❡♠❡♥+✳
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❈❤❛♣$❡& ✾

❉❛$❛ ❙❡❧❡❝$✐♦♥

❆$ ✇❛$ ❞✐$❝✉$$❡❞ ✐♥ ❈❤❛♣0❡1 ✺✱ 0❤❡1❡ ❤❛$ ❜❡❡♥ ❛ ❣1❡❛0 ❞❡❛❧ ♦❢ $✉❝❝❡$$ ✐♥ ♠❡❛$✉1✐♥❣ 0❤❡ ❛$01♦♣❤②$✐❝❛❧ ✢✉①

✇✐0❤ ✈❡0♦ 0❡❝❤♥✐>✉❡$ ✐♥ 0❤❡ $♦✉0❤❡1♥ ❤❡♠✐$♣❤❡1❡✳ ❍♦✇❡✈❡1✱ ✉♣ ✉♥0✐❧ ♥♦✇ ♠♦$0 $❡❧❡❝0✐♦♥$ ✇❡1❡ ❞❡1✐✈❡❞ ✇✐0❤

0❤❡ ❞❡0❡❝0✐♦♥ ♦❢ ❝❛$❝❛❞❡$ ✐♥ ♠✐♥❞✳ ❚❤✐$ ✐$ ♣❛10✐❛❧❧② ❜❡❝❛✉$❡ ♠♦$0 ♦❢ 0❤❡ ❡✈❡♥0$ ✇✐0❤ ❛ ❝♦♥0❛✐♥❡❞ ✈❡10❡① ✐♥

❛ ✶✿✶✿✶ ♥❡✉01✐♥♦ ✢✉① ❛1❡ ❞❡0❡❝0❡❞ ❛$ ❝❛$❝❛❞❡$ ✐♥ ■❝❡❈✉❜❡ ❞✉❡ 0♦ 0❤❡ ♥❡✉01❛❧ ❝✉11❡♥0 ❝♦♥01✐❜✉0✐♦♥ ❛♥❞ 0❤❡

❝❛$❝❛❞❡ 0♦♣♦❧♦❣② ♦❢ 0❤❡ ❝❤❛1❣❡❞ ❝✉11❡♥0 ✐♥0❡1❛❝0✐♦♥$ ♦❢ 0✇♦ ♦❢ 0❤❡ 0❤1❡❡ ♥❡✉01✐♥♦ 0②♣❡$✳ ❈❛$❝❛❞❡$ ✐♥ ■❝❡❈✉❜❡

❞♦ ♥♦0 ❤❛✈❡ ❣♦♦❞ ♣♦✐♥0✐♥❣ 1❡$♦❧✉0✐♦♥✱ $♦ ❡✈✐❞❡♥❝❡ ❢♦1 ✐♥❝♦♠✐♥❣ ♠✉♦♥$ ✐♥ 0❤❡ ✈❡0♦ ❞❡✜♥✐0✐♦♥ ♠✉$0 ❜❡ $❡❛1❝❤❡❞

❢♦1 ✐♥ ❡✈❡1② ❞✐1❡❝0✐♦♥✳ ❙✐♥❝❡ 0❤❡ ♣1♦❜❛❜✐❧✐0② ♦❢ ❞❡0❡❝0✐♥❣ ❛ ♠✉♦♥ ✐$ ♣1♦♣♦10✐♦♥❛❧ 0♦ 0❤❡ ❛♠♦✉♥0 ♦❢ ❞❡0❡❝0♦1 ❛

♠✉♦♥ 01❛✈❡1$❡$✱ 0❤❡ ✈❡0♦ ❧❛②❡1$ ❢♦1♠❡❞ ❛1❡ $✐♠♣❧② ✉♥✐❢♦1♠ 0❤✐❝❦♥❡$$ ❧❛②❡1$ ♦❢ 0❤❡ ♦✉0❡1 ❞❡0❡❝0♦1 ✭$❡❡ 0❤❡ ✈❡0♦

❧❛②❡1$ ✐♥ ❋✐❣✉1❡$ ✺✳✶ ❛♥❞ ✺✳✶✵✮✳ ❚❤✉$✱ ♠✉❝❤ ♦❢ 0❤❡ ❞❡0❡❝0♦1 ✐$ ❧♦$0 ✐♥ 0❤❡ ✈❡0♦ ❝♦♥$01✉❝0✐♦♥ ❛♥❞ ✐$ ✉♥❛✈❛✐❧❛❜❧❡

❢♦1 ❞❡0❡❝0✐♦♥✳ ❍♦✇❡✈❡1✱ ❛♥ ❡✈❡♥0 0❤❛0 ❤❛$ ♣♦✐♥0✐♥❣ ❛♥❞ 0✐♠✐♥❣ ❝❛♥ 1❡✈❡❛❧ ✇❤✐❝❤ ❉❖▼$ $❤♦✉❧❞ ❛❝0✐✈❡❧②

♣❛10✐❝✐♣❛0❡ ✐♥ ❛ ✈❡0♦ ❛♥❞ ❛0 ✇❤❛0 0✐♠❡✳ ❚❤✐$ ♠♦0✐✈❛0❡$ ❛ $♣❡❝✐❛❧ ✈❡0♦ ❢♦1 $0❛10✐♥❣ 01❛❝❦ ❡✈❡♥0$ ✇❤✐❝❤ ♣❛$$

❢❛✈♦1❛❜❧② 0❤1♦✉❣❤ 0❤❡ ❞❡0❡❝0♦1✳ ❚❤✐$ ✐$ 0❤❡ ✐❞❡❛ ♦❢ 0❤❡ ✐♥❝♦♠✐♥❣ ♠✉♦♥ ✈❡0♦ ✭$♦♠❡0✐♠❡$ ❝❛❧❧❡❞ 0❤❡ $0❛10✐♥❣

01❛❝❦ ✈❡0♦✮ ✇❤✐❝❤ ✐$ ✉0✐❧✐③❡❞ ❤❡1❡ 0♦ ❝♦♥$01✉❝0 0❤❡ ❊♥❤❛♥❝❡❞ ❙0❛10✐♥❣ ❚1❛❝❦ ❊✈❡♥0 ❙❡❧❡❝0✐♦♥ ✭❊❙❚❊❙✮✳ ❚❤❡

❊❙❚❊❙ $❡❧❡❝0✐♦♥ ✐$ 0❤❡ ❜❛$✐$ ❢♦1 0❤❡ $❝✐❡♥❝❡ 1❡$✉❧0 ♦❢ 0❤✐$ 0❤❡$✐$✳ ❖0❤❡1 $❡❧❡❝0✐♦♥$✱ ♠♦$0 ♥♦0❛❜❧② 0❤❡ ❙0❛10✐♥❣

❚❡❱ ❊✈❡♥0$ ✭❙❚❡❱❊✮✱ ❛♥❞ ▲♦✇ ❊♥❡1❣② ❙0❛10✐♥❣ ❊✈❡♥0$ ✭▲❊❙❊✮ $❡❧❡❝0✐♦♥$✱ ❤❛✈❡ ❛❧$♦ ❛00❡♠♣0❡❞ 0♦ 0❛❦❡

❛❞✈❛♥0❛❣❡ ♦❢ $0❛10✐♥❣ 01❛❝❦$ ❢♦1 ❛♥❛❧②$✐$ ❬✶✵✻❪✳ ❍♦✇❡✈❡1✱ ✐0 $❤♦✉❧❞ ❜❡ ♥♦0❡❞ 0❤❛0 ❊❙❚❊❙ ❞❡✈✐❛0❡$ ❢1♦♠ 0❤❡$❡

✐♥ 0✇♦ ✐♠♣♦10❛♥0 ✇❛②$✳ ❖♥❡✱ 0❤❡ ❣♦❛❧ ♦❢ ❊❙❚❊❙ ✐$ 0♦ 1❡♠♦✈❡ 0❤❡ ✐♥❝♦♠✐♥❣ ❛0♠♦$♣❤❡1✐❝ ♠✉♦♥ ❜❛❝❦❣1♦✉♥❞

0♦ 0❤❡ ❧❡✈❡❧ 0❤❛0 ✐0 ✐$ ♥❡❣❧✐❣✐❜❧❡ ✉♥❧✐❦❡ ❙❚❡❱❊ ❛♥❞ ▲❊❙❊ ✇❤✐❝❤ ✇❡1❡ ❞❡$✐❣♥❡❞ ❢♦1 ♣♦✐♥0 $♦✉1❝❡ $❡❛1❝❤❡$ ✇❤❡1❡

❜❛❝❦❣1♦✉♥❞ ✐$ ❛❝❝❡♣0❛❜❧❡✳ ❚✇♦✱ ❊❙❚❊❙ ✐$ ❞❡$✐❣♥❡❞ $♣❡❝✐✜❝❛❧❧② 0♦ ✉$❡ 0❤❡ 01❛❝❦ ✐♥❢♦1♠❛0✐♦♥ 0♦ ❞❡✜♥❡❞ ✈❡0♦

1❡❣✐♦♥$ ✇❤✐❧❡ ❜♦0❤ ❙❚❡❱❊ ❛♥❞ ▲❊❙❊ ✉$❡ ❧❛②❡1$ ♦❢ 0❤❡ ❞❡0❡❝0♦1 ❢♦1 ✈❡0♦✐♥❣✳ ■0 ✐$ ♥♦0 ❡①♣❧✐❝✐0❧② $❤♦✇♥ ❤❡1❡✱

❜✉0 ❡✈❡♥ 0❤♦✉❣❤ ❊❙❚❊❙ ♣✉1$✉❡$ ❛ ❤✐❣❤❡1 ♣✉1✐0② 0❤❛♥ ❙❚❡❱❊ ❛♥❞ ▲❊❙❊✱ ✐0 ❤❛$ ❛ ❧❛1❣❡1 ❛❝❝❡♣0❛♥❝❡ 0❤❛♥

0❤❡$❡ $❡❧❡❝0✐♦♥$ ✐♥ 0❤❡ $♦✉0❤❡1♥ $❦② ❢♦1 ❡✈❡♥0$ ✇✐0❤ ❡♥❡1❣② ❜❡0✇❡❡♥ ✽ ❛♥❞ ✷✵✵ ❚❡❱✳

■♥ 0❤❡ ❢♦❧❧♦✇✐♥❣ 0❤❡ ❊❙❚❊❙ ❡✈❡♥0 $❡❧❡❝0✐♦♥ ✐$ ❞❡$❝1✐❜❡❞✳ ❚❤❡ ❡✈❡♥0 $❡❧❡❝0✐♦♥ ✇✐❧❧ ❜❡ 1✉♥ ♦✈❡1 ❞❛0❛ ❢1♦♠

✶✵✿✵✺✿✹✾ ❯❚❈ ♦♥ ▼❛② ✶✺0❤ ✷✵✶✷ 0♦ ✵✸✿✺✻✿✶✺ ❯❚❈ ♦♥ ▼❛② ✶✽0❤ ✷✵✶✼✱ ✉$✐♥❣ 0❤❡ ❞❡0❡❝0♦1 ❝♦♥✜❣✉1❛0✐♦♥$

■❈✲✽✻ ✷✵✶✷ 0❤1♦✉❣❤ ■❈✲✽✻ ✷✵✶✻✱ ✇❤❡1❡ ■❈✲✽✻ $0❛♥❞$ ❢♦1 ■❝❡❈✉❜❡ ♦♣❡1❛0✐♥❣ ✇✐0❤ ✽✻ $01✐♥❣$✳ ✷✵✶✶ ✇✐❧❧ ♥♦0 ❜❡



✶✷✺

♣$♦❝❡((❡❞ ❢♦$ ♥♦✇ ❜❡❝❛✉(❡ ✐1 ❞♦❡( ♥♦1 ❤❛✈❡ 1❤❡ ❢✉❧❧ (❦② (1❛$1✐♥❣ ✜❧1❡$ ❛♥❞ ❢♦$ 1❤❡ ✜$(1 ❛11❡♠♣1 ✐1 ✐( ❞❡(✐$❛❜❧❡

1♦ ❦❡❡♣ 1❤❡ (❡❧❡❝1✐♦♥ ❛( ✉♥✐❢♦$♠ ❛( ♣♦((✐❜❧❡✳ ■❝❡❈✉❜❡ ❝♦♠♠♦♥❧② ❜$❡❛❦( ✐1( ❞❛1❛ 1❛❦✐♥❣ ✐♥1♦ ✽ ❤♦✉$ $✉♥( ✇❤✐❝❤

❝❛♥ ❜❡ ♠❛$❦❡❞ ❛( ❣♦♦❞ ♦$ ❜❛❞ ❢♦$ ♣❤②(✐❝( ❛♥❛❧②(✐( ❞✉❡ 1♦ ❝❛❧✐❜$❛1✐♦♥ ❛❝1✐✈✐1② ♦$ ❞❡1❡❝1♦$ ♠❛❧❢✉♥❝1✐♦♥✳ ■♥ 1❤❡

❝❛(❡ 1❤❛1 1❤❡ ❞❡1❡❝1♦$ ✐( ♥♦1 ♦♣❡$❛1✐♥❣ ✐♥ ❛ ❝♦♥❞✐1✐♦♥ ✜1 ❢♦$ ♣❤②(✐❝( ❛♥❛❧②(✐( 1❤❡ $✉♥ ✇✐❧❧ ❜❡ ❝✉1 (❤♦$1 ❛♥❞

❛ ♥❡✇ $✉♥ ✇✐❧❧ ❜❡❣✐♥ ✇✐1❤ ❝❤❛♥❣❡( ✐♥1❡♥❞❡❞ 1♦ ✜① 1❤❡ ❞❡1❡❝1♦$✳ ❘✉♥( ❛$❡ ❧❛❜❡❧❡❞ ✇✐1❤ ✐♥❝$❡❛(✐♥❣ ✐♥1❡❣❡$(✳

❚❤❡ ❧❛❜❡❧( ♦❢ 1❤❡ $✉♥( $❡❧❡✈❛♥1 ❢♦$ 1❤✐( 1❤❡(✐( ❛$❡ ✶✷✵✶✺✻ ✲ ✶✷✾✺✶✾✱ ♠✐♥✉( 1❤♦(❡ ✇❤✐❝❤ ❛$❡ ❜❛❞✳ ■♥ 1♦1❛❧

✶✺✹✷✷✼✵✸✼✳✶✽ (❡❝♦♥❞( ✭✹✳✽✾ ②❡❛$(✮ ♦❢ ❧✐✈❡ 1✐♠❡ ❛$❡ ❛✈❛✐❧❛❜❧❡ ❢♦$ ❛♥❛❧②(✐(✳

❚❤❡ ❣♦❛❧ ♦❢ 1❤❡ (❡❧❡❝1✐♦♥ ✐( 1♦ $❡❥❡❝1 ✐♥❝♦♠✐♥❣ ♠✉♦♥(✳ ❚❤✐( ✐♥✈♦❧✈❡( $❡❥❡❝1✐♥❣ 7.5× 1010 ❡✈❡♥1( ♣❡$ ②❡❛$

❞♦✇♥ 1♦ 1❤❡ ❧❡✈❡❧ ♦❢ ❛1 ♠♦(1 ✶ ♣❡$ ②❡❛$✳ ❚♦ (✐♠✉❧❛1❡ 1❤✐(✱ ❛ ❝♦♠❜✐♥❛1✐♦♥ ♦❢ ❈❖❘❙■❑❆ (❤♦✇❡$( ❛♥❞ ▼✉♦♥●✉♥

✭(❡❡ ❙❡❝1✐♦♥ ✼✳✶✮ ❢♦$ ❛ ❞❡(❝$✐♣1✐♦♥✱ ✇❡$❡ ✉(❡❞✳ ❈❖❘❙■❑❆ ✐( (❧♦✇ 1♦ ❣❡♥❡$❛1❡ (♦ 1❤❡ ❡♥1✐$❡ ❧✐✈❡1✐♠❡ ■❝❡❈✉❜❡

❤❛( ❛✈❛✐❧❛❜❧❡ ❛1 1❤❡ ❛♣♣$♦♣$✐❛1❡ ❡♥❡$❣② ❛♠♦✉♥1( 1♦ ❛♣♣$♦①✐♠❛1❡❧② ✶✴✶✵1❤ ♦❢ ❛ ②❡❛$✱ ❛( ✐( (❤♦✇♥ ✐♥ ❋✐❣✉$❡

✾✳✶✳ ■♥ ♦$❞❡$ 1♦ ♠❛❦❡ ✉♣ ❢♦$ 1❤✐( (❤♦$1❝♦♠✐♥❣✱ ✈❡1♦ ❛♥❛❧②(❡( ❝♦♠♠♦♥❧② ✉(❡ ▼✉♦♥●✉♥ ❛( ✇❡❧❧✱ ❜✉1 ❝✉$$❡♥1❧②

▼✉♦♥●✉♥ ❛❧(♦ ❤❛( ❛ (❤♦$1❝♦♠✐♥❣✳ ❆1 1❤✐( 1✐♠❡ ▼✉♦♥●✉♥ ❝❛♥ ♦♥❧② $❡♣$♦❞✉❝❡ 1❤❡ $❡(✉❧1( ♦❢ (✐♥❣❧❡ ♠✉♦♥

(✐♠✉❧❛1✐♦♥✱ (♦ ✐1 ❝❛♥♥♦1 ❜❡ ✉(❡❞ ❛( ❛ $❡♣❧❛❝❡♠❡♥1 ❢♦$ 1❤❡ ❜✉♥❞❧❡ (✐♠✉❧❛1✐♦♥ ♣$♦❞✉❝❡❞ ❜② ❈❖❘❙■❑❆✳ ❚❤✐(

✐( ❣❡♥❡$❛❧❧② ❛❝❝❡♣1❛❜❧❡ ❜❡❝❛✉(❡ (✐♥❣❧❡ ♠✉♦♥( ❛$❡ 1❤❡ ♠♦(1 ❞✐✣❝✉❧1 ❜❛❝❦❣$♦✉♥❞ 1♦ $❡❥❡❝1 ❛♥❞ ②❡❛$( ✇♦$1❤

♦❢ ❧✐✈❡1✐♠❡ ❝❛♥ ❜❡ ❛❝U✉✐$❡❞✱ ❛( ❝❛♥ ❜❡ (❡❡♥ ✐♥ ❋✐❣✉$❡ ✾✳✷✳ ❯(✐♥❣ 1❤❡(❡ (✐♠✉❧❛1✐♦♥ 1②♣❡( ✐♥ ❝♦♠❜✐♥❛1✐♦♥ ✐(

❛❝❝❡♣1❛❜❧❡ ❛( ❧♦♥❣ ❛( ❝❛$❡ ✐( 1❛❦❡♥ 1♦ ♠❛❦❡ 1❤❡ ✇❡✐❣❤1✐♥❣ ✈❛❧✐❞✳ ❙✐♥❝❡ ❜♦1❤ ❈❖❘❙■❑❆ ❛♥❞ ▼✉♦♥●✉♥ ❝♦♥1❛✐♥

(✐♥❣❧❡ ♠✉♦♥(✱ ♦♥❧② ♦♥❡ (♦✉$❝❡ ♦❢ (✐♥❣❧❡ ♠✉♦♥( ❝❛♥ $❡♠❛✐♥ 1♦ ❛✈♦✐❞ ❞♦✉❜❧❡ ❝♦✉♥1✐♥❣✳ ❚❤✐( ✐( ❛❝❝♦♠♣❧✐(❤❡❞ ❜②

$❡♠♦✈✐♥❣ ❛❧❧ ♦❢ 1❤❡ ❈❖❘❙■❑❆ ❡✈❡♥1( ✇✐1❤ ❛♥❛❧②(✐( ❝✉1( ❛♥❞ ✉(✐♥❣ 1❤❡ $❡♠❛✐♥✐♥❣ ▼✉♦♥●✉♥ ❢♦$ ❜❛❝❦❣$♦✉♥❞

❡(1✐♠❛1❡(✳ ❯♥❞❡$ 1❤❡(❡ (1✐♣✉❧❛1✐♦♥( 1❤✐( (❡❝1✐♦♥ ✇✐❧❧ (❤♦✇ 1❤❛1 ❊❙❚❊❙ ❝❛♥ (✉❝❝❡((❢✉❧❧② $❡❞✉❝❡ 1❤❡ (✐♠✉❧❛1❡❞

♠✉♦♥ ❜❛❝❦❣$♦✉♥❞ 1♦ ❧❡(( 1❤❛♥ ✶ ❡✈❡♥1 ♣❡$ ②❡❛$✱ ❜✉1 1❤❡$❡ ❛$❡ ❝♦♥❝❡$♥( 1❤❛1 1❤❡ ✐♥❝♦♠✐♥❣ ♠✉♦♥ ❜❛❝❦❣$♦✉♥❞

✐( ♥♦1 ❝♦♠♣❧❡1❡❧② $❡♠♦✈❡❞✳ ■♥ ♦$❞❡$ 1♦ ❛❞❞$❡(( 1❤✐(✱ ❛ ♥❡✇ ♠♦❞❡ ♦❢ ▼✉♦♥●✉♥ ❢♦$ ♠✉❧1✐ ♠✉♦♥ ❣❡♥❡$❛1✐♦♥

♠✉(1 ❜❡ ✈❛❧✐❞❛1❡❞✳ ■❢ 1❤✐( (✐♠✉❧❛1✐♦♥ ✐( ❛ ❣♦♦❞ ❞❡(❝$✐♣1✐♦♥ ♦❢ ❞❛1❛ 1❤❡♥ ②❡❛$( ♦❢ ❧✐✈❡1✐♠❡ ❝❛♥ ❜❡ ❣❡♥❡$❛1❡❞
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1❤❡(❡ ♣$❡❞✐❝1✐♦♥(✳ ❍♦✇❡✈❡$✱ 1❤❡ ❡♥❡$❣② ♦❢ 1❤❡ ♣❛$1✐❝❧❡ ♦❢ ✐♥1❡$❡(1 ♠✉(1 ❜❡ ❦♥♦✇♥ 1♦ ❣❡1 ❛♥ ❛❝❝✉$❛1❡ ❡(1✐♠❛1❡



≈





✶✷✽

♦❢ %❤❡ ②✐❡❧❞✳ ■❝❡❈✉❜❡ ❤❛3 ❧✐♠✐%❡❞ ❡♥❡6❣② 6❡3♦❧✉%✐♦♥ ♦♥ %6❛❝❦✲❧✐❦❡ ❡✈❡♥%3✱ 3♦ ❛ 3✐♠♣❧✐✜❡❞ ♠❡%❤♦❞ ✐3 ✉3❡❞ %♦

♠❛❦❡ %❤❡ ❡3%✐♠❛%✐♦♥✳ ❋♦6 %❤❡ ❡3%✐♠❛%✐♦♥✱ ♦♥❡ ♠✉3% ✜63% ✜♥❞ %❤❡ 6❡❣✐♦♥3 ✇✐%❤ ❛♥❞ ✇✐%❤♦✉% ❧✐❣❤%✳

✾✳✶✳✶ ❉❡✜♥✐♥❣ ❚❤❡ ▼✉♦♥ ❛♥❞ ❱❡1♦ ❘❡❣✐♦♥3

■❢ ♦♥❡ ❤❛3 ❛♥ ❡①✐3%✐♥❣ 6❡❝♦♥3%6✉❝%✐♦♥ ❛3 ❛ ❤②♣♦%❤❡3✐3✱ %❤❡♥ %❤❡ 6❡❣✐♦♥3 ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❜② ❛♣♣6♦①✐♠❛%✐♥❣

%❤❛% ❛❧❧ ❧✐❣❤% %6❛✈❡❧3 ❛❧♦♥❣ %❤❡ ❈❤❡6❡♥❦♦✈ ❝♦♥❡✳ ❚❤✐3 ❛33✉♠♣%✐♦♥ ✐3 ❜✉✐❧% ✐♥%♦ %❤❡ ✐♥✜♥✐%❡ ♠✐♥✐♠✉♠ ✐♦♥✐③✐♥❣

♠✉♦♥ ✭■▼■▼✮ ♣❤♦%♦♥ %❛❜❧❡3 ✇❤✐❝❤ ❛6❡ ✉3❡❞ ❢♦6 %❤❡ F❊ ♣❡6 ♥3 ②✐❡❧❞3 ❞✐3❝✉33❡❞ ✐♥ %❤✐3 3❡❝%✐♦♥✳ ❯3✐♥❣ %❤❡

❈❤❡6❡♥❦♦✈ ❛♥❣❧❡ ❛33✉♠♣%✐♦♥✱ ❛♥❞ %❤❡ ❡①♣❡❝%❡❞ ❛66✐✈❛❧ %✐♠❡ ❛♥❞ ❡♠✐33✐♦♥ ♣♦✐♥% ♦❢ ❧✐❣❤% ❢♦6 ❡✈❡6② ❉❖▼ ❝❛♥

❜❡ ❝❛❧❝✉❧❛%❡❞ ❝♦♠♣❛6❡❞ %♦ %❤❡ ♦❜3❡6✈❡❞ ♣❤♦%♦♥ ❛66✐✈❛❧ %✐♠❡✳ ❇② 3♦6%✐♥❣ %❤❡ ❡♠✐33✐♦♥ ♣♦✐♥%3 ❢♦6 ❉❖▼3

✇❤✐❝❤ ❤❛✈❡ ♦❜3❡6✈❡❞ F❊3 %❤❛% ♠❛%❝❤ %❤❡ ❡①♣❡❝%❡❞ ②✐❡❧❞✳ ❚❤❡ ♣❤♦%♦♥ ❡♠✐%%❡❞ ❡❛6❧✐❡3% ❛❧♦♥❣ %❤❡ %6❛❝❦ ❝❛♥ ❜❡

❡3%✐♠❛%❡❞✳ ❚❤✐3 ♠❡%❤♦❞ ✐3 ❞✐3♣❧❛②❡❞ ❣6❛♣❤✐❝❛❧❧② ✐♥ ❋✐❣✉6❡ ✾✳✸✳ ❚❤❡ ✐♥❝♦♠✐♥❣ ♥❡✉%6✐♥♦ ✐3 6❡♣6❡3❡♥%❡❞ ❜② %❤❡

❞❛3❤❡❞ ❧✐♥❡ ✇❤✐❝❤ %6❛♥3✐%✐♦♥3 %♦ ❛ 3♦❧✐❞ ❧✐♥❡ ❛♥❞ ❛66♦✇ ❛❢%❡6 %❤❡ ♥❡✉%6✐♥♦✬3 ✐♥%❡6❛❝%✐♦♥✱ %❤❡ ❛66♦✇✬3 %6❛❥❡❝%♦6②

✐3 ❛33✉♠❡❞ ❢♦6 %❤✐3 ✈❡%♦ ❞❡♣✐❝%✐♦♥✳ ❚❤❡ ♦❜3❡6✈❡❞ ❤✐%3 ❛6❡ 3❤♦✇♥ ❛3 ❝♦❧♦6❡❞ ❝✐6❝❧❡3 ✐♥ %❤❡ ✉3✉❛❧ ♠❛♥♥❡6✱ ❝♦❧♦6

✐♥❞✐❝❛%✐♥❣ %✐♠❡ ❛♥❞ ❝❤❛6❣❡ ✐♥❞✐❝❛%❡❞ ❜② %❤❡ ❝✐6❝❧❡✬3 3✐③❡✳ ❉❖▼3 ✇❤✐❝❤ ❞✐❞ ♥♦% ♦❜3❡6✈❡ ❧✐❣❤% ❛6❡ 3❤♦✇♥ ❛3

❛ ❣6❡② ❞♦%✳ ❇❡❧♦✇ %❤❡ ❡✈❡♥% ❞✐3♣❧❛② ❛6❡ ♣❧♦%3 ♦❢ %❤❡ ♦❜3❡6✈❡❞ ❛♥❞ ❡①♣❡❝%❡❞ F❊3✱ ✇✐%❤ ❧✐♥❡3 ♣♦✐♥%✐♥❣ %♦ %❤❡

❉❖▼ %❤❡② 6❡♣6❡3❡♥%✳ ❚❤❡3❡ ✜❣✉6❡3 ❞❡♣✐❝% %❤❡ ❞❡%❡6♠✐♥❛%✐♦♥ ♦❢ %❤❡ ❡❛6❧✐❡3% ❤✐%✳ ❚❤❡ ✜❣✉6❡ ❢❛6%❤❡3% %♦ %❤❡

❧❡❢% ✐3 ❛ ❉❖▼ ✇❤✐❝❤ ✇❛3 ♣❛33❡❞ ✇❤❡♥ %❤❡ ❡✈❡♥% ✇❛3 ❛ ♥❡✉%6✐♥♦✱ %❤✉3 6❡❝❡✐✈✐♥❣ ♥♦ ❧✐❣❤%✳ ❚❤❡ 6❡❞ ❧✐♥❡ ✐♥

%❤✐3 ♣❧♦% ✐3 %❤❡ ❡①♣❡❝%❡❞ ♥✉♠❜❡6 ♦❢ F❊✴♥3 ❢6♦♠ %❤❡ ♣❤♦%♦♥ ❛66✐✈❛❧ 3♣❧✐♥❡ ♦❢ ❛♥ ■▼■▼✳ ❚❤❡ ❣6❡② ❜❛♥❞ ✐3 %❤❡

6❡❣✐♦♥ ✇❤❡6❡ ❡①♣❡❝%❛%✐♦♥ ✐3 ❧❛6❣❡6 %❤❛♥ ✳✵✵✶ ♦❢ %❤❡ ♣❡❛❦ ✈❛❧✉❡✳ ❙✐♥❝❡ ♥♦ ♦❜3❡6✈❡❞ F❊ ❛6❡ ✐♥ %❤✐3 6❡❣✐♦♥✱ %❤✐3

❉❖▼ ✐3 ♥♦% ❝♦♥3✐❞❡6❡❞ ♣❛6% ♦❢ %❤❡ ❡✈❡♥% ♠✉♦♥ 6❡❣✐♦♥✳ ■♥ %❤❡ ❝❡♥%❡6 ♣❧♦% ❛ 3✐♠✐❧❛6 6❡❞ ❧✐♥❡ ❛♥❞ ❣6❡② ❜❛♥❞

❛6❡ ♣6❡3❡♥%❡❞✳ ❍♦✇❡✈❡6✱ %❤✐3 %✐♠❡ ❛ F❊ ✇❛3 ♦❜3❡6✈❡❞✱ ❞❡♣✐❝%❡❞ ❛3 ❛ ❜❧✉❡ ✈❡6%✐❝❛❧ ❧✐♥❡✳ ❚♦ ❞❡%❡6♠✐♥❡ ✐❢ %❤✐3

♦❜3❡6✈❡❞ F❊ ✇❛3 %❤❡ ❡❛6❧✐❡3%✱ ✐%3 ♦6✐❣✐♥ ♣♦3✐%✐♦♥ ♦♥ %❤❡ %6❛❝❦ ✐3 ✐♥❢❡66❡❞ ❛33✉♠✐♥❣ ♦6✐❣✐♥❛%✐♦♥ ❢6♦♠ %❤❡ ❞✐6❡❝%

❈❤❡6❡♥❦♦✈ ❡♠✐33✐♦♥ ♣♦✐♥% ♦♥ %❤❡ %6❛❝❦✳ ❆❢%❡6 ✐♥3♣❡❝%✐♥❣ ❛❧❧ %❤❡ ❉❖▼3 ✇✐%❤✐♥ ✸✺✵♠ ♦❢ %❤❡ %6❛❝❦ ✐♥ %❤❡ ✐♥✲✐❝❡

❞❡%❡❝%♦6 ❛♥❞ ✐♥❢❡66✐♥❣ %❤❡✐6 6❡3♣❡❝%✐✈❡ ❞✐6❡❝% ❈❤❡6❡♥❦♦✈ ❡♠✐33✐♦♥ ♣♦✐♥%3✱ ✐♥❝❧✉❞✐♥❣ %❤❡ ❉❖▼ 6❡♣6❡3❡♥%❡❞ ❜②

%❤❡ 6✐❣❤% ♣❧♦%✱ %❤❡ ❉❖▼ 6❡♣6❡3❡♥%❡❞ ❜② %❤❡ ❝❡♥%❡6 ♣❧♦% ✐3 ❢♦✉♥❞ %♦ ❜❡ %❤❡ ❉❖▼ ✇❤✐❝❤ ❤❛3 ❛ ❤✐% ❛♥❞ ♠❛♣3

❜❛❝❦ %❤❡ ❢❛6%❤❡3% ❛❧♦♥❣ %❤❡ %6❛❝❦✳ ❚❤✐3 ❡❛6♥3 %❤❡ ♣❧♦% %❤❡ ✧❊❛6❧✐❡3% ❍✐%✧ ❧❛❜❡❧✳ ❆ 6❡♣6❡3❡♥%❛%✐♦♥ ♦❢ %❤❡

✐♥❢❡66❡❞ ❞✐6❡❝% ❈❤❡6❡♥❦♦✈ ❡♠✐33✐♦♥ ❝♦♥❡ ✐3 3❤♦✇♥ ❛3 ❛ ❝②❛♥ ❧✐♥❡✳ ❚❤❡ ♠✉♦♥ 6❡❣✐♦♥ ✐3 ❞❡✜♥❡❞ %♦ ❜❡ ❛❧❧ %❤❡

❉❖▼3 ✇❤✐❝❤ ❤❛✈❡ ❛ ❈❤❡6❡♥❦♦✈ ❡♠✐33✐♦♥ ♣♦✐♥% ❢❛6%❤❡6 ❛❧♦♥❣ %❤❡ %6❛❝❦ %❤❛♥ %❤❡ ✐❞❡♥%✐✜❡❞ ❡❛6❧✐❡3% ❉❖▼ ❛♥❞

%❤❡ ✈❡%♦ 6❡❣✐♦♥ ✐3 ❞❡✜♥❡❞ %♦ ❜❡ ❛❧❧ %❤❡ ❉❖▼3 ✇❤♦3❡ ❡♠✐33✐♦♥ ♣♦✐♥% ✐3 ❡❛6❧✐❡6 ♦♥ %❤❡ %6❛❝❦✳ ■% 3❤♦✉❧❞ ❜❡ ♥♦%❡❞

%❤❛% %❤❡ ✈❡%♦ 6❡❣✐♦♥ ❞♦❡3 ♥♦% ❤❛✈❡ %♦ ❝♦♥%❛✐♥ ❛♥② ❉❖▼3✱ ❛♥❞ ♦❢%❡♥ ❢♦6 ✐♥❝♦♠✐♥❣ ❡✈❡♥%3 ❞♦❡3 ♥♦%✳

✾✳✶✳✶✳✶ ❘❡✜♥✐♥❣ ❚❤❡ ❊♠✐33✐♦♥ 6♦✐♥1

❚❤❡ ❛33✉♠♣%✐♦♥ %❤❛% ❡♠✐33✐♦♥ ♦❝❝✉63 ♦♥❧② ❛❧♦♥❣ %❤❡ ❈❤❡6❡♥❦♦✈ ❝♦♥❡ ❜6❡❛❦3 ❞♦✇♥ W✉✐❝❦❧② ✐♥ ■❝❡❈✉❜❡

❜❡❝❛✉3❡ %❤❡ ✐❝❡ 3❝❛%%❡63 ❧✐❣❤% ❛❢%❡6 ♣6♦♣❛❣❛%✐♥❣ ❛ 3❤♦6% ❞✐3%❛♥❝❡✳ ❆3 3✉❝❤✱ %❤❡ ✐♥❢❡66❡❞ ♣♦3✐%✐♦♥ ✐3 ♦❢%❡♥





✶✸✵

✐♥❝♦''❡❝)✳ ❆❧-♦ ❢♦' ❉❖▼- ✇❤✐❝❤ ❛'❡ ♥❡①) )♦ ❡❛❝❤ ♦)❤❡' ♦♥ ❛ -)'✐♥❣✱ )❤❡ ❢❛')❤❡' ❉❖▼ ❢'♦♠ )❤❡ )'❛❝❦ ✇✐❧❧ ♠❛♣

❢❛')❤❡' ❜❛❝❦ ❛❧♦♥❣ )❤❡ )'❛❝❦✳ ❖❢)❡♥ )❤❡ ❡❛'❧✐❡-) ❤✐) ♦❝❝✉'- ✐♥ ❛ '❡❣✐♦♥ ✇❤❡'❡ ❤✐)- ❛'❡ =♦✐--♦♥ ✢✉❝)✉❛)✐♦♥- ♦❢

✵ ♦' ✶✳ ■♥ )❤✐- -✐)✉❛)✐♦♥✱ ✐) ✐- ❡❛-② )♦ ❡♥❝♦✉♥)❡' ❤✐) ❝♦♥✜❣✉'❛)✐♦♥- ✇❤❡'❡ )❤❡ ✜'-) ❤✐) ❉❖▼ ✇❛- ♥♦) )❤❡ ♦♥❡

✇❤✐❝❤ ✇♦✉❧❞ ❛❧✇❛②- ♦❝❝✉' ❣✐✈❡♥ ♠♦'❡ '❡♣❡)✐)✐♦♥- ♦❢ )❤❡ ❡✈❡♥)✳ ■♥ )❤❡-❡ -✐)✉❛)✐♦♥-✱ ✐) ✐- ❡❛-② )♦ ✐♥❝♦''❡❝)❧②

❞❡✜♥❡ )❤❡ ✈❡)♦ '❡❣✐♦♥ ❛♥❞ ✐♥❢❡' )❤❡ ♣'❡-❡♥❝❡ ♦❢ ❛ ♥❡✉)'✐♥♦ ❛- ❛ '❡-✉❧)✳ ❚❤✐- ❧❛❝❦ ♦❢ ❤✐)- ❞✉❡ )♦ ❛ ♥❡✉)'✐♥♦

✐- ✇❤❛) ✇❡ ❛'❡ )❡-)✐♥❣ ❢♦'✱ -♦ ✇❡ ❞♦♥✬) ✇❛♥) )♦ ❜❡❣✐♥ ❝❛❧❝✉❧❛)✐♥❣ ♦✉' ✈❡)♦ ✇✐)❤ )❤❡-❡ ♣♦--✐❜❧② ❞♦✇♥✇❛'❞✲

✢✉❝)✉❛)❡❞ ❉❖▼-✳ ❋♦' )❤❡ ✐♥✜♥✐)❡ ♠✉♦♥ )❛❜❧❡- )❤❡'❡ ✐- ♥♦ ❢✉')❤❡' ✐♥❢♦'♠❛)✐♦♥ )❤❛) ❝❛♥ ❜❡ ❣❧❡❛♥❡❞✳ ❍♦✇❡✈❡'✱

✐) ✐- ❛❧-♦ ❛♥ ♦♣)✐♦♥ )♦ ✉-❡ ❛ -❡) ♦❢ )❤❡ -❡❣♠❡♥)❡❞ ♠✉♦♥ )'❛❝❦- ❢'♦♠ )❤❡ -❡❣♠❡♥)❡❞ )❛❜❧❡-✳ ❚❤✐- ♦♣)✐♦♥ ♣'♦✈✐❞❡-

)❤❡ -❛♠❡ )♦)❛❧ ②✐❡❧❞ ✐♥❢♦'♠❛)✐♦♥✱ ❤♦✇❡✈❡' ✐) ✐- ❞✐-)'✐❜✉)❡❞ ♦✈❡' )❤❡ -❡❣♠❡♥)-✳ ❚❤✐- ❛❧❧♦✇- ♦♥❡ )♦ ❦♥♦✇ ❤♦✇

♠✉❝❤ ♦❢ )❤❡ ②✐❡❧❞ ✇❛- ♣'❡❞✐❝)❡❞ )♦ ❜❡ ❡♠✐))❡❞ ❢'♦♠ ❡❛❝❤ -❡❣♠❡♥)✳ ❯-✐♥❣ )❤❡ ♣❡' -❡❣♠❡♥) ②✐❡❧❞ ❛- ❛ ✇❡✐❣❤)✱

)❤❡ ✇❡✐❣❤)❡❞ ❛✈❡'❛❣❡ ❛♥❞ -)❛♥❞❛'❞ ❞❡✈✐❛)✐♦♥ ♦❢ -❡❣♠❡♥) ♣♦-✐)✐♦♥- ❝❛♥ ❜❡ ❝❛❧❝✉❧❛)❡❞✳ ❚❤❡ ❝❛❧❝✉❧❛)❡❞ ❛✈❡'❛❣❡

❝❛♥ ❜❡ )❛❦❡♥ )♦ '❡♣'❡-❡♥) )❤❡ ♠♦-) ❧✐❦❡❧② ❡♠✐--✐♦♥ ♣♦✐♥) ❛♥❞ )❤❡ -)❛♥❞❛'❞ ❞❡✈✐❛)✐♦♥ ❛♥ ✉♥❝❡')❛✐♥)② ♦♥ )❤❛)

❡♠✐--✐♦♥ ♣♦✐♥)✳ ❍❛✈✐♥❣ )❤✐- ✐♥❢♦'♠❛)✐♦♥ ❛❧❧♦✇- ❛ ♠♦'❡ ❝♦♥✜❞❡♥) ❞❡✜♥✐)✐♦♥ ♦❢ )❤❡ ❉❖▼- ✇❤✐❝❤ ❛'❡ ✐♥ )❤❡

✈❡)♦ '❡❣✐♦♥ ❜② ❡①)❡♥❞✐♥❣ )❤❡ ♠✉♦♥ '❡❣✐♦♥✳ ❚❤✐- ✐- ❞♦♥❡ ❜② ✐♥-♣❡❝)✐♥❣ ❢♦' ✈❡)♦ ❉❖▼- ✇❤❡'❡ )❤❡ ❛✈❡'❛❣❡

♣♦-✐)✐♦♥ ♣❧✉- ✶✳✺ )✐♠❡- )❤❡ -)❛♥❞❛'❞ ❞❡✈✐❛)✐♦♥ ❤❛✈❡ ❛♥ ❡♠✐--✐♦♥ ❢'♦♠ )❤❡ )'❛❝❦ ❧❛)❡' ✐♥ )✐♠❡ )❤❛♥ )❤❡ ✜'-) ❤✐)

❉❖▼✬- ❛✈❡'❛❣❡ ♣♦-✐)✐♦♥ ♠✐♥✉- ✶✳✺ )✐♠❡- )❤❡ -)❛♥❞❛'❞ ❞❡✈✐❛)✐♦♥✳ ❚❤❡ ✈❡)♦ '❡❣✐♦♥ ❉❖▼- ✇❤✐❝❤ ❞♦ ♥♦) ❢❛❧❧

♦✉)-✐❞❡ )❤✐- ♥❡✇ '❡❣✐♦♥ ❛'❡ ♥♦) ✐♥❝❧✉❞❡❞ ✐♥ )❤❡ ✈❡)♦ ❝❛❧❝✉❧❛)✐♦♥ ❛♥❞ )❤✉- ❝❤❛♥❣❡ )❤❡ ✈❡)♦ ♣'♦❜❛❜✐❧✐)②✳ ❚❤❡

❞✐✛❡'❡♥❝❡ ✐♥ )❤❡ )✇♦ ❛♣♣'♦❛❝❤❡- ✐- ✐❧❧✉-)'❛)❡❞ ✉♣♣❡' ✐♠❛❣❡ ♦❢ ❋✐❣✉'❡ ✾✳✹✱ )❤❡ ❡❛'❧✐❡-) ❤✐) ✐- ❤✐❣❤❧✐❣❤)❡❞ ✐♥ )❤❡

'❡❞ ❜♦①✱ )❤❡ ❉❖▼ ❛❜♦✈❡ ✐) ✐- ✐♥ )❤❡ ✈❡)♦ '❡❣✐♦♥✳ ❚❤❡ '❡❞ ❞♦) ♦♥ )❤❡ ❜❧❛❝❦ )'❛❝❦ ✐- )❤❡ ♠❛♣♣✐♥❣ ♣♦✐♥) ♦❢ )❤❡

❡❛'❧✐❡-) ❤✐) ✇❤✐❧❡ )❤❡ ❜❧✉❡ ♣♦✐♥) ✐- )❤❡ ♠❛♣♣✐♥❣ ♦❢ )❤❛) ✈❡)♦ ❉❖▼✳ ❚❤❡ '❡❞ ❞♦) ❜❡✐♥❣ ❜❡❢♦'❡ )❤❡ ❜❧✉❡ ❞♦)

✐❧❧✉-)'❛)❡- )❤❡ ♣♦✐♥) ♦❢ )❤✐- -❡❝)✐♦♥✳ ❇② ✉-✐♥❣ )❤❡ -❡❣♠❡♥)❡❞ )❛❜❧❡- ✇✐)❤ )❤❡ ✇❡✐❣❤)❡❞ ❛✈❡'❛❣❡ ❛♥❞ -)❛♥❞❛'❞

❞❡✈✐❛)✐♦♥ ♦❢ ❡❛❝❤ ♣♦-✐)✐♦♥✱ ✐♥ )❤❡ ❧♦✇❡' ✐♠❛❣❡ ♦❢ ❋✐❣✉'❡ ✾✳✹✱ )❤❡ ❜❧✉❡ ❞♦) ♥♦✇ ❝♦♠❡- ❧❛)❡' )❤❛♥ )❤❡ '❡❞ ❞♦)✱

✐♥❞✐❝❛)✐♥❣ )❤❛) )❤✐- ✉♥❤✐) ❉❖▼ ✇♦✉❧❞ ♥♦) ♣❛')✐❝✐♣❛)❡ ✐♥ )❤❡ ✈❡)♦✳ ❚❤✉- )❤❡ ✈❡)♦ ✐- -)'❡♥❣)❤❡♥❡❞ ❛♥❞ ❤❛- ❛

❜❡))❡' ❛❜✐❧✐)② )♦ ✐❞❡♥)✐❢② )❤❡ ❡✈❡♥) ❛- ❛♥ ✐♥❝♦♠✐♥❣ ♠✉♦♥✳ ❚❤❡ ❝❤❛♥❣❡ ✐- ♠❛❞❡ ❡✈❡♥ ♠♦'❡ ❝❧❡❛' ❜② ♣❧♦))✐♥❣

)❤❡ ❉❖▼- ✇❤✐❝❤ ♣❛')✐❝✐♣❛)❡ ✐♥ )❤❡ ✈❡)♦ ❛♥❞ )❤❡ ❉❖▼- ✇❤✐❝❤ ❞♦♥✬)✳ ❚❤✐- ✐- -❤♦✇♥ ✐♥ )❤❡ ✉♣♣❡' ❛♥❞ ❧♦✇❡'

✐♠❛❣❡- ♦❢ ❋✐❣✉'❡ ✾✳✺✳ ❚❤❡ ✉♣♣❡' ✐♠❛❣❡ ♦❢ ❋✐❣✉'❡ ✾✳✺ -❤♦✇- )❤❡ ✈❡)♦ ❉❖▼- ✐♥ ♣✐♥❦ ❛♥❞ )❤❡ ♠✉♦♥ ❉❖▼- ✐♥

❣'❡❡♥ ✇❤❡♥ )❤❡ ✐♥✜♥✐)❡ ♠✉♦♥ )❛❜❧❡ ✐- ✉-❡❞✳ ❚❤❡ ❧♦✇❡' ✐♠❛❣❡ ♦❢ ❋✐❣✉'❡ ✾✳✺ ❤❛- ♦♥❧② ❣'❡❡♥ ♠❛'❦❡'-✱ ✐♥❞✐❝❛)✐♥❣

)❤❡'❡ ❛'❡ ♥♦ ❉❖▼- )♦ ❝❛❧❝✉❧❛)❡ )❤❡ ♠✐-- ♣'♦❜❛❜✐❧✐)② ✇✐)❤✳

✾✳✶✳✷ ❙❡&&✐♥❣ ❚❤❡ ,❤♦&♦♥ ❚❛❜❧❡ ❙❝❛❧❡

❲✐)❤ )❤❡ ❉❖▼- ✇❤✐❝❤ ❝❛♥ ❜❡ ❛))'✐❜✉)❡❞ )♦ )❤❡ ♦❜-❡'✈❡❞ ♣♦')✐♦♥ ♦❢ )❤❡ ♠✉♦♥ ❛♥❞ )❤❡ ❉❖▼- ✇❤✐❝❤ ❞✐❞

♥♦) ♦❜-❡'✈❡ ❧✐❣❤) ❜❡❢♦'❡ )❤✐- '❡❣✐♦♥ -❡♣❛'❛)❡❞ ✐♥)♦ )❤❡ ♠✉♦♥ ❛♥❞ ✈❡)♦ '❡❣✐♦♥- ♦♥❡ ❝❛♥ ❜❡❣✐♥ )♦ ✐♥❢❡' ❛ ✈❡)♦

❝♦♥❞✐)✐♦♥✳ ❚❤✐- ✐♥❢❡'❡♥❝❡ ✐- ❞❡♣❡♥❞❡♥) ♦♥ ❦♥♦✇✐♥❣ ❤♦✇ ♠❛♥② =❊ ♦❢ ❝❤❛'❣❡ ❡❛❝❤ ♦❢ )❤❡ ✈❡)♦ ❉❖▼- ✇♦✉❧❞

❤❛✈❡ ♦❜-❡'✈❡❞✳ ❚❤❡ ❛♠♦✉♥) ♦❢ ❝❤❛'❣❡ ✐- ❞❡♣❡♥❞❡♥) ♦♥ )❤❡ )'❛❝❦ )♦ ❉❖▼ ❣❡♦♠❡)'② ❛♥❞ )❤❡ ❧♦❝❛❧ ♣'♦♣❡')✐❡-





✶✸✷

❋✐❣✉'❡ ✾✳✺✿ ❋✐❣✉'❡- -❤♦✇✐♥❣ 2❤❡ ❝♦❧❧❡❝2✐♦♥ ♦❢ ❤✐2- ✇❤✐❝❤ ❛'❡ ✐♥ 2❤❡ ♠✉♦♥ ❛♥❞ ✈❡2♦ '❡❣✐♦♥- ❛--✉♠✐♥❣ ❛

❞❡✜♥✐2✐♦♥ ✉-✐♥❣ ■▼■▼ 2❛❜❧❡-✱ 2♦♣✱ ❛♥❞ -❡❣♠❡♥2❡❞ ♠✉♦♥ 2❛❜❧❡-✱ ❜♦22♦♠✳ ❯-✐♥❣ 2❤❡ -❡❣♠❡♥2❡❞ ♠✉♦♥ 2❛❜❧❡-

②✐❡❧❞- ❛ ❜❡22❡' ♣'❡❞✐❝2✐♦♥ ❜✉2 ✐- -❧♦✇❡'✳



✶✸✸

♦❢ $❤❡ ♠✉♦♥ ✭✐✳❡✳✱ ✐❢ ✐$ ❤❛❞ ❛ ❧❛1❣❡ ❛♠♦✉♥$ ♦❢ ❡♥❡1❣② ❧♦4$ ✐♥ 4$♦❝❤❛4$✐❝ ♣1♦❝❡44❡4 ♥❡❛1❜②✮✳ ❇② ♣✐❝❦✐♥❣ ❛ ✜①❡❞

$1❛❝❦ $♦ ❛♥❛❧②③❡✱ $❤❡ ❣❡♦♠❡$1② ✐4 ❛❧4♦ ✜①❡❞✳ ❚❤✐4 ❧❡❛✈❡4 ♦♥❧② $❤❡ ♠✉♦♥ ♣1♦♣❡1$✐❡4 $♦ ❡✈❛❧✉❛$❡✳ ❚♦ 4✐♠♣❧✐❢②

❛♥❞ 4♠♦♦$❤ ♦✈❡1 $❤❡ ✢✉❝$✉❛$✐♦♥4✱ $❤❡ ♠✉♦♥ ✐4 ❝♦♥4✐❞❡1❡❞ $♦ ❜❡ ❛ ✉♥✐❢♦1♠ ❛♥❞ ✐♥✜♥✐$❡ ❧✐❣❤$ ❡♠✐$$❡1✳ ❙✐♥❝❡

$❤❡ $❛❜❧❡ ✉4❡❞ ❢♦1 $❤✐4 ✐4 ❛♥ ■▼■▼ $❛❜❧❡ $❤❡ ❛44✉♠❡❞ ❡♥❡1❣② ♦❢ $❤❡ ♠✉♦♥ ✐4 $♦♦ ❧♦✇ ❛♥❞ $❤❡ ❡①♣❡❝$❡❞ E❊ ❛$

$❤❡ ❉❖▼4 ✐4 ❧✐❦❡❧② ❛♥ ✉♥❞❡1✲❡4$✐♠❛$❡✳ ❚♦ ❣❡$ ❛ ♠♦1❡ ❛♣♣1♦♣1✐❛$❡ ❡4$✐♠❛$❡✱ ♦♥❡ ❝❛♥ 4❝❛❧❡ $❤❡ $❛❜❧❡✬4 ②✐❡❧❞

$♦ ♠❛$❝❤ $❤❡ ♦❜4❡1✈❡❞ ♦✉$♣✉$ ✐♥ ❛ 1❡❣✐♦♥ ✇❡1❡ ✇❡ ❦♥♦✇ ✇❡ ♦❜4❡1✈❡❞ $❤❡ ❡✈❡♥$✳ ❚❤❡ ♠✉♦♥ 1❡❣✐♦♥ ❛❧1❡❛❞②

❞♦❡4 $❤✐4✳ ❚❤❡ 4❝❛❧❡ ♦❢ $❤❡ ♠✉♦♥ ✐4 ❢♦✉♥❞ ❜② ♠❛①✐♠✐③✐♥❣ $❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐❦❡❧✐❤♦♦❞✳

LLH =

All Muon Region DOMs
∑

i

log(p(λi, ki)) ✭✾✳✶✮

■♥ $❤✐4 ❡L✉❛$✐♦♥ p(λi, ki) ✐4 $❤❡ E♦✐44♦♥ ♣1♦❜❛❜✐❧✐$② ♦❢ ♦❜4❡1✈✐♥❣ ❦ E❊ ♦♥ ❉❖▼ ✐ ❣✐✈❡♥ $❤❡ ❡①♣❡❝$❡❞ E❊ ②✐❡❧❞

♦❢ λ ❢1♦♠ $❤❡ 4❝❛❧❡❞ $❛❜❧❡ ❛♥❞ ♥♦✐4❡✱ 4❤♦✇♥ ❛4 ❢♦1♠✉❧❛4 ❜❡❧♦✇✳

p(λ, k) =
λke−λ

k!
and λi = a× λmuon + λnoise ✭✾✳✷✮

❚❤❡ 4♦❧✉$✐♦♥ ✇❤✐❝❤ ♠❛①✐♠✐③❡4 $❤❡ ❧✐❦❡❧✐❤♦♦❞ ✐4 ❢♦✉♥❞ ❜② ✈❛1②✐♥❣ ❛✳ ❖♥❝❡ $❤❡ 4♦❧✉$✐♦♥ ❢♦1 $❤❡ 4❝❛❧❡ ♦❢ $❤❡

✉♥✐❢♦1♠ ❧✐❣❤$ ②✐❡❧❞✱ ❛✱ ✐4 ❢♦✉♥❞✱ $❤❡ ❡✈❛❧✉❛$✐♦♥ ♦❢ $❤❡ ♣1♦❜❛❜✐❧✐$② ♦❢ ♦❜4❡1✈✐♥❣ ♥♦ ❤✐$4 ♦♥ $❤❡ ❉❖▼4 ✐♥ $❤❡ ✈❡$♦

1❡❣✐♦♥ ❝❛♥ ❜❡ ✐♥❢❡11❡❞✳ ❙✐♥❝❡ $❤❡ ✈❛❧✉❡ ❛ 4❝❛❧❡4 ✇✐$❤ $❤❡ ❜1✐❣❤$♥❡44 ♦❢ $❤❡ ❡✈❡♥$✱ ❛♥❞ $❤❡ ❜1✐❣❤$♥❡44 1♦✉❣❤❧②

4❝❛❧❡4 ✇✐$❤ ❡♥❡1❣② ♦❢ $❤❡ ❡✈❡♥$ ❛ ✐4 1♦✉❣❤❧② ❛♥ ❡♥❡1❣② ❡4$✐♠❛$♦1✳ ❍♦✇❡✈❡1✱ ❛ ❞♦❡4 ♥♦$ ✉4❡ ❛♥ ❛♣♣1♦♣1✐❛$❡

♣❤②4✐❝4 ❤②♣♦$❤❡4✐4 $♦ ❛11✐✈❡ ❛$ ✐$✬4 ✜♥❛❧ ✈❛❧✉❡ 4♦ ✐$ ✐4 ♥♦$ ❛♣♣1♦♣1✐❛$❡ ❢♦1 ✉4❡ ❛4 ❛♥ ❡♥❡1❣② ❡4$✐♠❛$❡✳

✾✳✶✳✷✳✶ ❙%♦❝❤❛*%✐❝ ❙✉♣♣.❡**✐♦♥

❙✐♥❝❡ $❤❡ 4❝❛❧❡ ✐4 4❡$ ❜② ❛✈❡1❛❣✐♥❣ ♦✈❡1 $❤❡ ❡♥$✐1❡ ♠✉♦♥✱ $❤✐4 ♠❡$❤♦❞ ✐4 4✉4❝❡♣$✐❜❧❡ $♦ ❡11♦14 ✐♥ $❤❡

❡4$✐♠❛$✐♦♥ ♦❢ $❤❡ ❧✐❣❤$ ②✐❡❧❞✳ ❚❤❡1❡ ❛1❡ $✇♦ ♠❛✐♥ ✇❛②4 $❤✐4 ❝❛♥ ❤❛♣♣❡♥✳

✶✳ ❚1❛❝❦ $♦ ❉❖▼ ❞✐4$❛♥❝❡4 ✇❤✐❝❤ ❛1❡ ❝❧♦4❡✱ $❤✉4 ❝❛✉4✐♥❣ $❤❡ ❡4$✐♠❛$❡ $♦ ❝♦♠❡ ❢1♦♠ ❛ 1❡❣✐♦♥ ✇❤❡1❡ 4♠❛❧❧

❞❡✈✐❛$✐♦♥4 ✐♥ $❤❡ $1❛❝❦ ❝❛✉4❡ ❧❛1❣❡ ❞❡✈✐❛$✐♦♥4 ✐♥ $❤❡ ❧✐❣❤$ ②✐❡❧❞

✷✳ ▲❛1❣❡ 4$♦❝❤❛4$✐❝4 ❞✐4$♦1$ $❤❡ ✉♥✐❢♦1♠✐$② ♦❢ $❤❡ ②✐❡❧❞

❚♦ ❤❡❧♣ ♠✐$✐❣❛$❡ $❤❡4❡✱ ❛♥ ❛❧$❡1♥❛$✐✈❡ ♠♦❞❡ ♦❢ ♦♣❡1❛$✐♦♥ ✐4 ❛✈❛✐❧❛❜❧❡ ✇❤✐❝❤ ♠❛❦❡4 ❛♥ ❡4$✐♠❛$❡ ♦❢ ✇❤✐❝❤ ❉❖▼4

❛1❡ $❤❡ ♣1♦❞✉❝$ ♦❢ ✉♥❝❤❛1❛❝$❡1✐4$✐❝ ❧✐❣❤$ ❛♥❞ ✇❤✐❝❤ ❛1❡ ♥♦$✳ ■♥ $❤✐4 ♠♦❞❡✱ $❤❡ 4❝❛❧❡ ✐4 ♦♥❧② ❝❛❧❝✉❧❛$❡❞ ✉4✐♥❣

$❤❡ ❉❖▼4 ✇❤✐❝❤ ❛1❡ ♥♦$ ❢♦✉♥❞ $♦ ❜❡ $❤❡ ♣1♦❞✉❝$ ♦❢ ✉♥❝❤❛1❛❝$❡1✐4$✐❝❛❧❧② ❜1✐❣❤$ ❧♦44❡4✳ ❚❤❡ ✐❞❡♥$✐✜❝❛$✐♦♥

♦❢ ❉❖▼4 ✇❤✐❝❤ ❛1❡ $♦♦ ❝❧♦4❡ ✐4 ❜❛4❡❞ ♦♥ $❤❡ ❢❛❝$ $❤❛$ $❤❡ 4♣❧✐♥❡ ✇✐❧❧ ❡①♣❡❝$ ♠❛♥② E❊ ✇❤❡♥ ✐♥ $❤❡ 1❛♣✐❞❧②

❝❤❛♥❣✐♥❣ 1❡❣✐♦♥ ❝❧♦4❡ $♦ $❤❡ ❉❖▼✳ ❚❤✉4✱ ❉❖▼4 ✇❤❡1❡ $❤❡ ❡①♣❡❝$❡❞ ②✐❡❧❞ ❢1♦♠ $❤❡ ■▼■▼ $❛❜❧❡ ✐4 ♠♦1❡

$❤❛♥ ✶ E❊ ❛1❡ 1❡♠♦✈❡❞✳ ❚❤✐4 ♠❛② 4❡❡♠ ✈❡1② 1❡4$1✐❝$✐✈❡✱ ❜✉$ ♦♥❧② ❉❖▼❙ ✇✐$❤✐♥ ✷✵ ♠❡$❡14 ♦❢ $❤❡ ❉❖▼ ❝❛♥

1❡❛❧✐4$✐❝❛❧❧② ❤❛✈❡ ❛♥ ❡①♣❡❝$❛$✐♦♥ ♦❢ ❣1❡❛$❡1 $❤❡♥ ✶ E❊ ❢1♦♠ ■▼■▼ $❛❜❧❡4✳ ❚❤❡ ✐❞❡♥$✐✜❝❛$✐♦♥ ♦❢ ❉❖▼4 ❛✛❡❝$❡❞
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❜② %&♦❝❤❛%&✐❝% ✐% ❜❛%❡❞ ✉♣♦♥ &❤❡ ❢❛❝& &❤❛& %&♦❝❤❛%&✐❝ ❡♥❡2❣② ❧♦%%❡% ♣2♦❞✉❝❡ &♦♦ ♠❛♥② 6❊ ✇✐&❤ 2❡%♣❡❝& &♦ &❤❡

❛✈❡2❛❣❡ ♦❜%❡2✈❡❞ 6❊ ♦2 ❝2❡❛&❡ 6❊ ❢❛2 ❢2♦♠ &❤❡ &2❛❝❦ ✇❤❡2❡ &❤❡② ❛2❡ ♥♦& ❡①♣❡❝&❡❞✳ ❚❤✉%✱ ❉❖▼% ✇❤❡2❡ ❧❡%%

&❤❛♥ ✳✶ 6❊ ✇❛% ❡①♣❡❝&❡❞✱ ❜✉& ❛ ♥♦♥✲③❡2♦ ♥✉♠❜❡2 ♦❢ 6❊% ✇❛% ♦❜%❡2✈❡❞ ❛2❡ 2❡♠♦✈❡❞ ❛♥❞ ❉❖▼% ✇❤✐❝❤ ❤❛✈❡

♠♦2❡ &❤❛♥ &❤2❡❡ &✐♠❡% &❤❡ ❛✈❡2❛❣❡ ♦❜%❡2✈❡❞ 6❊ ✭2♦✉♥❞❡❞ ✉♣ &♦ &❤❡ ♥❡❛2❡%& ✇❤♦❧❡ ♥✉♠❜❡2 %✐♥❝❡ ❝❤❛2❣❡ ✐%

2♦✉❣❤❧② ✐♥&❡❣❡2 ✐♥ ✈❛❧✉❡✮ ❛2❡ 2❡♠♦✈❡❞✳ ❙✐♥❝❡ &❤✐% ✈❡&♦ ✐% %❡❛2❝❤✐♥❣ ❢♦2 %&❛2&✐♥❣ &2❛❝❦%✱ &❤❡2❡ ✐% ♦♥❡ ❝❛✈❡❛& &♦

&❤✐% %&♦❝❤❛%&✐❝ %✉♣♣2❡%%✐♦♥✳ ■❢ ❛♥ ❡✈❡♥& ✐% ❜2✐❣❤& ❛& &❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ &❤❡ ♠✉♦♥ 2❡❣✐♦♥✱ ✐& ✐% ❛♥ ✐♥❞✐❝❛&✐♦♥ &❤❡2❡

✇❛% ❛ ❤❛❞2♦♥✐❝ %❤♦✇❡2 ♦❢ ❛ %&❛2&✐♥❣ &2❛❝❦ ❛♥❞ ✐% &❤✉% ❛ ♥❡✉&2✐♥♦✳ ❆% ❛ 2❡%✉❧&✱ ♥♦ ❉❖▼% ❛2❡ 2❡♠♦✈❡❞ ❢2♦♠ &❤✐%

2❡❣✐♦♥✱ &❛❦❡♥ &♦ ❡①&❡♥❞ ✷✺✵ ♠❡&❡2% ❢2♦♠ &❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ &❤❡ ♠✉♦♥ 2❡❣✐♦♥✳ ❑❡❡♣✐♥❣ &❤❡%❡ ❉❖▼% ❞♦❡% ❝❛✉%❡

&2✉❡ %&❛2&✐♥❣ ❡✈❡♥&% &♦ ❤❛✈❡ ❤✐❣❤❡2 ✈❛❧✉❡% ❢♦2 ❛✱ ❤♦✇❡✈❡2 %✐♥❝❡ &❤❡ ❜✐❛% ✐% &♦✇❛2❞% &❤❡ %✐❣♥❛❧ ❡✈❡♥&% ✐& ✐% &❛❦❡♥

❛% ❛ ❢❡❛&✉2❡ ♥♦& ❛ ❝♦♥❝❡2♥✳ ❚♦ ✈✐%✉❛❧✐③❡ ❤♦✇ &❤✐% %❡❧❡❝&✐♦♥ ♦❢ ❉❖▼% ❛✛❡❝&% ❡✈❡♥&%✱ &✇♦ ❡✈❡♥&% ❛2❡ ❝♦♥%✐❞❡2❡❞

❛% ❛ ❝❛%❡ %&✉❞②✳ ❚❤❡ ❡✈❡♥&% ❛2❡ ❣2♦✉♣❡❞ ✐♥&♦ &✇♦ %❡&% ♦❢ ✜❣✉2❡%✳ ❚❤❡ ✜2%& %❡& ♦❢ ♣✐❝&✉2❡% ✐♥ ❋✐❣✉2❡ ✾✳✻ ❞❡♣✐❝&%

❛♥ ✐♥❝♦♠✐♥❣ &2❛❝❦ ❛♥❞ &❤❡ %❡❝♦♥❞ %❡& ♦❢ ♣✐❝&✉2❡% ✐♥ ❋✐❣✉2❡ ✾✳✼ ❞❡♣✐❝&% ❛ %&❛2&✐♥❣ &2❛❝❦✳ ❘❡♠❡♠❜❡2 &❤❛& ❛♥②

❉❖▼ &❤❛& ♦❝❝✉2% ✐♥ &❤❡ ✜2%& ✷✺✵ ♠ ♦❢ &❤❡ ♠✉♦♥ 2❡❣✐♦♥ ✐% ❡①❡♠♣& ❢2♦♠ &❤❡ ❝✉&% ❞❡%❝2✐❜❡❞✳ ❚❤❡ &♦♣ ❧❡❢&

✜❣✉2❡ ✐% ❛ ❤✐%&♦❣2❛♠ ♦❢ &❤❡ ❡①♣❡❝&❡❞ ❝❤❛2❣❡% ❢♦2 ❡❛❝❤ ❡✈❡♥& ❢2♦♠ ❛ ■▼■▼✳ ❉❡♣✐❝&❡❞ ❛% ❛ ✈❡2&✐❝❛❧ 2❡❞ ❞❛%❤❡❞

❧✐♥❡ ✐% &❤❡ ✳✶ 6❊ ❝✉&✳ ❉❖▼% ✇❤✐❝❤ ♦❜%❡2✈❡ ❛ ❤✐& ❜✉& ❛2❡ ❜❡❧♦✇ &❤✐% ❧✐♥❡ ❛2❡ ♥♦& ✐♥❝❧✉❞❡❞✳ ❆❧%♦✱ ❉❖▼% ✇❤✐❝❤

❤❛✈❡ ❛♥ ❡①♣❡❝&❛&✐♦♥ ❧❛2❣❡2 &❤❛♥ ✶ ❛2❡ 2❡♠♦✈❡❞✳ ❚❤❡ ❜♦&&♦♠ ❧❡❢& ✜❣✉2❡ ✐% ❛ ❤✐%&♦❣2❛♠ ♦❢ &❤❡ ♦❜%❡2✈❡❞ 6❊%

✐♥ &❤❡ ❡✈❡♥&✳ ❚❤❡ %♦❧✐❞ ✈❡2&✐❝❛❧ 2❡❞ ❧✐♥❡ ✐% &❤❡ ❛✈❡2❛❣❡ ♦❢ &❤✐% ❞✐%&2✐❜✉&✐♦♥ ❛♥❞ &❤❡ ❞❛%❤❡❞ ✈❡2&✐❝❛❧ 2❡❞ ❧✐♥❡
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pmiss =

All V eto Region DOMs
∏

i

log(p(λi, 0)) ✭✾✳✸✮
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❧✐♥❦( 2♦ 2❤❡ 1❡❧❡✈❛♥2 (❡❝2✐♦♥( ♦❢ 2❤❡ 2❡①2✳ ❙❡❝♦♥❞❧②✱ ❧✐(2( ♦❢ 2❤❡ (2❡♣( ♣❡1❢♦1♠❡❞ ❛♥❞ ❝✉2( ❛♣♣❧✐❡❞ ✐♥ ❡❛❝❤
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%❤❡ ❜❡/% /♦❧✉%✐♦♥ ❢♦✉♥❞ ✐♥ %❤❡ ❝♦❛'/❡ /❡❛'❝❤ ✭❞❡/❝'✐❜❡❞ ✐♥ ✾✳✷✳✸✮✳

■% ✐/ ♥♦% ✈❡'② ❤❛'❞ %♦ '❡♠♦✈❡ ♦❜✈✐♦✉/ ✐♥❝♦♠✐♥❣ ❡✈❡♥%/ ❢'♦♠ ❝♦♥/✐❞❡'❛%✐♦♥ ✐♥ %❤❡ ❊❙❚❊❙ /❡❧❡❝%✐♦♥✳ ❚❤❡②

❤❛✈❡ ❤✐%/ ♦♥ %❤❡ ❜♦'❞❡' ♦❢ %❤❡ ❞❡%❡❝%♦' ❛♥❞ %❤❡✐' %'❛❝❦ ✜% ✐/ ❣♦♦❞✳ ❚❤❡ ❞✐✣❝✉❧% ❡✈❡♥%/ %♦ '❡♠♦✈❡ ❛'❡ %❤♦/❡

✇❤✐❝❤ /♥❡❛❦ %❤'♦✉❣❤ ❛% ❧❡❛/% ♦♥❡ ❧❛②❡' ♦❢ %❤❡ ❞❡%❡❝%♦' ❛♥❞✴♦' ❤❛✈❡ ❛ %'❛❝❦ ✜% ✇❤✐❝❤ ♣♦♦'❧② ❞❡/❝'✐❜❡/ %❤❡

❡✈❡♥%✳ ❚❤❡/❡ ❡✈❡♥%/ '❡I✉✐'❡ ❛❝❝✉'❛%❡ ❦♥♦✇❧❡❞❣❡ ♦❢ %❤❡ ♣❛%❤ %❤❛% %❤❡ ❡✈❡♥% %♦♦❦ %❤'♦✉❣❤ %❤❡ ❞❡%❡❝%♦' %♦ ❣❡%

%❤❡ ✐♥❝♦♠✐♥❣ ♠✉♦♥ ✈❡%♦ ❝❛❧❝✉❧❛%✐♦♥ ❝♦''❡❝%✳ ■% ✇❛/ ❝♦♥❝❡✐✈❡❞ ✐♥ ❛♥ ❡❛'❧✐❡' ✈❡'/✐♦♥ ♦❢ ❊❙❚❊❙ %❤❛% ♠✐♥✐♠✐③❡'/

❝♦✉❧❞ ❞❡❝✐♣❤❡' ✇❤✐❝❤ %'❛❝❦/ ✇❡'❡ ❣♦♦❞ ❛♥❞ ❜❛❞✱ ❤♦✇❡✈❡' ❧❛'❣❡ ❞❛%❛✴▼♦♥%❡ ❈❛'❧♦ ❞✐/❛❣'❡❡♠❡♥% ❛% %❤❡ ✜♥❛❧

❧❡✈❡❧ ✐♥❞✐❝❛%❡❞ ♦%❤❡'✇✐/❡ ❛♥❞ ❧❡❞ %♦ %❤✐/ ♠♦'❡ ❜'✉%❡ ❢♦'❝❡ %❡❝❤♥✐I✉❡✳ ❚❤❡ %❡❝❤♥✐I✉❡ ✇❤✐❝❤ ✐/ ✉/❡❞ ♥♦✇ ❛✐♠/

%♦ ❞❡%❡'♠✐♥❡ ✐❢ %❤❡'❡ ✐/ ❛ %'❛❝❦ ✇❤✐❝❤ /♥❡❛❦/ %❤'♦✉❣❤ %❤❡ ❡❞❣❡ ♦❢ %❤❡ ❞❡%❡❝%♦' %❤❛% ✐/ ❛ ❜❡%%❡' ❞❡/❝'✐♣%✐♦♥ ♦❢

%❤❡ ❞❡♣♦/✐%❡❞ ❤✐%/ %❤❛♥ ❛♥② ♦❢ %❤❡ %'❛❝❦ '❡❝♦♥/%'✉❝%✐♦♥/ ❡①✐/%✐♥❣ ❛% ▲❡✈❡❧ ✷✳ ❚♦ %❡/% %❤✐/ ❤②♣♦%❤❡/✐/✱ %'❛❝❦/

❛'❡ ❝♦♥/%'✉❝%❡❞ ✇❤✐❝❤ ♣❛// %❤'♦✉❣❤ ❤♦❧❡/ ✐♥ %❤❡ ❡❞❣❡ ♦❢ %❤❡ ❞❡%❡❝%♦' ✇✐%❤ ♣❛'%✐❝✉❧❛' ❢♦❝✉/ ❛'♦✉♥❞ %❤❡ ❞✉/%

❧❛②❡' ❛♥❞ ✐♥ %❤❡ ❝❛♣/✳ ❚❤❡/❡ ❤②♣♦%❤❡/✐③❡❞ %'❛❝❦/ ♠✉/% ❛❧/♦ ♣❛// %❤'♦✉❣❤ %❤❡ /❤✐❢%❡❞ ❝❡♥%❡' ♦❢ ❣'❛✈✐%② ♦❢ %❤❡

❝❤❛'❣❡ ✭❈❖●✮ ♦❢ %❤❡ ❡✈❡♥% ❛% %❤❡ ♣'♦♣❡' %✐♠❡✳ ❚❤❡ /❤✐❢%❡❞ ❈❖● ✐/ %❤❡ ❈❖● /❤✐❢%❡❞ ✸✵✵ ♠ ❛❧♦♥❣ %❤❡ ❙Q❊

❋✐% ❞✐'❡❝%✐♦♥ %♦ ❛✈♦✐❞ %❤❡ ✜%%❡❞ %'❛❝❦ ✈❛'✐❛%✐♦♥/ ❜❡✐♥❣ ❞♦♠✐♥❛%❡❞ ❜② %❤❡ ✜'/% ❝❛/❝❛❞❡ ❧♦// ♦❢ /%❛'%✐♥❣ ♠✉♦♥

♥❡✉%'✐♥♦/✳ ❚❤❡ ♣♦✐♥%/ ✐♥ %❤❡ ❤♦❧❡/ ✇❤✐❝❤ ❛'❡ ✉/❡❞ ❛'❡ /❤♦✇♥ ❋✐❣✉'❡/ ✾✳✶✵ ❛♥❞ ✾✳✶✶✳ ❆❞❞✐%✐♦♥❛❧❧②✱ %❤❡'❡ ✐/

❛ /❡% ♦❢ ✉♥✐❢♦'♠ ❞♦✇♥✲❣♦✐♥❣ ♣♦✐♥%/ ✇❤✐❝❤ ❛'❡ ❛❧/♦ %❡/%❡❞ /♦ %❤❛% ❡✈❡♥%/ ❛% %❤❡ ❡❞❣❡ ♦❢ %❤❡ ❞❡%❡❝%♦' ❤❛✈❡

✐♥❝♦♠✐♥❣ ❤②♣♦%❤❡/❡/✱ /❤♦✇♥ ✐♥ ❋✐❣✉'❡ ✾✳✶✷✳

■♥ %❤❡/❡ ✜❣✉'❡/✱ %❤❡ ❈❖● ✐/ /❤♦✇♥ ❛/ %❤❡ /❧✐❣❤%❧② ♦♣❛I✉❡ '❡❞ /♣❤❡'❡ ✇❤✐❝❤ ✐/ ❧❛'❣❡' ❛♥❞ ✐♥ %❤❡ ❝❡♥%❡' ♦❢

%❤❡ '❡❞ ❞❡♣♦/✐%❡❞ ❤✐%/✳ ❚❤❡ ❝②❛♥ /♣❤❡'❡/ ❛'❡ %❤❡ %❡/%❡❞ ❤♦❧❡ ♣♦✐♥%/ ✇❤✐❝❤ ❛ %'❛❝❦ ♠✉/% ♣❛// %❤'♦✉❣❤ %♦ %❡/%

❢♦' ❛ /♥❡❛❦✐♥❣ ♠✉♦♥✳ ❚❤❡ %'❛❥❡❝%♦'✐❡/ ♦❢ %❤❡ ❤②♣♦%❤❡/✐③❡❞ %'❛❝❦/ ❛'❡ /❤♦✇♥ ❛/ ❛ /❡I✉❡♥❝❡ ✐♥ ❋✐❣✉'❡/ ✾✳✶✸✱

✾✳✶✹✱ ❛♥❞ ✾✳✶✺✳ ❋✐❣✉'❡ ✾✳✶✻ /❤♦✇/ %❤❡ %❡/%❡❞ %'❛❝❦/ ✐♥ ❝②❛♥ ❛♥❞ ❤✐❣❤❧✐❣❤%/ %❤❡ ▲❡✈❡❧ ✷ %'❛❝❦/ ✐♥ '❡❞✳ ❚❤❡

'❡/✉❧% ♦❢ %❤❡ ✜%/ ✐/ ♦♥❡ %'❛❝❦ ✇❤✐❝❤ ✐/ ❜❡%%❡' %❤❛♥ ❛❧❧ ♦%❤❡'/ ❜② ✷✪ ✐♥ %❤❡ '❡❞✉❝❡❞ ❧♦❣✲❧✐❦✐❡❧✐❤♦♦❞ ✭'❧♦❣❧✮✳ ❚❤❡

'❡❞✉❝❡❞ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ✐/ ❞❡✜♥❡❞ %♦ ❜❡ %❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❞✐✈✐❞❡❞ ❜② %❤❡ ♥✉♠❜❡' ♦❢ ❝❤❛♥♥❡❧/ ✐♥ %❤❡ ❡✈❡♥%✳ ■%

✐/ /❤♦✇♥ ❛/ %❤❡ /♦❧❡ '❡❞ %'❛❝❦ ✐♥ ❋✐❣✉'❡ ✾✳✶✼✳ ❋✐❣✉'❡/ ✾✳✶✽ ❛♥❞ ✾✳✶✾ /❤♦✇ %❤❡ /❛♠❡ %❤✐♥❣ ❛/ ❋✐❣✉'❡/ ✾✳✶✻ ❛♥❞

✾✳✶✼ ❜✉% ❢♦' ❛ ❞✐✛❡'❡♥% ❡✈❡♥%✳

■♥ %❤✐/ ❡✈❡♥% ♠♦'❡ %❤❛♥ ✶ /♦❧✉%✐♦♥ ✐/ ❢♦✉♥❞ %♦ ❜❡ ✇✐%❤✐♥ ✷✪ ♦❢ %❤❡ ♠✐♥✐♠✉♠ '❧♦❣❧ ✈❛❧✉❡✳ ❇♦%❤ ▲❡✈❡❧ ✷ ✜%/

❛♥❞ ✜%/ ♦'✐❣✐♥❛%✐♥❣ ❢'♦♠ ❤♦❧❡/ ❛'❡ ❢♦✉♥❞✳ ■♥ %❤❡ ❡♥❞✱ ♦✈❡' ✾✸✺ %'❛❝❦/ ❛'❡ %❡/%❡❞ ♦♥ ❡✈❡'② ❡✈❡♥% ✇✐%❤ %❤❡ ❜❡/%

❜❡✐♥❣ ❦❡♣% ❢♦' ❢❛'%❤❡' ❝♦♥/✐❞❡'❛%✐♦♥✳ ❲❤✐❧❡ %❤❡ ✐♥❝♦♠✐♥❣ ♠✉♦♥ ✈❡%♦ ✐/ ♥♦% /❧♦✇ ✭❛❜♦✉% ✳✶ /❡❝♦♥❞/ ♣❡' %❡/%❡❞

❤②♣♦%❤❡/✐/✮ ✐% ✐/ ♥♦% ✇✐/❡ %♦ %❡/% ❛❧❧ ✾✸✺ %'❛❝❦/ ✇✐%❤ ✐%✳ ■♥/%❡❛❞✱ ❛❧❧ %❤❡ %'❛❝❦/ ❛'❡ ✜'/% '❡✜% ✇✐%❤ ❛ ❙♣❧✐♥❡▼Q❊

✜% ✇❤❡'❡ ♦♥❧② %❤❡ %✐♠❡ ✐/ ❧❡❢% ❢'❡❡ ❢♦' %❤❡ ✜%%✐♥❣ ❛❧❣♦'✐%❤♠✳ ❆❧❧ ✾✸✺ %'❛❝❦/ %❛❦❡ ❧❡// %❤❛♥ ✶ /❡❝♦♥❞ %♦ ❝♦♠♣✉%❡



✶✹✶

❋✐❣✉&❡ ✾✳✶✵✿ ❙✐❞❡ ✈✐❡✇ ♦❢ 2❤❡ ❤♦❧❡5 ✐♥ 2❤❡ ❡❞❣❡ ♦❢ 2❤❡ ❞❡2❡❝2♦&✳ ❚❤❡ ❝❡♥2❡& ♦❢ 2❤❡5❡ ❤♦❧❡5 ❛&❡ 5❤♦✇♥ ❛5 ❝②❛♥

5♣❤❡&❡5 ✇❤✐❧❡ 2❤❡ ❉❖▼5 ❛&❡ 5❤♦✇♥ ✐♥ ✇❤✐2❡✳ ❚❤❡ ❤♦❧❡5 ❛&❡ ❧✐❦❡❧② ❧♦❝❛2✐♦♥5 ❢♦& ❛ 2&❛❝❦ 2♦ 5♥❡❛❦ ✐♥ ❛♥❞ ❛♣♣❡❛&

2♦ 52❛&2 ✐♥ 2❤❡ ❞❡2❡❝2♦&✳ ❆❧5♦ 5❤♦✇♥ ✐♥ &❡❞ ✐5 ❛ 52❛&2✐♥❣ ❡✈❡♥2✳



✶✹✷

❋✐❣✉'❡ ✾✳✶✶✿ ❚♦♣ ✈✐❡✇ ♦❢ 2❤❡ ❤♦❧❡5 ❛❧♦♥❣ 2❤❡ ❡❞❣❡5 ♦❢ 2❤❡ ❞❡2❡❝2♦'✳ ❚❤❡ ❝❡♥2❡' ♦❢ 2❤❡5❡ ❤♦❧❡5 ❛'❡ 5❤♦✇♥ ❛5

❝②❛♥ 5♣❤❡'❡5 ✇❤✐❧❡ 2❤❡ ❉❖▼5 ❛'❡ 5❤♦✇♥ ✐♥ ✇❤✐2❡✳ ❚❤❡ ❤♦❧❡5 ❛'❡ ❧✐❦❡❧② ❧♦❝❛2✐♦♥5 ❢♦' ❛ 2'❛❝❦ 2♦ 5♥❡❛❦ ✐♥ ❛♥❞

❛♣♣❡❛' 2♦ 52❛'2 ✐♥ 2❤❡ ❞❡2❡❝2♦'✳ ❆❧5♦ 5❤♦✇♥ ✐♥ '❡❞ ✐5 ❛ 52❛'2✐♥❣ ❡✈❡♥2✳



✶✹✸

❋✐❣✉'❡ ✾✳✶✷✿ ❆ ③♦♦♠❡❞ ♦✉2 ✈✐❡✇ ♦❢ 2❤❡ ❤♦❧❡8 ✐♥ 2❤❡ ❞❡2❡❝2♦' ✐8 8❤♦✇♥ 2♦ ❞✐8♣❧❛② 2❤❡ ✉♥✐❢♦'♠ 8❡2 ♦❢ ♣♦✐♥28

✉8❡❞ 2♦ ✐❞❡♥2✐❢② ❡✈❡♥28 ✇❤✐❝❤ ❛'❡ ♥❡❛' 2❤❡ ❡❞❣❡ ♦❢ 2❤❡ ❞❡2❡❝2♦' ✇❤❡'❡ 2❤❡ ♣♦✐♥2 ❛2 2❤❡ ❡❞❣❡ ♦❢ 2❤❡ ❞❡2❡❝2♦'

❛'❡ ✐♥❡✛❡❝2✐✈❡✳



✶✹✹

❋✐❣✉&❡ ✾✳✶✸✿ ❋✐❣✉&❡ ✶ ♦❢ ✸ ❞❡♣✐❝1✐♥❣ ❤♦✇ 1❤❡ 1&❛❝❦7 ✐♥ 1❤❡ ❝♦❛&7❡ ✈❡1♦ ❛&❡ ❝♦♥71&✉❝1❡❞ 1♦ ♠♦✈❡ 1❤&♦✉❣❤ 1❤❡

❤♦❧❡7 ✐♥ 1❤❡ ❞❡1❡❝1♦&✳ ❆❧❧ 1❤❡ 1&❛❝❦7 ❝♦♥✈❡&❣❡ 1❤&♦✉❣❤ 1❤❡ ❈❖● ♦❢ 1❤❡ ❡✈❡♥1 ❛1 1❤❡ 7❛♠❡ 1✐♠❡ 1♦ ♣&❡7❡&✈❡

1❤❡ ✐♥❢♦&♠❛1✐♦♥ ❢&♦♠ 1❤❡ ❤✐17✳



✶✹✺

❋✐❣✉'❡ ✾✳✶✹✿ ❋✐❣✉'❡ ✷ ♦❢ ✸ ❞❡♣✐❝3✐♥❣ ❤♦✇ 3❤❡ 3'❛❝❦9 ✐♥ 3❤❡ ❝♦❛'9❡ ✈❡3♦ ❛'❡ ❝♦♥93'✉❝3❡❞ 3♦ ♠♦✈❡ 3❤'♦✉❣❤ 3❤❡

❤♦❧❡9 ✐♥ 3❤❡ ❞❡3❡❝3♦'✳ ❆❧❧ 3❤❡ 3'❛❝❦9 ❝♦♥✈❡'❣❡ 3❤'♦✉❣❤ 3❤❡ ❈❖● ♦❢ 3❤❡ ❡✈❡♥3 ❛3 3❤❡ 9❛♠❡ 3✐♠❡ 3♦ ♣'❡9❡'✈❡

3❤❡ ✐♥❢♦'♠❛3✐♦♥ ❢'♦♠ 3❤❡ ❤✐39✳



✶✹✻

❋✐❣✉'❡ ✾✳✶✺✿ ❋✐❣✉'❡ ✸ ♦❢ ✸ ❞❡♣✐❝3✐♥❣ ❤♦✇ 3❤❡ 3'❛❝❦9 ✐♥ 3❤❡ ❝♦❛'9❡ ✈❡3♦ ❛'❡ ❝♦♥93'✉❝3❡❞ 3♦ ♠♦✈❡ 3❤'♦✉❣❤ 3❤❡

❤♦❧❡9 ✐♥ 3❤❡ ❞❡3❡❝3♦'✳ ❆❧❧ 3❤❡ 3'❛❝❦9 ❝♦♥✈❡'❣❡ 3❤'♦✉❣❤ 3❤❡ ❈❖● ♦❢ 3❤❡ ❡✈❡♥3 ❛3 3❤❡ 9❛♠❡ 3✐♠❡ 3♦ ♣'❡9❡'✈❡ 3❤❡

✐♥❢♦'♠❛3✐♦♥ ❢'♦♠ 3❤❡ ❤✐39✳ ❚❤❡ ❜❡93 ✜39 ❢'♦♠ 3❤✐9 9❡3 ❛'❡ ❧✐❦❡❧② 3♦ ❜❡ 3❤❡ ♦♥❡9 ✇❤✐❝❤ ❛❣'❡❡ ✇✐3❤ 3❤❡ ♦'✐❣✐♥❛❧

❞✐'❡❝3✐♦♥ ♦❢ 3❤❡ ▼♦♥3❡ ❈❛'❧♦ 3'❛❝❦ ❞❡♣✐❝3❡❞ ❛9 3❤❡ '❡❞ 3'❛❝❦✳



✶✹✼

❋✐❣✉'❡ ✾✳✶✻✿ ❙✐❞❡ ✈✐❡✇ ♦❢ 3❤❡ 3❡53❡❞ 3'❛❝❦5 ✉5❡❞ ✐♥ ❛ ❞✐✛❡'❡♥3 53❛'3✐♥❣ 3'❛❝❦ ❡✈❡♥3 ❢'♦♠ 3❤❛3 ✐♥ ❋✐❣✉'❡5 ✾✳✶✸✱

✾✳✶✹✱ ❛♥❞ ✾✳✶✺✳



✶✹✽

❋✐❣✉'❡ ✾✳✶✼✿ ❊✈❡♥0 ✈✐❡✇ ♦❢ 0❤❡ ❜❡60 ✜0 0'❛❝❦ ❢♦✉♥❞ ❢'♦♠ 0❡60✐♥❣ ❛❧❧ 0❤❡ ❤②♣♦0❤❡6❡6 ✐♥ ❋✐❣✉'❡ ✾✳✶✻✳



✶✹✾

❋✐❣✉'❡ ✾✳✶✽✿ ❚♦♣ ✈✐❡✇ ♦❢ 2❤❡ 2❡42❡❞ 2'❛❝❦4 ✉4❡❞ ♦♥ ❛♥ ✐♥❝♦♠✐♥❣ 2'❛❝❦ ❡✈❡♥2✳



✶✺✵

❋✐❣✉'❡ ✾✳✶✾✿ ❊✈❡♥/ ✈✐❡✇ ♦❢ /❤❡ ❜❡5/ ✜/ /'❛❝❦5 ❢♦✉♥❞ ❢'♦♠ /❡5/✐♥❣ ❛❧❧ /❤❡ ❤②♣♦/❤❡5❡5 ✐♥ ❋✐❣✉'❡ ✾✳✶✽✳



✶✺✶

✇✐$❤ $❤✐& ✜$✳ ❚❤❡ ♦✉$❝♦♠❡ ✐& ❛ 0❡❞✉❝❡❞ ❧♦❣ ❧✐❦❡❧✐❤♦♦❞ ✭0❧♦❣❧✮ ❢♦0 ❡✈❡0② $0❛❝❦✳ ■♥&♣❡❝$✐♥❣ $❤❡&❡ ✜$& ❢♦0 $❤❡

❧♦✇❡&$ 0❧♦❣❧ ✐♥❞✐❝❛$❡& ✇❤✐❝❤ ✜$ ♣0♦✈✐❞❡❞ $❤❡ ❜❡&$ &♦❧✉$✐♦♥ $♦ $❤❡ ❞❡♣♦&✐$❡❞ ❤✐$&✳ ❚❤❡ &♦❧✉$✐♦♥ ✇❤✐❝❤ ♣0♦✈✐❞❡&

$❤❡ ❜❡&$ 0❧♦❣❧ ✐& ✉&❡❞ $♦ ❞❡$❡0♠✐♥❡ ✐❢ $❤❡ ❡✈❡♥$ ✐& ♦♥ $❤❡ ❡❞❣❡ ♦❢ $❤❡ ❞❡$❡❝$♦0✳ ❚❤❡ ❡❞❣❡ ♦❢ $❤❡ ❞❡$❡❝$♦0

✐& ❛ ♣0♦❜❧❡♠❛$✐❝ ♣❧❛❝❡ ❢♦0 0❡❝♦♥&$0✉❝$✐♦♥& &✐♥❝❡ $❤❡ ♦❜&❡0✈❡❞ ❤✐$& ❛0❡ ♥♦$ &②♠♠❡$0✐❝✳ ❲✐$❤♦✉$ ❛ 0❡❧✐❛❜❧❡

0❡❝♦♥&$0✉❝$✐♦♥✱ ✐$ ✐& ♠❡❛♥✐♥❣❧❡&& $♦ ❛♣♣❧② $❤❡ &$❛0$✐♥❣ $0❛❝❦ ✈❡$♦✱ &♦ $❤❡&❡ ❡✈❡♥$& ♠✉&$ ❜❡ 0❡♠♦✈❡❞ ❢0♦♠ $❤❡

&❡❧❡❝$✐♦♥✳ ❊✈❡♥$& ✇❤✐❝❤ ❤❛✈❡ ♠♦&$ ♦❢ $❤❡✐0 ❤✐$& ♦♥ $❤❡ ❡❞❣❡ ♦❢ $❤❡ ❞❡$❡❝$♦0 ❝❛♥♥♦$ ❜❡ 0❡❧✐❛❜❧② 0❡❝♦♥&$0✉❝$❡❞

❛♥❞ ♠✉&$ 0❡♠♦✈❡❞✳ ❆❞❞✐$✐♦♥❛❧❧②✱ ❡✈❡♥$& ✇❤✐❝❤ ♦♥❧② ❤❛✈❡ &♦♠❡ ❤✐$& ♦♥ $❤❡ ❡❞❣❡ ♦❢ $❤❡ ❞❡$❡❝$♦0✱ ❜✉$ ❛0❡ &❤♦0$

❛❧&♦ ❞♦ ♥♦$ ❤❛✈❡ 0❡❧✐❛❜❧❡ 0❡❝♦♥&$0✉❝$✐♦♥&✳ ❚♦ 0❡♠♦✈❡ $❤❡&❡ ❡✈❡♥$& $❤❡ ❢♦❧❧♦✇✐♥❣ ❝0✐$❡0✐❛ ❛0❡ ❝♦♥&$0✉❝$❡❞✳

✶✳ ■❢ ♠♦0❡ $❤❛♥ ✾✵✪ ♦❢ $❤❡ ❤✐$& ❝♦✐♥❝✐❞❡♥$ ✐♥ $✐♠❡ ✇✐$❤ $❤❡ $0❛❝❦ &♦❧✉$✐♦♥ ❛0❡ ♦♥ ❡❞❣❡ ♦❢ $❤❡ ❞❡$❡❝$♦0

✷✳ ■❢ ♠♦0❡ $❤❛♥ ✺✪ ♦❢ $❤❡ ❤✐$& ❝♦✐♥❝✐❞❡♥$ ✐♥ $✐♠❡ ✇✐$❤ $❤❡ $0❛❝❦ &♦❧✉$✐♦♥ ❛0❡ ♦♥ ❡❞❣❡ ♦❢ $❤❡ ❞❡$❡❝$♦0 ❛♥❞

$❤❡ ♠✉♦♥ 0❡❣✐♦♥ ❧❡♥❣$❤ ✐& ❧❡&& $❤❛♥ ✺✵✵ ♠

■❢ ❛♥ ❡✈❡♥$ ♠❡❡$& ❡✐$❤❡0 ❝0✐$❡0✐♦♥ ✐$ ✐& 0❡♠♦✈❡❞✳ ■❢ $❤✐& ❡❞❣❡ ❝✉$ ✐& ♣❛&&❡❞ $❤❡♥ $❤❡ 0❡&✉❧$& ♦❢ $❤❡ ✐♥❝♦♠✐♥❣

$0❛❝❦ ✈❡$♦ ❛0❡ ✐♥&♣❡❝$❡❞✳ ❚♦ ❣✐✈❡ &♦♠❡ ❧❡❡✇❛② $♦ ❝♦❛0&❡ ❣0✐❞ &❡❛0❝❤✱ $❤❡ ✜$& ✇❤❡0❡ $❤❡ 0❧♦❣❧ ✐& ✇✐$❤✐♥ ✷✪ ♦❢

$❤❡ ❜❡&$ 0❧♦❣❧ ❛0❡ &✉❜❥❡❝$❡❞ $♦ $❡&$✐♥❣ ✇✐$❤ $❤❡ ✐♥❝♦♠✐♥❣ ♠✉♦♥ ✈❡$♦✳ ■❢ ❛♥② ♦❢ $❤❡ $0❛❝❦& ❤❛✈❡ ❛ ♠✉♦♥ 0❡❣✐♦♥

❧❡♥❣$❤ &❤♦0$❡0 $❤❛♥ ✸✵✵ ♠❡$❡0& $❤❡♥ $❤❡ ❡✈❡♥$ ✐& ❞0♦♣♣❡❞✳ ■❢ $❤❡ ❧❡♥❣$❤ ✐& ❖❑✱ ❛❧❧ ♦❢ $❤❡ $0❛❝❦✬& pmiss ✈❛❧✉❡&

❛0❡ ✐♥&♣❡❝$❡❞ ❢♦0 $❤❡ ❧♦✇❡&$ ✈❛❧✉❡✳ ■❢ $❤✐& ✈❛❧✉❡ ✐& ❧♦✇❡0 $❤❛♥ ✵✳✵✵✶ $❤❡ ❡✈❡♥$ ✐& ❦❡♣$✱ ♦$❤❡0✇✐&❡ ✐$ ✐& 0❡❥❡❝$❡❞✳

❊✈❡♥$& ✇❤✐❝❤ ❤❛✈❡ ❛ ✈❛❧✉❡ &♠❛❧❧❡0 $❤❛♥ 10−30
❛0❡ ♣❛&&❡❞ ♦♥ $♦ $❤❡ ✜♥❡ ❣0✐❞ &❡❛0❝❤ ✇❤✐❧❡ ❡✈❡♥$& ✇❤✐❝❤ ❤❛✈❡ ❛

✈❛❧✉❡ ❧❛0❣❡0 $❤❛♥ $❤✐& ❤❛✈❡ $❤❡✐0 ✜$& ✇✐$❤✐♥ ✷✪ ♦❢ $❤❡ ♠✐♥✐♠❛❧ 0❧♦❣❧ $❡&$❡❞ ❛❣❛✐♥ ✉&✐♥❣ $❤❡ &❡❣♠❡♥$❡❞ ♠✉♦♥

$❛❜❧❡& ✐♥&$❡❛❞ ♦❢ $❤❡ ▼■▼■ $❛❜❧❡&✳ ❚❤❡&❡ ♥❡✇ 0❡&✉❧$✐♥❣ ❝❛❧❝✉❧❛$✐♦♥& ❛0❡ ✐♥&♣❡❝$❡❞ ❢♦0 ❛ ♠✉♦♥ 0❡❣✐♦♥ ❧❡♥❣$❤

♦✈❡0 ✸✵✵♠ ❛♥❞ ❢♦0 $❤❡ ❧♦✇❡&$ pmiss ✈❛❧✉❡ $❤✐& ❝✉$ 0❡L✉✐0❡& $❤❡ ♠✐♥✐♠❛❧ pmiss ❜❡ ❧❡&& $❤❛♥ ✵✳✵✵✵✵✶✳ ❚❤✐& ❝✉$

❧❡❛❞& $♦ ❛0♦✉♥❞ ❛♥ ♦0❞❡0 ♦❢ ♠❛❣♥✐$✉❞❡ 0❡❞✉❝$✐♦♥ ✐♥ $❤❡ ✐♥❝♦♠✐♥❣ ♠✉♦♥ 0❛$❡ ✐& ❛❝❤✐❡✈❡❞ ❛$ ❡❛❝❤ ❝✉$ ✇❤✐❧❡

$❤❡ &$❛0$✐♥❣ ❡✈❡♥$ 0❛$❡ ✐& ♠✐♥✐♠❛❧❧② ❛✛❡❝$❡❞✳

✾✳✷✳✷✳✶ ❆♣♣❧✐❡❞ ❈✉,-

✶✳ ❘✉♥ ❙♣❧✐♥❡▼P❊ ✜$ ❢♦0 ❡❛❝❤ ♦❢ $❤❡ ❤②♣♦$❤❡&✐③❡❞ $0❛❝❦&

✷✳ ❉❡$❡0♠✐♥❡ $❤❡ ✜$& ✇❤✐❝❤ ❤❛✈❡ ❛♥ 0❧♦❣❧ ✈❛❧✉❡ ✇✐$❤✐♥ ✷✪ ♦❢ $❤❡ ♠✐♥✐♠✉♠ 0❧♦❣❧✱ $❤❡&❡ ❛0❡ $❤❡ ❜❡&$

&♦❧✉$✐♦♥&

✸✳ ❘✉♥ ✐♥❝♦♠✐♥❣ ♠✉♦♥ ✈❡$♦ ✇✐$❤ ▼■▼■ $❛❜❧❡& ♦♥ $❤❡ ❜❡&$ &♦❧✉$✐♦♥&

✹✳ ❆❧❧ ♦❢ $❤❡ ❜❡&$ &♦❧✉$✐♦♥& ♠✉&$ ❤❛✈❡ ❛ ♠✉♦♥ 0❡❣✐♦♥ ❧❡♥❣$❤ ♦✈❡0 ✸✵✵ ♠❡$❡0& ❛& 0❡❝♦♥&$0✉❝$❡❞ ❜② $❤❡✐0

✐♥❝♦♠✐♥❣ ♠✉♦♥ ✈❡$♦

✺✳ ❆❧❧ ♦❢ $❤❡ ❜❡&$ &♦❧✉$✐♦♥& ♠✉&$ ❤❛✈❡ ❛ pmiss ✈❛❧✉❡ ❧❡&& $❤❛♥ ✵✳✵✵✶ ❛& 0❡❝♦♥&$0✉❝$❡❞ ❜② $❤❡ ✐♥❝♦♠✐♥❣

♠✉♦♥ ✈❡$♦



✶✺✷

✻✳ ■❢ '❤❡*❡ ✐, ❛ ,♦❧✉'✐♦♥ ✇❤♦,❡ pmiss ✈❛❧✉❡ ❢*♦♠ '❤❡ ✐♥❝♦♠✐♥❣ ♠✉♦♥ ✈❡'♦ ✐, ❧❡,, '❤❛♥ 10−30
'❤❡♥ ✐' ❢♦*❣♦❡,

'❤❡ ♥❡①' ,'❡♣,✱ ♦'❤❡*✇✐,❡

✼✳ ❘✉♥ ✐♥❝♦♠✐♥❣ ♠✉♦♥ ✈❡'♦ ✇✐'❤ ,❡❣♠❡♥'❡❞ '❛❜❧❡, ♦♥ '❤❡ ❜❡,' ,♦❧✉'✐♦♥,

✽✳ ❆❧❧ ♦❢ '❤❡ ❜❡,' ,♦❧✉'✐♦♥, ♠✉,' ❤❛✈❡ ❛ ♠✉♦♥ *❡❣✐♦♥ ♦✈❡* ✸✵✵ ♠❡'❡*, ❛, *❡❝♦♥,'*✉❝'❡❞ ❜② '❤❡ ✐♥❝♦♠✐♥❣
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❤❛4❞❡-) )♦ ♣✉4✐❢② )♦ )❤❡ ✜♥❛❧ ❧❡✈❡❧✳ ❚❤❡ ❞♦✐♥❣✲❣♦✐♥❣ 4❡❣✐♦♥ ✐- ❞❡✜♥❡❞ )♦ ❜❡ ❡✈❡♥)- ✇✐)❤ ❛ ▼✐❧❧✐♣❡❞❡ ③❡♥✐)❤

❛♥❣❧❡ ❜❡)✇❡❡♥ ✵ ❛♥❞ ✽✵ ❞❡❣4❡❡-✳ ❚♦ ❣❡) )♦ )❤❡ ✜♥❛❧ ❧❡✈❡❧✱ -♦♠❡ -)4❛✐❣❤) ❝✉)- ❛♥❞ ❛ ❜♦♦-)❡❞ ❞❡❝✐-✐♦♥ )4❡❡

✭❇❉❚✮ ❛4❡ ✉-❡❞✳
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✾✳✹✳✶✳✶ ❇❉❚ '(❡✲❈✉-.

❊✈❡♥'( ❝❛♥ ❡♥'❡+ ✐♥'♦ '❤❡ (❛♠♣❧❡ ❢♦+ ❇❉❚ '+❛✐♥✐♥❣ ❛♥❞ ❡✈❛❧✉❛'✐♦♥ ❜② ❜❡✐♥❣ ❡✐'❤❡+ ❤✐❣❤ ❡♥❡+❣② ❡✈❡♥'( ✇✐'❤

❛ ❜+✐❣❤' ('❛+' ♦+ ❛ ❣❡♥❡+❛❧ ❤✐❣❤ <✉❛❧✐'② '+❛❝❦✳ ❇❡❢♦+❡ ❇❉❚ ♣+❡✲❝✉'( '❤❡+❡ ❛+❡ ✷✸✵✵ ❈❖❘❙■❑❆ ❡✈❡♥'( ❛♥❞ ✾✳✽

❛('+♦♣❤②(✐❝❛❧ ♥❡✉'+✐♥♦( ❡①♣❡❝'❡❞ ✐♥ ❛ ✹ ②❡❛+ ❜✉+♥ (❛♠♣❧❡ ✭❛❧(♦ ❝♦♠♠♦♥❧② ❝❛❧❧❡❞ ❛ '❤❡ '❡(' (❛♠♣❧❡✮ ✇✐'❤ ✶✹✻

❞❛②( ♦❢ ❧✐✈❡ '✐♠❡✳ ❆❢'❡+ '❤❡ ❝✉'( '❤❡+❡ ❛+❡ ✾✻✵ ❈❖❘❙■❑❆ ❡✈❡♥'( ❛♥❞ ✷✳✹ ❛('+♦♣❤②(✐❝❛❧ ♥❡✉'+✐♥♦( ❡①♣❡❝'❡❞✱

✇✐'❤ ♦✈❡+ ❤❛❧❢ ♦❢ '❤❡ ❧♦(( ✐♥ ♥❡✉'+✐♥♦( ❝♦♠✐♥❣ ❢+♦♠ '❤❡ ③❡♥✐'❤ ❝✉' '♦ ❞✐✈✐❞❡ '❤❡ ✉♣✲❣♦✐♥❣ ❛♥❞ ❞♦✇♥✲❣♦✐♥❣

(❛♠♣❧❡(✳

✾✳✹✳✶✳✷ ❆♣♣❧✐❡❞ ❈✉-.

❍✐❣❤ ❊♥❡'❣② ❊✈❡♥*+ ✇✐*❤ ❛ ❇'✐❣❤* ❙*❛'*

✶✳ ▼✐❧❧✐♣❡❞❡ ❞❡♣♦(✐'❡❞ ❡♥❡+❣② ❃ ✺ ❚❡❱

✷✳ ❃✺✵✪ ♦❢ '❤❡ ▼✐❧❧✐♣❡❞❡ ❡♥❡+❣② ✐♥ '❤❡ ✜+(' ✺✵♠ ♦❢ ❝❛(❝❛❞❡(

✸✳ ▲✐♥❡ ❋✐' (♣❡❡❞ ❃ ✳✶ ♠✴♥(

✹✳ ✷✺✵ ♠ ♦❢ ▼✐❧❧✐♣❡❞❡ ❧♦((❡(

✺✳ ▲❛+❣❡(' pmiss ❢+♦♠ ❝♦❛+(❡ ❛♥❞ ✜♥❡ ❣+✐❞ (❡❛+❝❤❡( ❁ ✶✵ ✲ ✻

✻✳ ❁✺✵✪ ♦❢ '❤❡ ❝❤❛+❣❡ ♦♥ '❤❡ ❡❞❣❡ ♦❢ '❤❡ ❞❡'❡❝'♦+

✼✳ ❆✈❡+❛❣❡ ♦❢ ✶ ▼✐❧❧✐♣❡❞❡ ❧♦(( ❡✈❡+② ✽✵ ♠❡'❡+(

❍✐❣❤ ◗✉❛❧✐*② ❚'❛❝❦

✶✳ ❁✸✵✪ ♦❢ ❝❤❛+❣❡ ♦♥ '❤❡ ❡❞❣❡ ♦❢ '❤❡ ❞❡'❡❝'♦+

✷✳ ▼✐❧❧✐♣❡❞❡ '♦ ▲✐♥❡ ❋✐' ❛♥❣✉❧❛+ (❡♣❛+❛'✐♦♥ ❁ ✸✵ ❞❡❣+❡❡(

✸✳ ▲✐♥❡ ❋✐' (♣❡❡❞ ❃✳✶✺ ♠✴♥(

✹✳ ▼✐❧❧✐♣❡❞❡ ❞❡♣♦(✐'❡❞ ❡♥❡+❣② ❃ ✶ ❚❡❱

✾✳✹✳✶✳✸ ❇♦♦.-❡❞ ❉❡❝✐.✐♦♥ ❚(❡❡

■♥ ♦+❞❡+ '♦ +❡♠♦✈❡ '❤❡ ✜♥❛❧ ❜❛❝❦❣+♦✉♥❞ ❡✈❡♥'( ✐♥ '❤❡ ❞♦✇♥✲❣♦✐♥❣ +❡❣✐♦♥ ❛ ❜♦♦('❡❞ ❞❡❝✐(✐♦♥ '+❡❡✱ '❤❡ (❝✐❦✐'✲

❧❡❛+♥ ❛❞❛✲❜♦♦(' ✐♠♣❧❡♠❡♥'❛'✐♦♥ ❬✶✵✼❪✱ ✐( '+❛✐♥❡❞ '♦ (❡♣❛+❛'❡ '❤❡ ✐♥❝♦♠✐♥❣ ♠✉♦♥( ❢+♦♠ '❤❡ '+✉❡ ('❛+'✐♥❣ '+❛❝❦(✳

❚❤❡ ❇❉❚ ✉(❡( ✶✺ +❛✇ ✈❛+✐❛❜❧❡( ❛♥❞ ❛ ❝❧❛((✐✜❡+ ✈❛+✐❛❜❧❡ '♦ (❡♣❛+❛'❡ '❤❡ (✐❣♥❛❧ ❢+♦♠ '❤❡ ❜❛❝❦❣+♦✉♥❞✳ ❚❤❡ +❛✇

✈❛+✐❛❜❧❡( ❝❛♥ ❜❡ (❡❡♥ ✐♥ '❤❡ ❚❛❜❧❡ ✾✳✶✳ ❚❤❡ ❝❧❛((✐✜❡+ ✈❛+✐❛❜❧❡ ✐( ❞❡+✐✈❡❞ ❢+♦♠ ❛ (❡' ♦❢ ✐❢✲❡❧✐❢ ('❛'❡♠❡♥'( ✇❤✐❝❤

(❡♣❛+❛'❡ (✐❣♥❛❧ ❛♥❞ ❜❛❝❦❣+♦✉♥❞ ❡✈❡♥'(✳ ❚❤❡(❡ ('❛'❡♠❡♥'( ❞❡+✐✈❡ ❢+♦♠ ❛♥ ❡❛+❧✐❡+ ✐♠♣❧❡♠❡♥'❛'✐♦♥ ♦❢ '❤❡(❡

✜♥❛❧ ❧❡✈❡❧ ❝✉'( ✇❤✐❝❤ ❛❧(♦ ✇❛( ❛❜❧❡ '♦ (❡♣❛+❛'❡ (✐❣♥❛❧ ❢+♦♠ ❜❛❝❦❣+♦✉♥❞✱ ❛❧❜❡✐' ✇✐'❤ ✇♦+(❡ (✐❣♥❛❧ ❡✣❝✐❡♥❝②✳
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■❢ ❛♥ ❡✈❡♥) ❡✈❛❧✉❛)❡, )♦ ).✉❡ ♦♥ ❛ ,)❛)❡♠❡♥)✱ ✐) ✐, ❛,,✐❣♥❡❞ )❤❡ ♥✉♠❜❡. ❢.♦♠ )❤❛) ,)❛)❡♠❡♥)✱ ❛, ,❤♦✇♥ ✐♥

❚❛❜❧❡ ✾✳✷✳ ❙✐♥❝❡ )❤❡ ❝❧❛,,✐✜❡. ✐, ❛♥ ✐❢✲❡❧✐❢ ❝❤❛✐♥✱ ♦♥❧② ♦♥❡ ♥✉♠❜❡. ❝❛♥ ❜❡ ❛,,✐❣♥❡❞ )♦ ❡❛❝❤ ❡✈❡♥)✳ ■♥ )❤✐, ✇❛②

)❤❡ ✈❛.✐❛❜❧❡ ❡♥❝♦❞❡, ♣.❡✈✐♦✉, ❦♥♦✇❧❡❞❣❡ ❢♦. )❤❡ ❇❉❚ )♦ )❛❦❡ ❛❞✈❛♥)❛❣❡ ♦❢✳ ❚❤❡ ,)❛)❡♠❡♥), ♦❢ )❤❡ ❝❧❛,,✐✜❡.

✈❛.✐❛❜❧❡ ❛.❡

❉❡♣)❤ ♦❢ ❡♥).② ♣♦,✐)✐♦♥ )♦ )❤❡ ❞❡)❡❝)♦.

◆✉♠❜❡. ♦❢ ▼✐❧❧✐♣❡❞❡ ❧♦,,❡,

❋.❛❝)✐♦♥ ♦❢ ❝❤❛.❣❡ ♦♥ )❤❡ ❡❞❣❡ ♦❢ )❤❡ ❞❡)❡❝)♦.

❉✐,)❛♥❝❡ ❢.♦♠ )❤❡ ✜.,) ▼✐❧❧✐♣❡❞❡ ❧♦,, )♦ )❤❡ ❝❧♦,❡,) ❡❞❣❡ ♦❢ )❤❡ ❞❡)❡❝)♦.

❚♦)❛❧ ❡♥❡.❣② ♦❢ ▼✐❧❧✐♣❡❞❡ ❧♦,,❡,

◆✉♠❜❡. ♦❢ ✜), )❡,)❡❞ ✐♥ )❤❡ ❝♦❛.,❡ ❣.✐❞ ,❡❛.❝❤

❋.❛❝)✐♦♥ ♦❢ ❡♥❡.❣② ✐♥ )❤❡ ✜.,) ▼✐❧❧✐♣❡❞❡ ❧♦,,

❋.❛❝)✐♦♥ ♦❢ ❤✐), )❤❛) ❛.❡ ✇✐)❤✐♥ ✲✶✺ )♦ ✰✼✺ ♥, ♦❢ )❤❡ ❣❡♦♠❡).✐❝ )✐♠❡

▲✐♥❡ ❋✐) ,♣❡❡❞

❉✐,)❛♥❝❡ )♦ )❤❡ ❡❞❣❡ ♦❢ )❤❡ ❞❡)❡❝)♦. ❛❧♦♥❣ )❤❡ ).❛❝❦

▲❡♥❣)❤ ♦❢ )❤❡ ▼✐❧❧✐♣❡❞❡ ❧♦,,❡,

pmiss ❢.♦♠ ✐♥✜♥✐)❡ ).❛❝❦ ❝❛❧❝✉❧❛)✐♦♥

pmiss ❢.♦♠ ,❡❣♠❡♥)❡❞ ).❛❝❦ ❝❛❧❝✉❧❛)✐♦♥

▼✐❧❧✐♣❡❞❡ ③❡♥✐)❤ ❛♥❣❧❡

▼✐❧❧✐♣❡❞❡ )♦ ▲✐♥❡ ❋✐) ③❡♥✐)❤ ❛♥❣❧❡

❚❛❜❧❡ ✾✳✶✿ ❚❛❜❧❡ ♦❢ )❤❡ ✈❛.✐❛❜❧❡, ✉,❡❞ ✐♥ ❊❙❚❊❙✬, ❇❉❚✳



✶✺✾

❈❧❛##✐✜❡' ❙)❛)❡♠❡♥) ❆##✐❣♥❡❞ ◆✉♠❜❡'

▼✐❧❧✐♣❡❞❡ ❡♥❡*❣② ❃ ✶✺✵✵✵ ●❡❱ ✶

▲♦33 ❞❡♥3✐4② ❃❂ ✻✵ ✺

▼✐❧❧✐♣❡❞❡ ❧❡♥❣4❤ ❁❂ ✷✵✵ ♠ ✻

◆✉♠❜❡* ♦❢ ▼✐❧❧✐♣❡❞❡ ❧♦33❡3 ❁❂ ✸ ✼

◆✉♠❜❡* ♦❢ ❞✐*❡❝4 ❤✐43 ❁ ✶✶ ✽

◆✉♠❜❡* ♦❢ ❞✐*❡❝4 ❤✐4 34*✐♥❣3 ❁❂ ✷ ✾

pmiss inf × pmiss seg < 10−50
✶✶

❋*❛❝4✐♦♥ ♦❢ ❝❤❛*❣❡ ♦♥ ❜♦*❞❡* ❃ ✳✼✺ ❛♥❞ ❧❡♥❣4❤ ❁

✻✵✵

✶✸

❋*❛❝4✐♦♥ ♦❢ ❝❤❛*❣❡ ♦♥ ❜♦*❞❡* ❃ ✳✷ ❛♥❞ ❧❡♥❣4❤ ❃✸✺✵ ✶✹

pmiss inf × pmiss seg < 10−50
❛♥❞ ❞✐34❛♥❝❡ ❢*♦♠

▼✐❧❧✐♣❡❞❡ ❧♦33 4♦ ❜♦*❞❡* ❃✶✷✺

✶✻

▼✐❧❧✐♣❡❞❡ ❡♥❡*❣② ❃ ✽✵✵✵ ●❡❱ ✹

pmiss inf × pmiss seg < 10−45
✷

pmiss inf < 10−8andpmiss seg < 10−8
❛♥❞ ▼✐❧❧✐♣❡❞❡

❧❡♥❣4❤ ❁ ✹✵✵

✶✺

❩ ♦❢ ❡♥4*② ♣♦3✐4✐♦♥ ✐♥ ❞✉34 ❧❛②❡* ✵ ❃ ❩ ❃ ✲✶✺✵ ✶✵

❩ ♦❢ ❡♥4*② ♣♦3✐4✐♦♥ ✐♥ 4♦♣ ♦❢ ❞❡4❡❝4♦* ❩ ❃ ✹✺✵ ✶✷

❆❧❧ ❡❧3❡ ✸

❚❛❜❧❡ ✾✳✷✿ ❚❛❜❧❡ ♦❢ 4❤❡ ✈❛*✐❛❜❧❡3 ✉3❡❞ 4♦ ❝♦♥34*✉❝4 4❤❡ ❝❧❛33✐✜❡* ✈❛*✐❛❜❧❡✳

❚❤❡ ♥✉♠❜❡* ❛33✐❣♥❡❞ ❛*❡ ♥♦4 ✐♥ ♥✉♠❡*✐❝ ♦*❞❡* 3♦ 4❤❛4 ❝✉43 ✇❤✐❝❤ ✐❞❡♥4✐❢② ❜❛❝❦❣*♦✉♥❞ ♦* 3✐❣♥❛❧ ❜❡44❡* ❝❛♥

❜❡ ❣*♦✉♣❡❞ 4♦❣❡4❤❡*✳ ❚❤❡ ✐❢✲❡❧✐❢ ❝❤❛✐♥ ✐3 ❞❡✜♥❡❞ ✐♥ 4❤❡ ♦*❞❡* 3❡❡♥ ❛❜♦✈❡✳ ❚❤❡ 3❡44✐♥❣3 ❢♦* 4❤❡ ❇❉❚ ❛*❡

• ◆✉♠❜❡* ♦❢ ❚*❡❡3 ❂ ✺✵✵✵

• ▲❡❛*♥✐♥❣ *❛4❡ ❂ ✵✳✵✶

• ❉❡♣4❤ ♦❢ 4*❡❡3 ❂ ✸

• ▼✐♥✐♠✉♠ ♥✉♠❜❡* ♦❢ ❡✈❡♥43 4♦ 3♣❧✐4 ❛ ♥♦❞❡ ❂ ✷

• ❙❆▼▼❊✳❘ ❜♦♦34✐♥❣ ❛❧❣♦*✐4❤♠

❚❤❡ ✇❡✐❣❤4❡❞ ❛♥❞ ✉♥✇❡✐❣❤4❡❞ ❝♦♥4*✐❜✉4✐♦♥ ♦❢ ❡❛❝❤ ✈❛*✐❛❜❧❡ ✐♥ 4❤❡ ✜♥❛❧ ❇❉❚ ❝❛♥ ❜❡ 3❡❡♥ ✐♥ 4❤❡ 3❡❝♦♥❞ ❛♥❞

4❤✐*❞ ❝♦❧✉♠♥3 ♦❢ ❚❛❜❧❡ ✾✳✸ *❡3♣❡❝4✐✈❡❧②✳
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✵✳✵✹✹ ✵✳✵✺✼

❚♦(❛❧ ❡♥❡%❣② ♦❢ ▼✐❧❧✐♣❡❞❡ ❧♦55❡5 ✵✳✵✼✻ ✵✳✵✻✾
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♦❢ $❤❡ $❡'$ '❡$ ✐' ✉'❡❞✳ ❑✲❢♦❧❞ ❝0♦'' ✈❛❧✐❞❛$✐♦♥ ✐' ❛ ❝♦♠♠♦♥ ✇❛② $♦ ❡'$✐♠❛$❡ $❤❡ ♣❡0❢♦0♠❛♥❝❡ ♦❢ ❛ ❝❧❛''✐✜❡0
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✇❤✐❝❤ ❤❛' ❜❡❡♥ $❡'$❡❞ $♦ ✈❡0✐❢② $❤❛$ $❤❡ ❇❉❚ ✐' ♥♦$ ♦✈❡0✲$0❛✐♥❡❞ ✐' 0❡❝♦♠♠❡♥❞❡❞ ❜② ■❝❡❈✉❜❡✬' ♣②❜❞$ ✉'❡0

❣✉✐❞❡ ❬✶✵✽❪✳ ■♥ $❤❡ ✉'❡0 ❣✉✐❞❡✱ ✐$ ✐' 0❡❝♦♠♠❡♥❞❡❞ $♦ ❝♦♠♣❛0❡ $❤❡ ❞✐'$0✐❜✉$✐♦♥ ♦❢ $❤❡ ❇❉❚ ♦✉$♣✉$ ❢♦0 $❤❡

$0❛✐♥✐♥❣ ❛♥❞ $❡'$ '❡$' ✇✐$❤ ❛ ❑❙ $❡'$✳ ❑❙ $❡'$ ✈❛❧✉❡' ✇❤✐❝❤ '✉❣❣❡'$ ❝♦♠♣❛$✐❜✐❧✐$② ♦❢ ❛$ ❧❡❛'$ ✶✪ ❞♦♥✬$ ♥❡❡❞

$♦ 0❡❞✉❝❡ ♦✈❡0✲$0❛✐♥✐♥❣✳ ❋♦0 $❤❡ ❑✲❢♦❧❞' ❝0♦'' ✈❛❧✐❞❛$✐♦♥ ❛♥❞ ✜♥❛❧ ✸✵✪ ✈❛❧✐❞❛$✐♦♥✱ $❤❡ '♠❛❧❧❡'$ ❑❙ $❡'$ ✈❛❧✉❡

❢♦✉♥❞ ✐' ✵✳✸✺✳ ❚❤❡ ✜♥❛❧ ❝❤❡❝❦ $♦ ♣❡0❢♦0♠ ✐' ❛ ❝♦♠♣❛0✐'♦♥ $♦ ❞❛$❛✳ ❋♦0 ❊❙❚❊❙✱ ❛ ❢♦✉0 ②❡❛0 ❜✉0♥ '❛♠♣❧❡ ❤❛'

❜❡❡♥ ♣0♦❝❡''❡❞ ❢♦0 ❝♦♠♣❛0✐'♦♥ $♦ ▼♦♥$❡ ❈❛0❧♦ ❡①♣❡❝$❛$✐♦♥'✳ ❚❤❡ ❝✉♠✉❧❛$✐✈❡ ❞✐'$0✐❜✉$✐♦♥ ♦❢ $❤❡ ❞❡❝✐'✐♦♥

'❝♦0❡ ✐' ♣0❡'❡♥$❡❞ ❢♦0 ❞✐✛❡0❡♥$ '✐♠✉❧❛$❡❞ ❡✈❡♥$ $②♣❡' ✐♥ ❋✐❣✉0❡ ✾✳✷✺✳ ❊✈❡♥$' ✇✐$❤ ❛ '❝♦0❡ ❁✵ ❛0❡ ♠♦0❡

❜❛❝❦❣0♦✉♥❞✲❧✐❦❡ ✇❤✐❧❡ ❡✈❡♥$' ✇✐$❤ ❛ '❝♦0❡ ❃✵ ❛0❡ ♠♦0❡ '✐❣♥❛❧✲❧✐❦❡✳ ▲♦♦❦✐♥❣ ❢0♦♠ ❧❡❢$ $♦ 0✐❣❤$✱ ♦♥❡ ❝❛♥ '❡❡

$❤❡ '✐♠✉❧❛$❡❞ ❜❛❝❦❣0♦✉♥❞ ✭❜❧✉❡ ❤✐'$♦❣0❛♠✮ ✐' ♠♦'$❧② ❛0♦✉♥❞ ✲✶ ❜✉$ ✐' ♦✛'❡$ ✐♥ ♥✉♠❜❡0 ❢0♦♠ $❤❡ ❜✉0♥ '❛♠♣❧❡

✭❜❧❛❝❦ ❤✐'$♦❣0❛♠✮✳ ❚❤✐' ✐' ❜❡❝❛✉'❡ '✐♥❣❧❡ ♠✉♦♥' ❛0❡ ❜❡✐♥❣ ❞♦✉❜❧❡ ❝♦✉♥$❡❞ ✐♥ $❤❡ ▼✉♦♥●✉♥ ✰ ❈❖❘❙■❑❆

❜❛❝❦❣0♦✉♥❞ ❡'$✐♠❛$❡✳ ❚❤❡ ♦✛'❡$ ✐' ❝♦♥'✐'$❡♥$ ✇✐$❤ $❤❡ ❞✐✛❡0❡♥❝❡ ❜❡$✇❡❡♥ ❈❖❘❙■❑❆ ❛♥❞ $❤❡ ❜✉0♥ '❛♠♣❧❡✳

❆$ ❛ '❝♦0❡ ♦❢ ✵✳✵✼✺ $❤❡ ❧❛'$ ❈❖❘❙■❑❆ ❡✈❡♥$ ✐' 0❡♠♦✈❡❞ ❛♥❞ $❤❡ ❡①♣❡❝$❛$✐♦♥ ❞0♦♣' ❜❡❧♦✇ ✶ ❡✈❡♥$ ♣❡0 ②❡❛0✳

■♥ $❡'$✐♥❣✱ $❤✐' ✇❛' $❤❡ ♣❧❛❝❡ ♦✉0 ❝✉$ ✭✈❡0$✐❝❛❧ ❜❧❛❝❦ ❧✐♥❡✮ ✇❛' ❢♦✉♥❞ $♦ ❜❡ ♦♣$✐♠❛❧✳ ❆❜♦✈❡ $❤❡ ❝✉$ $❤❡ '❛♠♣❧❡

✐' ❞♦♠✐♥❛$❡❞ ❜② ♥❡✉$0✐♥♦' ❛♥❞ $❤❡ ❜✉0♥ '❛♠♣❧❡ ✐' ✐♥ ❣♦♦❞ ❛❣0❡❡♠❡♥$ ✇✐$❤ $❤❡ ♠♦0❡ ♥✉♠❡0♦✉' ❛$♠♦'♣❤❡0✐❝

♥❡✉$0✐♥♦' ✭❝②❛♥ ❤✐'$♦❣0❛♠✮✳ ■$ ✐' ✐♠♣♦0$❛♥$ $♦ ♥♦$❡ $❤❛$ $❤❡ '❝♦0❡ ✐' 0❡♣0❡'❡♥$❛$✐✈❡ ♦❢ ❤♦✇ ❧✐❦❡❧② ❛♥ ❡✈❡♥$

✐' $♦ ❜❡ ❛ '$❛0$✐♥❣ ♥❡✉$0✐♥♦ $0❛❝❦✱ ♥♦$ ❛♥ ❛'$0♦♣❤②'✐❝❛❧ '$❛0$✐♥❣ $0❛❝❦✳ ❚❤✐' ♠❡❛♥' $❤❛$ ♥♦$❤✐♥❣ ❝❛♥ ❜❡ 0❡❛❞

♦✉$ ♦❢ $❤❡ ❛'$0♦♣❤②'✐❝❛❧ ♥❡✉$0✐♥♦' ✭0❡❞ ❤✐'$♦❣0❛♠✮ ❜❡✐♥❣ '✉❜✲❞♦♠✐♥❛♥$ $♦ $❤❡ ❛$♠♦'♣❤❡0✐❝ ♥❡✉$0✐♥♦' ❢♦0 ❛❧❧

'❝♦0❡'✳ ❚❤❡ ♦♣$✐♠❛❧ ✇❛② $♦ '❡♣❛0❛$❡ $❤❡'❡ $✇♦ $②♣❡' ✐' ❛' ❛ ❢✉♥❝$✐♦♥ ♦❢ ③❡♥✐$❤ ❛♥❣❧❡ ❛♥❞ ❡♥❡0❣②✳ ❆''✉♠✐♥❣

$❤❡ ▼❊❙❈ ❜❡'$ ✜$ '♣❡❝$0✉♠✱ ♦✈❡0 $✇♦ ❛'$0♦♣❤②'✐❝❛❧ ♥❡✉$0✐♥♦' ❛0❡ ❡①♣❡❝$❡❞ ✐♥ $❤❡ ❜✉0♥ '❛♠♣❧❡✳
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❈✉$ ❆$♠♦(♣❤❡,✐❝ µ

❘❛$❡ ✭❍③✮

◆✉♠❜❡, ♣❡, ❨❡❛,

❆$♠♦(♣❤❡,✐❝ νµ

❘❛$❡ ✭❍③✮

◆✉♠❜❡, ♣❡, ❨❡❛,

❆($,♦♣❤②(✐❝❛❧ νµ✯

❘❛$❡ ✭❍③✮

◆✉♠❜❡, ♣❡, ❨❡❛,

❆❧❧ ❋✐❧$❡,( 2.31× 103

7.29× 1010

1.70× 10−2

5.36× 105

1.5× 10−4

4.75× 103

❋✐❧$❡, ❛♥❞

❈❤❛,❣❡ ❈✉$

1.63× 101

5.15× 108

3.07× 10−4

9.67× 103

2.12× 10−5

6.68× 102

❈♦❛,(❡

●,✐❞ ❈✉$

1.01× 10−1

3.20× 106

6.17× 10−5

1.95× 103

2.17× 10−6

8.56× 101

❋✐♥❡

●,✐❞ ❈✉$

2.87× 10−4

9.05× 103

1.66× 10−5

5.22× 102

9.07× 10−7

2.86× 101

❇❉❚ ❈✉$ 2.54× 10−8

8.00× 10−1

5.07× 10−6

1.60× 102

4.46× 10−7

1.41× 101

❚❛❜❧❡ ✾✳✹✿ ✯❆($,♦♣❤②(✐❝❛❧ ♥❡✉$,✐♥♦ ,❛$❡( ❛,❡ ❞❡,✐✈❡❞ ✉(✐♥❣ $❤❡ ▼❊❙❈ ✢✉① ❬✻✽❪✳ ❚❤❡ ❝✉$( ✐♥ $❤❡ (❡❧❡❝$✐♦♥ ❛,❡

✈❡,② ❣♦♦❞ ❛$ ,❡♠♦✈✐♥❣ ❜❛❝❦❣,♦✉♥❞ ✇❤✐❧❡ ❧❡❛✈✐♥❣ (♦♠❡ (✐❣♥❛❧ ♥❡✉$,✐♥♦( ❢♦, ♠❡❛(✉,❡♠❡♥$(✳

✾✳✻ ◆❡✉&'✐♥♦ ❊♥❡'❣② ❊.&✐♠❛&❡

❆( ✇❛( ♠❡♥$✐♦♥❡❞✱ ▼✐❧❧✐♣❡❞❡ ✐( ,✉♥ ♦♥ ❛❧❧ $❤❡ ❡✈❡♥$(✱ (✐♠✉❧❛$✐♦♥ ♦, ❞❛$❛✱ $♦ ❢❛❝✐❧✐$❛$❡ ❡♥❡,❣② ,❡❝♦♥($,✉❝✲

$✐♦♥✳ ▼✐❧❧✐♣❡❞❡ ,❡❝♦♥($,✉❝$( ❛ (❡U✉❡♥❝❡ ♦❢ ❡♥❡,❣② ❧♦((❡( ✭✐♥ $❤❡ ❢♦,♠ ♦❢ ❡❧❡❝$,♦♠❛❣♥❡$✐❝ ❝❛(❝❛❞❡(✮ ✇❤✐❝❤

❤❛✈❡ ❛ ❧✐❣❤$ ②✐❡❧❞ $❤❛$ ❜❡($ ♠❛$❝❤❡( $❤❡ ♦❜(❡,✈❡❞ ❤✐$(✳ ■$ ✐( ✐♠♣♦,$❛♥$ $♦ ♥♦$❡ $❤❛$ ▼✐❧❧✐♣❡❞❡ ❞♦❡( ♥♦$

❤❛✈❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ❛♥② ♦❢ $❤❡ ✉♥❞❡,❧②✐♥❣ ♣❤②(✐❝( ❛♥❞ ✉(❡( ❛♥ ✐❝❡ ♠♦❞❡❧ ✇✐$❤♦✉$ ❛♥✐(♦$,♦♣②✳ ❆( ❛ ,❡(✉❧$ ❛

❢❡✇ ♠♦❞✐✜❝❛$✐♦♥( ♥❡❡❞ $♦ ❜❡ ♠❛❞❡ $♦ $❤❡ ❝♦❧❧❡❝$✐♦♥ ♦❢ ♦✉$♣✉$ ❧♦((❡( ❜❡❢♦,❡ ❡♥❡,❣② ,❡❝♦♥($,✉❝$✐♦♥ ❝❛♥ ❜❡

♣❡,❢♦,♠❡❞✳ ❇❡❝❛✉(❡ ▼✐❧❧✐♣❡❞❡ ❞♦❡( ♥♦$ ❦♥♦✇ ❛❜♦✉$ ♠✉♦♥ ♣❤②(✐❝(✱ ✐$ ❛((✉♠❡( ❛♥② ❧♦(( ✐( ♣♦((✐❜❧❡ ❛$ ❛♥②

♣♦✐♥$ ❛❧♦♥❣ $❤❡ ❤②♣♦$❤❡(✐③❡❞ $,❛❝❦✳ ❚❤✐( ✐( ❣❡♥❡,❛❧❧② ❖❑ ✇❤❡♥ ❧♦((❡( ❤❛✈❡ ♠✉❧$✐♣❧❡ ❉❖▼( (✉,,♦✉♥❞✐♥❣ $❤❡♠

$♦ ♠❛❦❡ ✐♥❢❡,❡♥❝❡( ✇✐$❤✱ ❜✉$ U✉✐❝❦❧② ❞❡❣,❛❞❡( ✇❤❡♥ ❧♦((❡( ❛,❡ ♦✉$(✐❞❡ $❤❡ ❞❡$❡❝$♦,✳ ❆( ❛ ,❡(✉❧$ (♦♠❡ ❧♦((❡(

♦✉$(✐❞❡ $❤❡ ❞❡$❡❝$♦, ❛♥❞ ✐♥ $❤❡ ❞✉($ ❧❛②❡, ❛,❡ ♦✈❡,❡($✐♠❛$❡❞ ✐♥ ❡♥❡,❣②✳ ❚♦ ♠✐$✐❣❛$❡ $❤✐(✱ ❛$ ❧❡❛($ ✷ ❉❖▼(

✇✐$❤✐♥ ✼✺ ♠❡$❡,( ♦❢ $❤❡ ❧♦(( ♠✉($ ❤❛✈❡ ❛ ❤✐$ ✇✐$❤✐♥ ✸✵✵ ♥( ♦❢ $❤❡ ❧✐❣❤$ $,❛✈❡❧ $✐♠❡ ❛((✉♠✐♥❣ $❤❡ ❧✐❣❤$ $,❛✈❡❧(

❞✐,❡❝$❧② ❢,♦♠ $❤❡ ❧♦(( $♦ $❤❡ ❉❖▼✳ ❚❤✐( (❡❧❡❝$✐♦♥ ,❡(✉❧$( ✐♥ ♠♦,❡ ,❡❧✐❛❜❧❡ ❧♦((❡(✳ ❇❡❝❛✉(❡ ♦❢ ♣,♦♣❡,$✐❡( ♦❢

$❤❡ ✐❝❡✱ $❤❡ ❡①❛❝$ ❧♦❝❛$✐♦♥ ♦❢ $❤❡ ,❡❝♦♥($,✉❝$❡❞ ❧♦((❡( ✐( ♦❢$❡♥ ♥♦$ ✇❡❧❧ ❦♥♦✇♥✳ ❍♦✇❡✈❡,✱ ❜② ❝♦♠♣,♦♠✐(✐♥❣

♣,❡❝✐(✐♦♥ ♦♥❡ ❝❛♥ ♦❜$❛✐♥ ❣♦♦❞ ❡($✐♠❛$❡( ♦❢ $❤❡ ❡♥❡,❣② ❧♦($ ❛❧♦♥❣ ❛ (❡❣♠❡♥$ ♦❢ $,❛❝❦✳

❚❤✐( ✐( ✐❧❧✉($,❛$❡❞ ❢♦, ❛ (✐♠✉❧❛$❡❞ ❡✈❡♥$ ✐♥ ❋✐❣✉,❡( ✽✳✶✶✱ ✽✳✶✷✱ ✽✳✶✸✱ ✽✳✶✹✱ ❛♥❞ ✽✳✶✺✳ ❖♥❧② $❤❡ ❣,❡❡♥

❤✐($♦❣,❛♠ ❛♥❞ ❧✐❣❤$ ❜❧✉❡ ♣♦✐♥$( ♥❡❡❞ $♦ ❜❡ ❢♦❝✉(❡❞ ♦♥ ❢♦, $❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣❧❛♥❛$✐♦♥✳ ❚❤❡ ✐♠❛❣❡( ✇❡,❡

❝♦♥($,✉❝$❡❞ ✉(✐♥❣ ❛ ▼✐❧❧✐♣❡❞❡ ,❡❝♦♥($,✉❝$✐♦♥ ♦♥ (✐♠✉❧❛$✐♦♥ ✇✐$❤ ❝❛(❝❛❞❡( ❛✈❛✐❧❛❜❧❡ $♦ ▼✐❧❧✐♣❡❞❡ ❡✈❡,② ✺



✶✻✼

♠❡%❡&'✳ ❚❤❡'❡ ❝❛'❝❛❞❡' ✇❡&❡ %❤❡♥ ❣&♦✉♣ ✐♥%♦ %❤❡ '♣❡❝✐✜❡❞ '✐③❡ '❡❣♠❡♥%'✳ ❆' %❤❡ '✐③❡ ♦❢ %❤❡ '❡❣♠❡♥%' ✐♥❝&❡❛'❡'✱

%❤❡ ❛❝❝✉&❛❝② ♦❢ %❤❡ &❡❝♦♥'%&✉❝%❡❞ ❡♥❡&❣② ♣❡& ❜✐♥ ✐♥❝&❡❛'❡'✳ ❇② ❛&♦✉♥❞ ✺✵ ♠❡%❡&' %❤❡ &❡❝♦♥'%&✉❝%❡❞ ❡♥❡&❣②

♣❡& '❡❣♠❡♥% ✐' ❛ ❣♦♦❞ ❛♣♣&♦①✐♠❛%✐♦♥ ♦❢ %❤❡ %&✉❡ ❡♥❡&❣② ♣❡& '❡❣♠❡♥%✳ ❚❤✐' ✺✵ ♠❡%❡& ❜✐♥♥✐♥❣✱ '%❛&%✐♥❣ ✇✐%❤

%❤❡ ✜&'% ♥♦♥✲③❡&♦ ❧♦''✱ ✐' ✉'❡❞ %❤❡ ▼✐❧❧✐♣❡❞❡ ❧♦''❡' ♦❢ ❊❙❚❊❙✳ ❚❤❡ ❡♥❡&❣② ❧♦''❡' &❡❝♦♥'%&✉❝%❡❞ ❜② ▼✐❧❧✐♣❡❞❡

❛&❡ ❞❡♣❡♥❞❡♥% ♦♥ %❤❡ ✉♥❞❡&❧②✐♥❣ %②♣❡ ♦❢ ✐♥%❡&❛❝%✐♦♥✳ ❋♦& ❛ '%❛&%✐♥❣ %&❛❝❦ %❤❡&❡ ❛&❡ %✇♦ ❞✐✛❡&❡♥% ♣&♦❝❡''❡' %♦

❝♦♥'✐❞❡& ❢♦& %❤❡ ✉♥❞❡&❧②✐♥❣ ❡♥❡&❣② ❧♦''❡'✱ %❤❡ ❤❛❞&♦♥✐❝ '❤♦✇❡& ❛% %❤❡ ♥❡✉%&✐♥♦ ✐♥%❡&❛❝%✐♦♥✱ ❛♥❞ %❤❡ '%♦❝❤❛'%✐❝

❧♦''❡' ♦❢ %❤❡ ♦✉%❣♦✐♥❣ ♠✉♦♥✳ ❚❤❡ ❡♥❡&❣② ❞✐'%&✐❜✉%✐♦♥ ♦❢ ❜♦%❤ ♦❢ %❤❡'❡ ✐' &❡❧❛%❡❞ %♦ %❤❡ ❡♥❡&❣② ♦❢ %❤❡ ♣❛&❡♥%

♣❛&%✐❝❧❡✳ ❆' ❛ &❡'✉❧% ✐% ✐' ♣♦''✐❜❧❡ %♦ &❡❧❛%❡ %❤❡ ❡♥❡&❣② ❧♦''❡' ❢&♦♠ ▼✐❧❧✐♣❡❞❡ %♦ %❤❡ ❡♥❡&❣② ♦❢ %❤❡ ♣❛&❡♥%

♣❛&%✐❝❧❡'✳ ❙%❛%✐'%✐❝❛❧❧②✱ ✇❡ ❝❛♥ ♣❤&❛'❡ %❤✐' ❛' %❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐❦❡❧✐❤♦♦❞ ♣&♦❜❧❡♠✳

minimizeEν
(

losses
∑

i

log(p(lossi|Eν)) ✭✾✳✹✮

❚❤✐' ♣&♦❜❧❡♠ ❞❡♣❡♥❞' ♦♥ ❦♥♦✇❧❡❞❣❡ ♦❢ %❤❡ ❞✐'%&✐❜✉%✐♦♥ p(loss|Eν) ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡&✐✈❡❞ ❢&♦♠ %❤❡ '✐♠✉❧❛%✐♦♥

❛% %❤❡ '❡❧❡❝%✐♦♥✬' ✜♥❛❧ ❧❡✈❡❧✳ ❘❡❝❛❧❧ %❤❛% ✐% ✐' ✐♠♣♦&%❛♥% %♦ ❝♦♥'✐❞❡& %❤❡ ❞✐'%&✐❜✉%✐♦♥' ♦❢ %❤❡ ♣&♦❝❡''❡'

'❡♣❛&❛%❡❧②✳ ❋✐❣✉&❡ ✾✳✷✻ '❤♦✇' %❤❡ ❞✐'%&✐❜✉%✐♦♥ ♦❢ %❤❡ ✜&'% ❧♦'' ❡♥❡&❣✐❡' ❢♦& ❣✐✈❡♥ ♥❡✉%&✐♥♦ ❡♥❡&❣✐❡'✳ ❚❤❡ ❧❛❝❦

♦❢ ❧♦''❡' ✐♥ %❤❡ ✵ ❜✐♥ ❛&❡ ❛ &❡'✉❧% ♦❢ '%❛&%✐♥❣ %❤❡ ❜✐♥♥✐♥❣ ❛% %❤❡ ✜&'% ♥♦♥✲③❡&♦ ❧♦''✳ ❋✐❣✉&❡ ✾✳✷✼ '❤♦✇' %❤❡

❞✐'%&✐❜✉%✐♦♥ ♦❢ %❤❡ ♦%❤❡& ❧♦'' ❡♥❡&❣✐❡' ❢♦& ❣✐✈❡♥ ♥❡✉%&✐♥♦ ❡♥❡&❣✐❡'✳ ❇♦%❤ ❞✐'%&✐❜✉%✐♦♥' '❤♦✇ ❛♥ ✉♣✇❛&❞ %&❡♥❞

✐♥ ♠♦'% ♣&♦❜❛❜❧❡ ❧♦'' ❡♥❡&❣② ✇✐%❤ ✐♥❝&❡❛'✐♥❣ ♥❡✉%&✐♥♦ ❡♥❡&❣②✳ ❚❤❡'❡ ❞✐'%&✐❜✉%✐♦♥' ❛&❡ P✉✐%❡ ✇✐❞❡ ❛♥❞ ❢♦❧❞ ✐♥

✐♥❢♦&♠❛%✐♦♥ ❛❜♦✉% %❤❡ ✉♥❞❡&❧②✐♥❣ '❡❧❡❝%✐♦♥✳ ❚♦ ❤❡❧♣ ❝♦♥'%&❛✐♥ %❤❡ ❞✐'%&✐❜✉%✐♦♥' ✐% ✐' ✐♠♣♦&%❛♥% %♦ ♥♦%❡ %❤❛%

Eν = Ehad + Eµ ✇❤✐❝❤ %❡❧❧' ✉' %❤❛% ❝♦♥'%&❛✐♥%' ♦♥ Ehad ❛♥❞✴♦& Eµ ✇✐❧❧ ❢♦❝✉' %❤❡ ❞✐'%&✐❜✉%✐♦♥' %♦ &❡❧❡✈❛♥%

♥❡✉%&✐♥♦ ❡♥❡&❣✐❡'✳ ❲❡ ❤❛✈❡ ❞✐&❡❝% ❛❝❝❡'' %♦ Ehad ✈✐❛ %❤❡ ❡♥❡&❣② ♦❢ %❤❡ ✜&'% ❧♦''✳ ❚❤❡&❡ ✐' ♥♦ ✇❛② %♦ ♠❡❛'✉&❡

Eµ ❞✐&❡❝%❧② '✐♥❝❡ %❤❡ ♠✉♦♥ ❡①✐%' %❤❡ ❞❡%❡❝%♦& ❢♦& %❤❡ &❡❧❡✈❛♥% ❡♥❡&❣✐❡'✳ ❍♦✇❡✈❡& %❤❡ ❛✈❡&❛❣❡ ❡♥❡&❣② ❧♦'%

♣❡& ❞✐'%❛♥❝❡

dE
dX ✇❤✐❝❤ ✐' ❛ ♣&♦①② ❢♦& Eµ ❝❛♥ ❜❡ ♠❡❛'✉&❡❞✳ ❚♦ ❛♣♣❧② %❤❡ ❝♦♥'%&❛✐♥%'✱ ❡✈❡&② &❡❝♦♥'%&✉❝%❡❞

❡✈❡♥% ❤❛' p(loss|Eν) ❝♦♥'%&✉❝%❡❞ ❢&♦♠ ❡✈❡♥%' ✇❤✐❝❤ ❤❛✈❡ ❛♥ Ehad ✇✐%❤✐♥ ✺✵✪ ♦❢ %❤❡ Ehad ♦❢ %❤❡ ❡✈❡♥%

❜❡✐♥❣ &❡❝♦♥'%&✉❝%❡❞ ❛♥❞ ❛

dE
dX ✇✐%❤✐♥ ✺✵✪ ♦❢ %❤❡

dE
dX ♦❢ %❤❡ ❡✈❡♥% ❜❡✐♥❣ &❡❝♦♥'%&✉❝%❡❞✳ ❆❞❞✐%✐♦♥❛❧❧②✱ %❤❡

❞✐'%&✐❜✉%✐♦♥' ♦❢ &❡❝♦♥'%&✉❝%❡❞ ❧♦''❡' ✇✐%❤ &❡'♣❡❝% %♦ %❤❡ %&✉❡ ❧♦''❡' ❛&❡ '❡♥'✐%✐✈❡ %♦ %❤❡ ❧♦❝❛❧ ✐❝❡ ♣&♦♣❡&%✐❡'

'♦ p(loss|Eν) ✐' ❛❧'♦ ♦♥❧② ❝♦♥'%&✉❝%❡❞ ✇✐%❤ ❧♦''❡' ✇❤✐❝❤ ♦✈❡&❧❛♣ ✐♥ ③ ✇✐%❤ %❤❡ ❡✈❡♥% ❜❡✐♥❣ ❝♦♥'✐❞❡&❡❞ ❢♦&

&❡❝♦♥'%&✉❝%✐♦♥✳ ❆' ❛♥ ❡①❛♠♣❧❡✱ ❝♦♥'✐❞❡& %❤❡ ❝❛'❡ ♦❢ ❛ ✹✻✸✻✷ ●❡❱ ♥❡✉%&✐♥♦✳ ❚❤❡ ❡✈❡♥% ❤❛' &❡❝♦♥'%&✉❝%❡❞

✺✵ ♠ &❡❣&♦✉♣❡❞ ❧♦''❡' ♦❢ ✶✸✵✵✶✱ ✻✽✱ ✷✱ ✶✻✾✱ ✺✻✶✱ ✵✱ ✹✻✷✱ ✼✼✶✱ ✽✶✺✱ ✵✱ ✸✸✻✱ ✹✸✱ ✼✵✱ ✷✾✶✱ ✶✵✼✱ ❛♥❞ ✶✽✾✸ ●❡❱✳

❚❤✐' ❣✐✈❡' ❛ ❝♦♥'%&❛✐♥ ♦♥ Ehad ♦❢ ✻✺✵✵ ✲ ✶✾✺✵✷ ●❡❱ ❛♥❞

dE
dX ♦❢ ✸✳✼✸ ✲ ✶✶✳✶✾

GeV
m ✳ ❚❤✐' ②✐❡❧❞' %❤❡ p(loss|Eν)

❞✐'%&✐❜✉%✐♦♥' ✐♥ ❋✐❣✉&❡' ✾✳✷✽ ❛♥❞ ✾✳✷✾ ❢♦& %❤❡ ❤❛❞&♦♥✐❝ ❛♥❞ ♠✉♦♥ ❡♥❡&❣✐❡'✱ ✇❤✐❝❤ ❛&❡ ❢♦❝✉'❡❞ %♦ ♥❡✉%&✐♥♦'

❜❡%✇❡❡♥ ✷✵ ❛♥❞ ✼✵ ❚❡❱✳ ❈♦♠♣✉%✐♥❣ %❤❡ ▲▲❍ ❢♦& ❛❧❧ ♥❡✉%&✐♥♦ ❡♥❡&❣✐❡' ②✐❡❧❞' %❤❡ ❞✐'%&✐❜✉%✐♦♥ ✐♥ ❋✐❣✉&❡ ✾✳✸✵✳

❚❤❡ ✐♥❢❡&&❡❞ ❡♥❡&❣② ✐' %❛❦❡♥ ❛' %❤❡ ✇❡✐❣❤%❡❞ ❛✈❡&❛❣❡ ✇❤❡&❡ %❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ✐' ✉'❡❞ %♦ ✇❡✐❣❤% %❤❡ ♥❡✉%&✐♥♦

❡♥❡&❣✐❡'✳ ❚❤❡ ✜♥❛❧ &❡'✉❧% ✐' ❛♥ ❡'%✐♠❛%❡ ♦❢ ✸✺✽✼✺ ●❡❱ ❢♦& %❤❡ ♥❡✉%&✐♥♦ ✐♥ %❤✐' ❝❛'❡✳
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✾✳✼ ❊❙❚❘❡❙ ❋✐❧+❡,

❊❙❚❊❙ ✐& ❛♥ ❡✈❡♥+ &❡❧❡❝+✐♦♥ ❞❡&✐❣♥❡❞ +♦ ✜♥❞ ✉&❡❢✉❧ &+❛4+✐♥❣ +4❛❝❦& ✐♥ ❛4❝❤✐✈❛❧ ■❝❡❈✉❜❡ ❞❛+❛✳ ❍♦✇❡✈❡4✱

❞✐&❝♦✈❡4✐♥❣ +4❛♥&✐❡♥+ ❡✈❡♥+& ❝❛♥ ❛♥❞ ♠✉&+ ❤❛♣♣❡♥ ✐♥ 4❡❛❧ +✐♠❡ ✐❢ ♠❡❛&✉4❡♠❡♥+& ❢4♦♠ ♦+❤❡4 ❡①♣❡4✐♠❡♥+& ❛4❡ ♦❢

✐♠♣♦4+❛♥❝❡✳ ❊❙❚❘❡❙ ✐& ❛ ♥❡❛4 4❡❛❧+✐♠❡ &❡❧❡❝+✐♦♥ ❞❡&✐❣♥❡❞ +♦ 4✉♥ B✉✐❝❦❧② ♦♥❧✐♥❡ ❛+ +❤❡ ❙♦✉+❤ D♦❧❡✳ ❈❛♥❞✐❞❛+❡

❡✈❡♥+& ❛4❡ &✉❜❥❡❝+ +♦ ❛ ❢❡✇ &✐♠♣❧❡ ❝✉+& ❛♥❞ ❡✈❡♥+& ✇❤✐❝❤ ♣❛&& ❛4❡ ❝♦♥&✐❞❡4❡❞ ❝❛♥❞✐❞❛+❡&✳ ❚❤❡&❡ ❝✉+& ❛4❡✿

✶✳ ❙♣❧✐♥❡▼D❊ ✜+ ✇✐+❤ ③❡♥✐+❤ ❁ ✼✺ ❞❡❣4❡❡&

✷✳ ❍♦♠♦❣❡♥✐③❡❞ ❝❤❛4❣❡ ❃ ✹✵✵ D❊

✸✳ pmiss ❁ 10−8
❢♦4 ❛ 4✉♥ ♦❢ +❤❡ ❙+❛4+✐♥❣ ❚4❛❝❦ ❱❡+♦ 4✉♥ ♦♥ +❤❡ ❙♣❧✐♥❡▼D❊ ✜+

✹✳ ▼✉♦♥ 4❡❣✐♦♥ ❧❡♥❣+❤ ❢4♦♠ ❙+❛4+✐♥❣ ❚4❛❝❦ ❱❡+♦ ❃ ✹✺✵ ♠❡+❡4&

❚❤✐& ✜❧+❡4 ✐& ❡①♣❡❝+❡❞ +♦ ②✐❡❧❞ ✸✳✺ ❝❛♥❞✐❞❛+❡& ♣❡4 ❞❛② ✇❤✐❝❤ ❛4❡ ♠✉♦♥&✱ ✼✳✺ ❝❛♥❞✐❞❛+❡& ♣❡4 ②❡❛4 ✇❤✐❝❤ ❛4❡

❛+♠♦&♣❤❡4✐❝ ♥❡✉+4✐♥♦&✱ ❛♥❞ ✷✳✽ ❝❛♥❞✐❞❛+❡& ♣❡4 ②❡❛4 ✇❤✐❝❤ ❛4❡ ❛&+4♦♣❤②&✐❝❛❧ ♥❡✉+4✐♥♦&✳ ✷✳✹ ♦❢ +❤❡ ❛&+4♦♣❤②&✐❝❛❧

♥❡✉+4✐♥♦ ❝❛♥❞✐❞❛+❡& &❤♦✉❧❞ ♦❝❝✉4 ❛+ ♦4 ❛❜♦✈❡ +❤❡ ✺✵✪ ♣✉4✐+② ♣♦✐♥+✳ ❆❧❧ ♦❢ +❤❡&❡ ❝❛♥❞✐❞❛+❡& ❛4❡ &❤✐♣♣❡❞ +♦

❯❲ ▼❛❞✐&♦♥ ✈✐❛ ❛♥ ✐4✐❞✐✉♠ &❛+❡❧❧✐+❡ ❧✐♥❦ ❢♦4 ❢❛4+❤❡4 ♣4♦❝❡&&✐♥❣✳ ❆❢+❡4 ❛44✐✈❛❧✱ +❤❡ ❡✈❡♥+& ❛4❡ 4✉♥ +❤4♦✉❣❤ +❤❡

❡♥+✐4❡ ❊❙❚❊❙ &❡❧❡❝+✐♦♥ ❞❡&❝4✐❜❡❞ ✐♥ +❤✐& &❡❝+✐♦♥✳ ❙✐♥❝❡ +❤❡ &+❛4+ ♦❢ +❤❡ ✷✵✶✼ &❡❛&♦♥ ♦♥ ▼❛② ✶✺+❤ ❊❙❚❘❡❙

❤❛& ❜❡❡♥ ❛❝+✐✈❡❧② 4✉♥♥✐♥❣ ♦♥❧✐♥❡ ❛+ +❤❡ ❙♦✉+❤ D♦❧❡✳ ❚❤4♦✉❣❤ ❖❝+♦❜❡4 ✸✵+❤ ✷✵✶✼✱ ✹✵✾ ❡✈❡♥+& ❤❛✈❡ ❜❡❡♥

❞❡+❡❝+❡❞ ❛♥❞ ✢❛❣❣❡❞ ❛& ❝❛♥❞✐❞❛+❡& ✐♥ ✶✺✹ ❞❛②&✳ ◆♦ ❊❙❚❘❡❙ ❝❛♥❞✐❞❛+❡ ❡✈❡♥+& ❤❛✈❡ ♣❛&&❡❞ +❤❡ ❊❙❚❊❙

&❡❧❡❝+✐♦♥ ❛❢+❡4 +❤❡ ❡✈❡♥+& ❛44✐✈❡ ✐♥ +❤❡ ♥♦4+❤ ❢♦4 ❢❛4+❤❡4 ♣4♦❝❡&&✐♥❣✳ ❚❤❡4❡ ✐& ♥♦ ♦✣❝✐❛❧ ♣❧❛♥ ❢♦4 4❡❧❡❛&❡ ♦❢

+❤❡&❡ ❡✈❡♥+& ♣✉❜❧✐❝❧②✱ ❜✉+ ✐+ ✐& ❧✐❦❡❧② +❤❡ ❡✈❡♥+& ✇✐❧❧ ✉+✐❧✐③❡ +❤❡ ❆&+4♦♣❤②&✐❝❛❧ ▼✉❧+✐♠❡&&❡♥❣❡4 ❖❜&❡4✈❛+♦4②

♥❡+✇♦4❦ ✭❆▼❖◆✮ +♦ ✐&&✉❡ ❛❧❡4+& +♦ ♦+❤❡4 &✉❜&❝4✐❜✐♥❣ ♠❡♠❜❡4& ❬✶✵✾❪✳

✾✳✽ ❊✛❡❝+✐✈❡ ❆,❡❛

❆❢+❡4 4✉♥♥✐♥❣ +❤❡ ❢✉❧❧ ❊❙❚❊❙ &❡❧❡❝+✐♦♥ ♦♥ ◆❡✉+4✐♥♦ ●❡♥❡4❛+♦4 &✐♠✉❧❛+✐♦♥✱ ♦♥❡ ❝❛♥ ♦❜+❛✐♥ +❤❡ ❡✣❝✐❡♥❝②

♦❢ +❤❡ &❡❧❡❝+✐♦♥✳ ❚❤✐& B✉❛♥+✐+② ✐& ❝❛❧❧❡❞ +❤❡ ❡✛❡❝+✐✈❡ ❛4❡❛✳ ❚❤❡ ❡✛❡❝+✐✈❡ ❛4❡❛ ✐& ❛♥ ❡①♣4❡&&✐♦♥ ❢♦4 ❤♦✇ ❧❛4❣❡

②♦✉4 ❞❡+❡❝+♦4 ✇♦✉❧❞ ❜❡ ✐❢ ✐+ ✇❛& ❢✉❧❧② ❡✣❝✐❡♥+ ❛+ ❞❡+❡❝+✐♥❣ ♥❡✉+4✐♥♦& ✇❤✐❝❤ ♣❛&&❡❞ +❤4♦✉❣❤ ✐+✳ ❇❡❧♦✇ +✇♦

✜❣✉4❡& ❛4❡ ♣4❡&❡♥+❡❞✳ ❚❤❡ ✜4&+ ♦♥❡✱ ❋✐❣✉4❡ ✾✳✸✶✱ &❤♦✇& +❤❡ ❡✛❡❝+✐✈❡ ❛4❡❛ ❢♦4 ✉♥✐❢♦4♠❧② &♣❛❝❡❞ ❝♦&✐♥❡ ❜❛♥❞& ♦❢

+❤❡ ③❡♥✐+❤ ❛♥❣❧❡✳ ❖✈❡4❛❧❧ +❤❡ &❡❧❡❝+✐♦♥ ❤❛& ✈❡4② ❧✐++❧❡ ❞✐✛❡4❡♥❝❡ ✇✐+❤ 4❡&♣❡❝+ +♦ +❤❡ ❞✐4❡❝+✐♦♥ ♦❢ ❛♥ ✐♥❝♦♠✐♥❣

❡✈❡♥+✳ ❘❡❝❛❧❧ +❤❛+ +❤❡ &❡❧❡❝+✐♦♥ ✐& ❞❡&✐❣♥❡❞ +♦ ✜♥❞ ❛&+4♦♣❤②&✐❝❛❧ ♥❡✉+4✐♥♦& ✐♥ +❤❡ 4❡❣✐♦♥ ❛❜♦✈❡ ❝♦&✐♥❡ ③❡♥✐+❤

♦❢ ✵✳✺ ❛♥❞ ❛❜♦✈❡ ✶✵ ❚❡❱✳ ❚❤❡ ♣❧♦+ &❤♦✇& +❤❛+ ✶✵ ❚❡❱ ✐& 4♦✉❣❤❧② +❤❡ ❝4♦&& ♦✈❡4 ♣♦✐♥+ ❢♦4 +❤❡ ❜❛♥❞& ❜❡❧♦✇

❛♥❞ ❛❜♦✈❡ ❝♦&✐♥❡ ③❡♥✐+❤ ♦❢ ✵✳✺✳ ❖✈❡4❛❧❧ +❤❡ &❡❧❡❝+✐♦♥ ❛❝❤✐❡✈❡& ❛♥ ❡✛❡❝+✐✈❡ ❛4❡❛ ♦❢ ✶ &B✉❛4❡ ♠❡+❡4 ❜② ✷✵

❚❡❱✳ ❯♥❞❡4&+❛♥❞✐♥❣ ✐❢ +❤❛+ ✐& ♣4♦❢♦✉♥❞ ♦4 ♥♦+ ♥❡❡❞& ❝♦♥+❡①+✳ ■♥ ❋✐❣✉4❡ ✾✳✸✷ ❊❙❚❊❙ ✐& ♣4❡&❡♥+❡❞ ✇✐+❤ ♦+❤❡4

+4❛❝❦ &❡❛4❝❤❡& ✐♥ +❤❡ &♦✉+❤❡4♥ &❦②✱ ❞❡✜♥❡❞ +♦ ❜❡ ❞❡❝❧✐♥❛+✐♦♥ ❧❡&& +❤❛♥ ✲✸✵ ❞❡❣4❡❡&✳ ❆❞❞✐+✐♦♥❛❧❧②✱ +❤❡ ■❝❡❈✉❜❡

♣♦✐♥+ &♦✉4❝❡ &❡❧❡❝+✐♦♥ ✐♥ +❤❡ ✉♣✲❣♦✐♥❣ 4❡❣✐♦♥ ✐& &❤♦✇♥ ❢♦4 ❝♦♥+❡①+ ♦❢ +❤❡ &✐③❡ ♦❢ +4❛❞✐+✐♦♥❛❧ ✐♥❝♦♠✐♥❣ +4❛❝❦
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#❡❧❡❝'✐♦♥#✳ ■♥ '❤✐# .❡❣✐♦♥ ❊❙❚❊❙ ❤❛# '❤❡ ❧❛.❣❡#' ❡✛❡❝'✐✈❡ ❛.❡❛ ❢.♦♠ ❛.♦✉♥❞ ✽ ❚❡❱ '♦ ✷✵✵ ❚❡❱ ✇✐'❤ ✉♣ '♦

❛ ❢❛❝'♦. ✸ ✐♠♣.♦✈❡♠❡♥'✳ ■' ✐# ✐♠♣♦.'❛♥' '♦ ♥♦'❡ '❤❛' ❛❧'❤♦✉❣❤ '❤❡ '.❛❞✐'✐♦♥❛❧ ✐♥❝♦♠✐♥❣ '.❛❝❦ #❡❧❡❝'✐♦♥ ✐# ❛
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3❤❡ ❡♥3✐9❡ ❞❛3❛ '❡3 ✐' ✉'❡❞✳ ❚❤✐' ✶✵✪ '❛♠♣❧❡ ✐' ❝♦♥'39✉❝3❡❞ ❜② 3❛❦✐♥❣ ♦♥❧② 9✉♥' 3❤❛3 ❡♥❞ ✇✐3❤ ❛ ✵✳ ❚❤✐'

❛♠♦✉♥3' 3♦ 3❤❡ 3❤❡'✐' ✉'✐♥❣ ✶✺✵✷✸✸✺✹✳✼ '❡❝♦♥❞' ✭✵✳✹✼ ②❡❛9'✮ ♦❢ ❞❛3❛ ❢♦9 ✐3' ❜✉9♥ '❛♠♣❧❡✱ ❣✐✈✐♥❣ ✐3 9♦✉❣❤❧② ❛

❤❛❧❢ ♦❢ ❛ ②❡❛9' ✇♦93❤ ♦❢ ❞❛3❛ 3♦ ✐♥'♣❡❝3 ❛♥❞ ✈❛❧✐❞❛3❡ ❛❣❛✐♥'3✳ ■♥ 3♦3❛❧ 3❤❡ ❜✉9♥ '❛♠♣❧❡ ❝♦♥3❛✐♥' ✽✸ ❡✈❡♥3'

✇✐3❤ ✸✶ ❤❛✈✐♥❣ ❛ ③❡♥✐3❤ ❛♥❣❧❡ ❧❡'' 3❤❛♥ ✽✺ ❞❡❣9❡❡' ❛♥❞ ✺✷ ❤❛✈✐♥❣ ❛ ③❡♥✐3❤ ❛♥❣❧❡ ❣9❡❛3❡9 3❤❛♥ ✽✵ ❞❡❣9❡❡'✳ ❆

♣❡9 ②❡❛9 ❜9❡❛❦❞♦✇♥ ♦❢ 3❤❡ ♥✉♠❜❡9 ♦❢ ❡✈❡♥3' ❢9♦♠ ❛❜♦✈❡ ❛♥❞ ❜❡❧♦✇ ✽✵ ❞❡❣9❡❡' ✐' ♣9❡'❡♥3❡❞ ✐♥ ❚❛❜❧❡ ✶✵✳✶✳

✷✵✶✷ ✷✵✶✸ ✷✵✶✹ ✷✵✶✺ ✷✵✶✻

❁80◦ ✹ ✻ ✺ ✹ ✶✵

❃80◦ ✾ ✶✸ ✾ ✾ ✶✷

❚❛❜❧❡ ✶✵✳✶✿ ❚❤❡ ♥✉♠❜❡9 ♦❢ ❡✈❡♥3' ♣❡9 ②❡❛9 ♦❢ ❜✉9♥ '❛♠♣❧❡ ✇❤✐❝❤ ❡♥3❡9 3❤❡ ❊❙❚❊❙ '❡❧❡❝3✐♦♥ ✐♥ 3❤❡ 9❡❣✐♦♥'

❛❜♦✈❡ ❛♥❞ ❜❡❧♦✇ ✽✵ ❞❡❣9❡❡'✳

❚❤❡ ❡✈❡♥3' ❛❜♦✈❡ ✽✵ ❞❡❣9❡❡' ❛9❡ ❝♦♥'✐'3❡♥3 ✇✐3❤ ❛♥ ❛✈❡9❛❣❡ ♦❢ ✶✵✳✹ ❡✈❡♥3' ♣❡9 3❡♥3❤ ♦❢ ❛ ②❡❛9✳ ❚❤❡ ❡✈❡♥3'

❜❡❧♦✇ ✽✵ ❞❡❣9❡❡' ❛9❡ ❝♦♥'✐'3❡♥3 ✇✐3❤ ❛♥ ❛✈❡9❛❣❡ ♦❢ ✹✳✼✺ ❡✈❡♥3' ♣❡9 3❡♥3❤ ♦❢ ❛ ②❡❛9 ❢♦9 3❤❡ ✜9'3 ❢♦✉9 ②❡❛9'✱ 3❤❡

✜❢3❤ ②❡❛9 ❤❛' ✶✵ ❡✈❡♥3'✱ ✇❤✐❝❤ ❤❛♣♣❡♥' ❜② ❝❤❛♥❝❡ ✶✳✹✪ ❛''✉♠✐♥❣ 3❤❡ ♥✉♠❜❡9 ♦❢ ❡✈❡♥3' ✐' ❛ P♦✐''♦♥ ♣9♦❝❡''

✇✐3❤ ♠❡❛♥ ♦❢ ✹✳✼✺✳ ❲✐3❤ ♦♥❧② ✽✺ ❡✈❡♥3' 3❤❡9❡ ❛9❡ ♥♦3 ❡♥♦✉❣❤ '3❛3✐'3✐❝' 3♦ ♠❛❦❡ ❛ ❞✐✛✉'❡ ✜3 ♦9 ♣❡9❢♦9♠ ❛

♠❡❛♥✐♥❣❢✉❧ ♣♦✐♥3 '♦✉9❝❡ ❛♥❛❧②'✐'✳ ❍♦✇❡✈❡9✱ ✐3 ✐' '3✐❧❧ ✐♠♣♦93❛♥3 3♦ ✐♥'♣❡❝3 3❤❡ ❡✈❡♥3✬' ❡♥❡9❣② ❞✐'39✐❜✉3✐♦♥ ✐♥

✐♥3❡9❡'3✐♥❣ 9❡❣✐♦♥' ❛♥❞ ❣❡3 ❛ ❢❡❡❧ ❢♦9 3❤❡ ❡✈❡♥3✬' ❞❡♥'✐3② ✐♥ 9✐❣❤3 ❛'❝❡♥'✐♦♥ ❛♥❞ ❞❡❝❧✐♥❛3✐♦♥✳

❋✐❣✉9❡ ✶✵✳✺ '❤♦✇' 3❤❡ ❞✐'39✐❜✉3✐♦♥ ♦❢ ❜✉9♥ '❛♠♣❧❡ ❡✈❡♥3' ✐♥ 9❡❝♦♥'39✉❝3❡❞ ❡♥❡9❣② ❛♥❞ ❞❡❝❧✐♥❛3✐♦♥ ✇✐3❤

3❤❡✐9 ❛''♦❝✐❛3❡❞ ❡99♦9'✳ ❚❤❡ ♠❛❥♦9✐3② ♦❢ 3❤❡ ❡✈❡♥3' ❤❛✈❡ ❛♥ ❡♥❡9❣② ❛9♦✉♥❞ ✶✵ ❚❡❱ ❛♥❞ ❝♦♠❡ ❢9♦♠ ♥❡❛9 3❤❡

❤♦9✐③♦♥✳ ❆❧'♦ ❞❡♣✐❝3❡❞ ✐' 3❤❡ 9❡❣✐♦♥ ✇❤❡9❡ 3❤❡ ❛3♠♦'♣❤❡9✐❝ ✢✉① ✇✐3❤ '❡❧❢✲✈❡3♦ ❛♣♣❧✐❡❞ ✐' ❡①♣❡❝3❡❞ 3♦ ②✐❡❧❞ ❧❡''

❡✈❡♥3' 3❤❛♥ 3❤❡ ❛'39♦♣❤②'✐❝❛❧ ✢✉① ❢9♦♠ 3❤❡ ▼❊❙❈ ❛♥❛❧②'✐'✳ ❚❤❡9❡ ❛9❡ 3❤9❡❡ ❡✈❡♥3' ✇❤✐❝❤ ❢❛❧❧ ✐♥ 3❤✐' 9❡❣✐♦♥ ✐♥

3❤❡ ❜✉9♥ '❛♠♣❧❡✳ ❊✈❡♥3 ✈✐❡✇' ❛♥❞ ♦3❤❡9 ✐♥❢♦9♠❛3✐♦♥ ❛❜♦✉3 3❤❡'❡ ❡✈❡♥3' ✐' ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❆✳ ❋✐❣✉9❡ ✶✵✳✻

'❤♦✇' 3❤❡ ❞✐'39✐❜✉3✐♦♥ ♦❢ ❡✈❡♥3' ✐♥ ❊\✉❛3♦9✐❛❧ ❝♦♦9❞✐♥❛3❡'✳ ❊✈❡♥3' ❜❡❧♦✇ ✲✷✵ ❞❡❣9❡❡' ❞❡❝❧✐♥❛3✐♦♥ ❤❛✈❡ 3❤❡

❜❡'3 ❛'39♦♣❤②'✐❝❛❧ ♣✉9✐3② ✐♥ 3❤❡ '❛♠♣❧❡ '✐♥❝❡ ♠♦'3 ♦❢ 3❤❡ ❛3♠♦'♣❤❡9✐❝ ❜❛❝❦❣9♦✉♥❞ ✐' 9❡♠♦✈❡❞✳ ❆❜♦✈❡ 3❤✐'✱

3❤❡ '❡❧❢✲✈❡3♦ ❡✛❡❝3 ✐' ✇❡❛❦❡♥❡❞ ❛♥❞ ❛3♠♦'♣❤❡9✐❝ ♥❡✉39✐♥♦' ❞♦♠✐♥❛3❡ ❛9♦✉♥❞ 3❤❡ ❤♦9✐③♦♥✳ ▲♦♦❦✐♥❣ 3❤9♦✉❣❤

3❤❡ ❊❛93❤✱ ❛❜'♦9♣3✐♦♥ ✐♥ 3❤❡ ❊❛93❤ ❜❡❝♦♠❡' 9❡❧❡✈❛♥3 ❛♥❞ 3❤❡ ♥✉♠❜❡9 ♦❢ ❡✈❡♥3' ❛❣❛✐♥ ❞✐♠✐♥✐'❤❡'✳ ❱✐'✉❛❧

✐♥'♣❡❝3✐♦♥ ❢♦9 ❛♥❣✉❧❛9 ❝❧✉'3❡9✐♥❣ ②✐❡❧❞' ♥♦ ✐♥3❡9❡'3✐♥❣ ❝♦✐♥❝✐❞❡♥❝❡'✳

❚❤❡ ③❡♥✐3❤ ❞✐'39✐❜✉3✐♦♥ ♦❢ 3❤❡ '❡❧❡❝3✐♦♥' ✇❤✐❝❤ ✉3✐❧✐③❡ 3❤❡ ♥❡✉39✐♥♦ '❡❧❢✲✈❡3♦ ✐' ♦♥❡ ♦❢ 3❤❡ ♠♦'3 3❡❧❧✐♥❣

'✐❣♥❛3✉9❡' ♦❢ 3❤❡ ✈❡3♦✬' ♣9❡'❡♥❝❡✳ ❋✐❣✉9❡' ✶✵✳✼ ❛♥❞ ✶✵✳✽ '❤♦✇ 3❤❡ ❝♦'✐♥❡ ③❡♥✐3❤ ❞✐'39✐❜✉3✐♦♥ ♦❢ ❞✐✛❡9❡♥3

❛3♠♦'♣❤❡9✐❝ ♥❡✉39✐♥♦ ♠♦❞❡❧'✱ 3❤❡ ❛'39♦♣❤②'✐❝❛❧ ♥❡✉39✐♥♦ ❝♦♥39✐❜✉3✐♦♥ ❢9♦♠ 3❤❡ ▼❊❙❈ ❛♥❛❧②'✐'✱ ❛♥❞ 3❤❡

❜✉9♥ '❛♠♣❧❡ ❞❛3❛✳ ❈♦♥39✐❜✉3✐♦♥' ❢9♦♠ 3❤❡ ❛3♠♦'♣❤❡9✐❝ ♠✉♦♥ ✢✉① ❛9❡ ❡①♣❡❝3❡❞ 3♦ ❜❡ ❧❡'' 3❤❛♥ ✳✺ ❡✈❡♥3' ❢♦9

















0 < θ < 70



±.25 ±.12 ±.13

E−2



✶✾✶

♥❡❛% ✲✷✳ ■♥ *❤❡ ,♦✉*❤❡%♥ ❤❡♠✐,♣❤❡%❡ *❤❡ ❣❛❧❛①② ✐, ❛ ♣%♦♠✐♥❡♥* ❢❡❛*✉%❡✱ ✐♥❝❧✉❞✐♥❣ *❤❡ ●❛❧❛❝*✐❝ ❝❡♥*❡%✱ ❛♥❞ ✐,

❝♦♠♣%✐,❡❞ ♦❢ ,♦✉%❝❡, ✇✐*❤ ,♦❢*❡% ❣❛♠♠❛ %❛② ✐♥❞✐❝❡,✳ ❆♥♦*❤❡% ♦♣*✐♦♥ %❡✈♦❧✈❡, ❛%♦✉♥❞ *❤❡ ❝♦♥,*%✉❝*✐♦♥ ♦❢ *❤❡

♥❡✉*%✐♥♦ ❡♥❡%❣② ,♣❡❝*%✉♠ ✐*,❡❧❢✳ ❙✐♥❝❡ ■❝❡❈✉❜❡ ❤❛, ♥♦* %❡,♦❧✈❡❞ ❛♥② ,♦✉%❝❡,✱ *❤❡ ❞✐✛✉,❡ ✢✉① ✐, ❛,,✉♠❡❞ *♦ ❜❡

❝♦♠♣%✐,❡❞ ♦❢ ❛ ,❡* ♦❢ ,♦✉%❝❡, ✇❤✐❝❤ ❛%❡ ✇❡❛❦❧② ❡♠✐**✐♥❣ ❛♥❞ ✐,♦*%♦♣✐❝❛❧❧② ❞✐,*%✐❜✉*❡❞✳ ❊❛❝❤ ♦❢ *❤❡,❡ ,♦✉%❝❡,

❤❛, ✐*, ♦✇♥ ✐♥*%✐♥,✐❝ ✢✉①✳ ❊❛❝❤ ,♦✉%❝❡✬, ,♣❡❝*%✉♠ ♠❛② ♣♦,,✐❜❧② ❜❡ ❛ ❝♦♥*✐♥✉♦✉, ♣♦✇❡% ❧❛✇✱ ❜✉* ❝♦✉❧❞ *❛❦❡

♦♥ ♠❛♥② ❢♦%♠, ✇✐*❤ ❜%❡❛❦, ❛♥❞ ❝✉*♦✛,✱ ♣❛%*✐❝✉❧❛%❧② ✐❢ ❞✐✛❡%❡♥* ❝❧❛,,❡, ♦❢ ♦❜❥❡❝*, ❛%❡ ❝♦♥*%✐❜✉*✐♥❣✳ ❊✈❡♥ ✐❢

❛❧❧ *❤❡ ,♦✉%❝❡, ✇❡%❡ ❡♠✐**✐♥❣ ✉♥❜%♦❦❡♥ ♣♦✇❡% ❧❛✇ ✢✉①❡,✱ ✐* ✐, ✐♠♣♦%*❛♥* *♦ %❡❝❛❧❧ *❤❛* *❤❡ ,✉♠ ♦❢ ♣♦✇❡% ❧❛✇,

✇✐*❤ ❞✐✛❡%❡♥* ✐♥❞✐❝❡, ✐, ♥♦* ✐*,❡❧❢ ❛ ♣♦✇❡% ❧❛✇ ✉♥❧❡,, ❛❧❧ *❤❡ ✐♥❞✐❝❡, ❛%❡ ✐❞❡♥*✐❝❛❧✳ ❆❧❧ ♦❢ *❤✐, ✐, *♦ ,❛② *❤❛* ✐*

✐, ✉♥❧✐❦❡❧② *❤❛* *❤❡ ♥❡✉*%✐♥♦ ✢✉① ✐, ❛ ,✐♥❣❧❡ ♣♦✇❡% ❧❛✇ ❛❝%♦,, ❛❧❧ ❡♥❡%❣✐❡,✱ ❥✉,* ❧✐❦❡ *❤❡ ❝♦,♠✐❝ %❛② ,♣❡❝*%✉♠✳

■♥ ❜♦*❤ *❤❡ ♥♦%*❤✲,♦✉*❤ ❛♥✐,♦*%♦♣② ❝❛,❡ ❛♥❞ *❤❡ ✈❛%②✐♥❣ ✐♥❞❡① ❝❛,❡ ❊❙❚❊❙ ♦✛❡%, ❛ ✉♥✐H✉❡ ♣❡%,♣❡❝*✐✈❡✳

❚❤❡ %❡,✉❧*, ❢%♦♠ ❊❙❚❊❙ ✇✐❧❧ ♠❛%❦ *❤❡ ✜%,* *✐♠❡ ❛ ,❡❧❡❝*✐♦♥ ✇✐*❤ ❣♦♦❞ ❛♥❣✉❧❛% %❡,♦❧✉*✐♦♥ ✇✐❧❧ ♦❜,❡%✈❡

*❤❡ ❛,*%♦♣❤②,✐❝❛❧ ✢✉① ❜❡❧♦✇ ✶✵✵ ❚❡❱ ✐♥ *❤❡ ,♦✉*❤❡%♥ ,❦②✳ ■♥ ❛❞❞✐*✐♦♥ *♦ ❝♦♥❞✉❝*✐♥❣ ❛ ❞✐✛✉,❡ ✜* ✇❤✐❝❤ ✇✐❧❧

✐♥❝❧✉❞❡ ❝♦♥*%✐❜✉*✐♦♥, ❢%♦♠ *❤❡ ●❛❧❛❝*✐❝ L❧❛♥❡✱ ❊❙❚❊❙ ✇✐❧❧ ❛❧,♦ *❡,* ♠♦❞❡❧, ♦❢ ●❛❧❛❝*✐❝ L❧❛♥❡ ❡♠✐,,✐♦♥ ❛,

✐♥ *❤❡ ♣❛♣❡% ✧❈♦♥,*%❛✐♥*, ♦♥ ●❛❧❛❝*✐❝ ◆❡✉*%✐♥♦ ❊♠✐,,✐♦♥ ✇✐*❤ ❙❡✈❡♥ ❨❡❛%, ♦❢ ■❝❡❈✉❜❡ ❉❛*❛✧ ❬✶✶✶❪✳ ■♥ *❤✐,

♣❛♣❡% *❤%❡❡ ♠♦❞❡❧, ❛%❡ *❡,*❡❞✱ ✇✐*❤ ♦♥❡ ❜❡✐♥❣ %✉❧❡❞ ♦✉*✳ ❚❤❡ *✇♦ %❡♠❛✐♥✐♥❣ ♠♦❞❡❧, ❛%❡ *❤❡ ❋❡%♠✐ ♥❡✉*%❛❧

♣✐♦♥ ❞❡❝❛② ♠❛♣ ❬✶✶✷❪✱ ❛♥❞ ✇❤❛* ✐, ❦♥♦✇♥ ❛, *❤❡ ❑❘❆✲γ ♠♦❞❡❧ ❬✶✶✸❪✳ ❚❤❡ ♥❡✉*%❛❧ ♣✐♦♥ ❞❡❝❛② ♠❛♣ ❢%♦♠

❋❡%♠✐ ,❤♦✉❧❞ ❜❡ ❛ *❡♠♣❧❛*❡ ❢♦% ❝❤❛%❣❡❞ ♣✐♦♥, ❛, ✇❡❧❧✱ ❛♥❞ ❝❛♥ ❜❡ ❝♦♥✈❡%*❡❞ ✐♥*♦ ❛ ♥❡✉*%✐♥♦ ✢✉①✳ ❚❤❡ ♠♦❞❡❧

❦♥♦✇♥ ❛, ❑❘❆✲γ ❝♦♠❡, ❢%♦♠ *❤❡ ♣❛♣❡% *✐*❧❡❞ ✧❚❤❡ ❣❛♠♠❛✲%❛② ❛♥❞ ♥❡✉*%✐♥♦ ,❦②✿ ❆ ❝♦♥,✐,*❡♥* ♣✐❝*✉%❡ ♦❢

❋❡%♠✐✲▲❆❚✱ ▼✐❧❛❣%♦✱ ❛♥❞ ■❝❡❈✉❜❡ %❡,✉❧*,✧ ❬✶✶✸❪ ✇❤✐❝❤ ❞❡,❝%✐❜❡, *❤❡ %❡,✉❧*, ♦❢ ❛ ❣❛❧❛❝*✐❝ ❝♦,♠✐❝ %❛② *%❛♥,♣♦%*

♠♦❞❡❧ ✇❤✐❝❤ ♣%❡❞✐❝*, ❣❛♠♠❛ %❛② ❛♥❞ ♥❡✉*%✐♥♦ ✢✉①❡, ❢%♦♠ *❤❡ ❣❛❧❛①② ✇❤✐❝❤ ❝❛♥ ❞❡,❝%✐❜❡ ❋❡%♠✐ ❛♥❞ ▼✐❧❛❣%♦

❞❛*❛ ❬✶✶✹❪ ,✐♠✉❧*❛♥❡♦✉,❧②✳ ❆ *❡,* ♦❢ ❊❙❚❊❙✬, ,❡♥,✐*✐✈✐*② *♦ ❡❛❝❤ ✐, ❝♦♥❞✉❝*❡❞ ✇✐*❤ ❛♥ ✉♥❜✐♥♥❡❞ ♠❛①✐♠✉♠

❧✐❦❡❧✐❤♦♦❞ *❡♠♣❧❛*❡ ♠❡*❤♦❞ ✇❤✐❝❤ ❝♦♥✈♦❧✈❡, *❤❡ ✐♥*❡♥,✐*② ♦❢ ❡♠✐,,✐♦♥ ❢%♦♠ *❤❡ ●❛❧❛❝*✐❝ L❧❛♥❡ ♠♦❞❡❧, ✇✐*❤

*❤❡ ❛❝❝❡♣*❛♥❝❡ ♦❢ ❊❙❚❊❙ ✭,❡❡ ❋✐❣✉%❡ ✶✵✳✶✹ ❢♦% ❛♥ ❡①❛♠♣❧❡✮✳ ❋♦% *❤❡ ❋❡%♠✐ ♥❡✉*%❛❧ ♣✐♦♥ ♠♦❞❡❧ ❊❙❚❊❙ ✇✐❧❧

❜❡ ,❡♥,✐*✐✈❡ *♦ ❛♥ ✢✉① *✐♠❡, E2
♦❢ 4.30 × 1018 GeV/cm2 s✳ ❚❤✐, ✐, ❧❛%❣❡% *❤❛♥ *❤❡ 2.97 × 1018 GeV/cm2 s

,❡♥,✐*✐✈✐*② ❢%♦♠ *❤❡ ❢✉❧❧ ,❦② ♣♦✐♥* ,♦✉%❝❡ ,❡❛%❝❤✱ ❜✉* ✐, ,*✐❧❧ ✐♠♣♦%*❛♥* ❜❡❝❛✉,❡ ❊❙❚❊❙ ♠❡❛,✉%❡, ❡✈❡♥*, ♠✉❝❤

❧♦✇❡% ✐♥ ❡♥❡%❣② *❤❛♥ *❤❡ ♣♦✐♥* ,♦✉%❝❡ ,❡❛%❝❤ ✐♥ *❤❡ ,♦✉*❤❡%♥ ,❦②✳ ❋♦% *❤❡ ❑❘❆✲γ ♠♦❞❡❧ ❊❙❚❊❙ ✐, ,❡♥,✐*✐✈❡

*♦ ❛ ✢✉① ✻✺✪ ❛, ✐♥*❡♥,❡ ❛, *❤❡ ♠♦❞❡❧✳ ❚❤✐, %❡♣%❡,❡♥*, ❛♥ ✐♠♣%♦✈❡♠❡♥* ♦✈❡% *❤❡ ,❡♥,✐*✐✈✐*② ❢%♦♠ *❤❡ ❢✉❧❧ ,❦②

♣♦✐♥* ,♦✉%❝❡ ,❡❛%❝❤❡, %❡,✉❧* ♦❢ ✼✾✪✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡%❡♥❝❡ ❢♦% ❡❛❝❤ ❛♥❛❧②,✐, ❤❛✈✐♥❣ ❛♥ ❡❞❣❡ ♦♥ ❞✐✛❡%❡♥* ♠♦❞❡❧,

✐, *❤❡ ♠♦%♣❤♦❧♦❣② ♦❢ *❤❡ ♠♦❞❡❧,✳ ❚❤❡ ❋❡%♠✐ ♥❡✉*%❛❧ ♣✐♦♥ *❡♠♣❧❛*❡ ,✉♣♣♦%*, ♠♦%❡ ,♣%❡❛❞ ♦✉* ❡♠✐,,✐♦♥ ❛❧♦♥❣

*❤❡ ♣❧❛♥❡ ✇❤✐❧❡ *❤❡ ❑❘❆✲γ ♠♦❞❡❧ ❢❛✈♦%, ,*%♦♥❣❡% ❡♠✐,,✐♦♥ ❢%♦♠ *❤❡ ●❛❧❛❝*✐❝ ❈❡♥*❡%✳

■❢ *❤❡ ♦❜,❡%✈❡❞ *❡♥,✐♦♥ ✐, ❢%♦♠ ❛ ❝❤❛♥❣❡ ✐♥ *❤❡ ❛,*%♦♣❤②,✐❝❛❧ ,♣❡❝*%✉♠ ✇✐*❤ ❡♥❡%❣② *❤❡♥ ❊❙❚❊❙ ❝❛♥

♠❛❦❡ ❛ ❝♦♥*%✐❜✉*✐♦♥ *❤❡%❡ ❛, ✇❡❧❧✳ ❘❡❢❡%%✐♥❣ ❜❛❝❦ *♦ ❋✐❣✉%❡ ✶✵✳✶✸ *❤❡ ♣❧♦*, ,❤♦✇ ❛ ✈❡%② ❧❛%❣❡ ❞✐✛❡%❡♥❝❡ ✐♥

*❤❡ ♥✉♠❜❡% ♦❢ ❡✈❡♥*, ❞❡*❡❝*❡❞ ♣❡% ②❡❛% ✐♥ *❤❡ ❡♥❡%❣② %❛♥❣❡ ❜❡❧♦✇ ✷✵✵ ❚❡❱ ❢♦% ❡❛❝❤ ♦❢ *❤❡ ❞✐✛❡%❡♥* ,♣❡❝*%❛❧

✐♥❞✐❝❡,✳ ❚❤✐, ✐, ❧❛%❣❡❧② ❞✉❡ *♦ ❊❙❚❊❙ ❜❡✐♥❣ ,❡♥,✐*✐✈❡ *♦ *❤❡ ✢✉① ❜❡*✇❡❡♥ ✶✵ ❛♥❞ ✶✵✵ ❚❡❱✱ ✇❤✐❝❤ ✐, ❜❡❧♦✇
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νΦastroν ≈ 10−8 GeV cm−2 s−1 sr−1

✳

❚❤✐+ +✉❣❣❡+0+ 0❤❛0 0❤❡ ♠❡❛+✉(❡❞ ✢✉① ❝♦✉❧❞ ❜❡ ❝♦♥♥❡❝0❡❞ ✇✐0❤ 0❤❡ ♣(♦❞✉❝0✐♦♥ ♦❢ ✉❧0(❛✲❤✐❣❤ ❡♥❡(❣② ❝♦+♠✐❝

(❛②+✳ ■❢ 0❤✐+ ✐+ 0❤❡ ❝❛+❡ 0❤❡♥ 0❤❡ ♥❡✉0(✐♥♦+ ❛(❡ ❝♦♥+✐+0❡♥0 ✇✐0❤ ❛ ♠♦❞❡❧ ✇❤❡(❡ ✉❧0(❛✲❤✐❣❤ ❡♥❡(❣② ❝♦+♠✐❝

(❛② ♣(♦0♦♥+ ❛(❡ ♣(♦❞✉❝❡❞ ✐♥ ❛ ❝❛❧♦(✐♠❡0(✐❝ ❡♥✈✐(♦♥♠❡♥0 ✇❤❡(❡ ❛❧❧ ❛❝❝❡❧❡(❛0❡❞ ♣❛(0✐❝❧❡+ ❛(❡ ❣✉❛(❛♥0❡❡❞ 0♦

✉♥❞❡(❣♦ ♣(♦0♦♥✲♣(♦0♦♥ ✐♥0❡(❛❝0✐♦♥+✳ ■❢ 0❤❡ ✉♥(❡+♦❧✈❡❞ ♥❡✉0(✐♥♦ +♦✉(❝❡+ ❛(❡ ❣❛♠♠❛ (❛② +♦✉(❝❡+ ❜❡❧♦✇ 0❤❡

❝✉((❡♥0 ❞❡0❡❝0✐♦♥ ❧✐♠✐0 0❤❡♥ 0❤❡ +❛♠❡ ❝♦+♠✐❝ (❛②+ ✇❤✐❝❤ ♣(♦❞✉❝❡ ♥❡✉0(✐♥♦+ ✇✐❧❧ ❛❧+♦ ♣(♦❞✉❝❡ ❣❛♠♠❛ (❛②+✱

❛❧❜❡✐0 ❛0 ❛ ❧♦✇❡( ❡♥❡(❣✐❡+ ❞✉❡ 0♦ ✐♥0❡(❛❝0✐♦♥+ ✇✐0❤ 0❤❡ ❡①0(❛✲❣❛❧❛❝0✐❝ ❜❛❝❦❣(♦✉♥❞ ❧✐❣❤0✳ ❚❤✐+ ♠❡❛♥+ 0❤❛0 ❛

❝♦♥♥❡❝0✐♦♥ ❜❡0✇❡❡♥ 0❤❡ ❞✐✛✉+❡ ❝♦+♠✐❝ (❛②+✱ ♥❡✉0(✐♥♦+✱ ❛♥❞ ❣❛♠♠❛ (❛②+ ❝♦✉❧❞ ❡①✐+0 ❛+ ✐+ +❤♦✇♥ ✐♥ ❋✐❣✉(❡

✶✵✳✶✻✳ ❆0 (✐❣❤0 ❛(❡ 0❤❡ ❞✐✛✉+❡ ❝♦+♠✐❝ (❛②+ ❛+ ♠❡❛+✉(❡❞ ❜② ❆✉❣❡( ❬✶✷✵❪❬✶✶✻❪❬✶✶✼❪ ✇✐0❤ 0❤❡ ❣(❡❡♥ ❞♦00❡❞ ❧✐♥❡

+❤♦✇✐♥❣ 0❤❡ ♣(♦0♦♥ ❝♦♥0(✐❜✉0✐♦♥✳ ❚❤❡ ❞❛+❤❡❞ ❜❧✉❡ ❧✐♥❡ (❡♣(❡+❡♥0+ 0❤❡ ♥❡✉0(✐♥♦+ ❝(❡❛0❡❞ ❛++✉♠✐♥❣ ♣(♦0♦♥✲

♣(♦0♦♥ ✐♥0❡(❛❝0✐♦♥+ ♦❢ 0❤❡ ♠❡❛+✉(❡❞ ♣(♦0♦♥+ ✐♥ ❛ ♠♦❞❡❧❡❞ ❝❛❧♦(✐♠❡0(✐❝ ❡♥✈✐(♦♥♠❡♥0✳ ❚❤❡+❡ ♥❡✉0(✐♥♦+ ♠❛0❝❤
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❛♥❞ ≈ E−2.5
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✶✵✳✸✳✸ $♦✐♥( ❙♦✉+❝❡ $♦(❡♥(✐❛❧
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U♦✐♥% $♦✉'❝❡ $❡❛'❝❤❡$ ✐♥ ■❝❡❈✉❜❡ ❛'❡ ❝♦♥❞✉❝%❡❞ ✉$✐♥❣ %❤❡ ❧✐❦❡❧✐❤♦♦❞ ❞❡✜♥✐%✐♦♥ ✐♥ ❊V✉❛%✐♦♥ ✶✵✳✶

ℓ =

allevents
∏

i

(ns

N
S(~xi, ~xx, σi, Ei, δi, γ) + (1− ns

N
)B(δi, Ei))

)
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✇❤❡'❡ ns ✐$ %❤❡ ♥✉♠❜❡' ♦❢ $✐❣♥❛❧ ♥❡✉%'✐♥♦$✱ ~xi ✐$ ❡✈❡♥% ✐✬$ ❧♦❝❛%✐♦♥✱ ~xs ✐$ %❤❡ $♦✉'❝❡ ❧♦❝❛%✐♦♥✱ σi ✐$ %❤❡ ❡✈❡♥%✬$

❛♥❣✉❧❛' ✉♥❝❡'%❛✐♥%②✱ Ei ✐$ %❤❡ ❡✈❡♥%✬$ '❡❝♦♥$%'✉❝%❡❞ ❡♥❡'❣②✱ δi ✐$ %❤❡ ❡✈❡♥%✬$ '❡❝♦♥$%'✉❝%❡❞ ❞❡❝❧✐♥❛%✐♦♥✱ γ

✐$ %❤❡ $♣❡❝%'❛❧ ✐♥❞❡① ♦❢ %❤❡ $♦✉'❝❡✱ ❛♥❞ ❙ ❛♥❞ ❇ ❛'❡ %❤❡ $✐❣♥❛❧ ❛♥❞ ❜❛❝❦❣'♦✉♥❞ ♣'♦❜❛❜✐❧✐%② ❞✐$%'✐❜✉%✐♦♥$✳

❚❤❡ ✐♠♣♦'%❛♥% V✉❛♥%✐%② %♦ ❝❛❧❝✉❧❛%❡ ✐$ %❤❡ ❧✐❦❡❧✐❤♦♦❞ '❛%✐♦ ♦❢ ❤❛✈✐♥❣ $✐❣♥❛❧ ❡✈❡♥%$ ✈❡'$✉$ ❤❛✈✐♥❣ ♥♦♥❡✱ ❛$ ✐♥

❊V✉❛%✐♦♥ ✶✵✳✷✳

TS = 2log

[

ℓ(ns, γ)

ℓ(ns = 0)

]
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✢✉① ✭$♦❧✐❞

'❡❞ ❧✐♥❡✮ ❝♦♠♣❛'❡❞ %♦ ❛ $❡❛'❝❤ ✉$✐♥❣ ✼ ②❡❛'$ ♦❢ ■❝❡❈✉❜❡ ♣♦✐♥% $♦✉'❝❡ ❞❛%❛ ❬✶✶✵❪✭❞❛$❤✲❞♦%%❡❞ ❜❧✉❡ ❧✐♥❡✮ ❛♥❞ ❛

❝♦♠❜✐♥❡❞ ❛♥❛❧②$✐$ ♦❢ ✸ ②❡❛'$ ♦❢ ■❝❡❈✉❜❡ ❞❛%❛ ❛♥❞ ✺ ②❡❛'$ ♦❢ ❆◆❚❆❘❊❙ ❞❛%❛ ❬✶✷✷❪✭❞❛$❤❡❞ ❣'❡❡♥ ❧✐♥❡✮✳ ❚❤✐$

✜❣✉'❡ $❤♦✇$ %❤❛% ✜✈❡ ②❡❛'$ ♦❢ ❊❙❚❊❙ ♦✛❡'$ %❤❡ ❜❡$% $❡♥$✐%✐✈✐%② ❜❡❧♦✇ ❛ $✐♥❡ ♦❢ ❞❡❝❧✐♥❛%✐♦♥ ♦❢ ✲✵✳✼✳ ❲❤✐❧❡

%❤❡ E−2
$❝❡♥❛'✐♦ ✐$ ❣❡♥❡'❛❧❧② %❤❡ ❜❡$% ❝❛$❡ ❢♦' ♦%❤❡' $❡❧❡❝%✐♦♥$ ❛♥❞ ❡①♣❡'✐♠❡♥%$✱ ✐% ✐$ ✐♠♣♦'%❛♥% %♦ '❡♠❡♠❜❡'

%❤❛% %❤✐$ ✐$ ♥♦% %❤❡ ❝❛$❡ ❢♦' ❊❙❚❊❙✳ ❋✉'%❤❡'✱ ✐% ✐$ ✉♥❧✐❦❡❧② %❤❛% %❤❡ ❜'✐❣❤%❡$% $♦✉'❝❡ ✐$ ❡♠✐%%✐♥❣ ❛% E−2
✉♣

%♦ %❤❡ ❤✐❣❤❡$% ❡♥❡'❣✐❡$✳ ❚❤✐$ ♠❛❦❡$ ✐% ♠❡❛♥✐♥❣❢✉❧ %♦ %❡$% $❝❡♥❛'✐♦$ ✇❤❡'❡ %❤❡'❡ ✐$ ❛ ❝✉%♦✛✳ ❙✐♥❝❡ ❊❙❚❊❙ ✐$
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❧✐❦❡ ❡✈❡♥%- ❛- ✇❡❧❧✳ ❚❤✐- ✐❞❡❛ ✇♦✉❧❞ %❛❦❡ ❛❞✈❛♥%❛❣❡ ♦❢ ❊❙❚❊❙✬ ❝♦❛2-❡ ❣2✐❞ ✈❡%♦ ❛- ❛ ✇❛② %♦ ♦✈❡2❝♦♠❡ %❤❡

-♦♠❡ ♦❢ %❤❡ ✐♥❤❡2❡♥% ✐--✉❡- ✇✐%❤ ❝❛-❝❛❞❡ ❛♥❣✉❧❛2 2❡-♦❧✉%✐♦♥ ❛♥❞ ♣♦✐♥%✐♥❣ %❤❛% ❢♦2 -❡❛2❝❤❡- ❢♦2 ❝❛-❝❛❞❡- %♦

✉-❡ ❧❛②❡2 ✈❡%♦-✳ ❉♦✐♥❣ %❤✐- ✇♦✉❧❞ ❛❧❧♦✇ ♠♦2❡ ♦❢ %❤❡ ❞❡%❡❝%♦2 ✈♦❧✉♠❡ %♦ ❜❡ ✉%✐❧✐③❡❞ ✐♥ -❡❛2❝❤❡- ❢♦2 ❝❛-❝❛❞❡-

❛♥❞ ✇♦✉❧❞ ②✐❡❧❞ ♠♦2❡ ❛-%2♦♣❤②-✐❝❛❧ ❡✈❡♥%- ❢♦2 -%✉❞②✳

■❢ %❤❡ -%2❡♥❣%❤ ♦❢ %❤❡ ♥❡✉%2✐♥♦ -♦✉2❝❡- 2❡♠❛✐♥- ❜❡❧♦✇ %❤❡ ❞❡%❡❝%✐♦♥ %❤2❡-❤♦❧❞ ❢♦2 ❊❙❚❊❙ %❤❡♥ %❤❡ ❊❙❚❘❡❙

2❡❛❧%✐♠❡ ✜❧%❡2 ♦✛❡2- %❤❡ ♦♣♣♦2%✉♥✐%② %♦ ❞❡%❡❝% ❛♥❞ ❝♦♠♠✉♥✐❝❛%❡ ❛❜♦✉% ❛-%2♦♣❤②-✐❝❛❧ ♥❡✉%2✐♥♦- ❜❡%✇❡❡♥ ✶✵

❛♥❞ ✶✵✵ ❚❡❱ ✐♥ ♥❡❛2 2❡❛❧%✐♠❡✳ ❚❤✐- ♥❡❛2 2❡❛❧%✐♠❡ ❝♦♥♥❡❝%✐♦♥ ♦♣❡♥- ❛ ♥❡✇ ✇✐♥❞♦✇ ❢♦2 ❝♦♥♥❡❝%✐♦♥- %♦

♠❡❛-✉2❡♠❡♥%- ❢2♦♠ ♦%❤❡2 ♦❜-❡2✈❛%♦2✐❡- ❛♥❞ %❡❧❡-❝♦♣❡- -✐♥❝❡ %❤❡ ❡✈❡♥%- ❝♦♠✐♥❣ ❢2♦♠ ❊❙❚❘❡❙ ♦✛❡2 %❤❡ ♦♥❧②

♦♣♣♦2%✉♥✐%② %♦ ❞❡%❡❝% -✐♥❣❧❡ ❛-%2♦♣❤②-✐❝❛❧ ♥❡✉%2✐♥♦- ✐♥ ♥❡❛2 2❡❛❧%✐♠❡ ✐♥ %❤✐- ❡♥❡2❣② 2❡❣✐♠❡✳

❚♦❣❡%❤❡2✱ ❊❙❚❊❙ ❛♥❞ ❊❙❚❘❡❙ ✇✐❧❧ ♣2♦✈✐❞❡ ❛ ✉♥✐H✉❡ ✇✐♥❞♦✇ ❢♦2 ❛❞✈❛♥❝✐♥❣ ♥❡✉%2✐♥♦ ❛-%2♦♥♦♠② ❢♦2 %❤❡

❞✉2❛%✐♦♥ ♦❢ ■❝❡❈✉❜❡✬- ♦♣❡2❛%✐♦♥
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■♥(❡*❡+(✐♥❣ ❖❜+❡*✈❡❞ ❊✈❡♥(+

❙✐❞❡ ❱✐❡✇ ❚♦♣ ❱✐❡✇ ❆-./♦♣❤②-✐❝❛❧ 5/♦❜❛❜✐❧✐.②

❊♥❡/❣② ❊-.✐♠❛.❡

❩❡♥✐.❤ ❆♥❣❧❡

pmiss

❧❡♥❣.❤

✵✳✾✾

✻✼✳✾ ❚❡❱

✹✵✳✾

◦

8.7× 10−208

✹✵✶ ♠
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❙✐❞❡ ❱✐❡✇ ❚♦♣ ❱✐❡✇ ❆-./♦♣❤②-✐❝❛❧ 5/♦❜❛❜✐❧✐.②

❊♥❡/❣② ❊-.✐♠❛.❡

❩❡♥✐.❤ ❆♥❣❧❡

pmiss

❧❡♥❣.❤

✵✳✾✽

✸✵✳✵ ❚❡❱

✸✹✳✼

◦

4.7× 10−29

✻✸✻ ♠

✵✳✾✽

✷✵✳✻ ❚❡❱

✸✽✳✶

◦

1.1× 10−39

✺✵✻ ♠

❚❛❜❧❡ ❆✳✶✿ ❚❛❜❧❡ ♦❢ .❤❡ ❡✈❡♥.- ✇❤✐❝❤ ❛/❡ ❧✐❦❡❧② .♦ ❜❡ ❛-./♦♣❤②-✐❝❛❧ ✇✐.❤ ♠♦/❡ .❤❛♥ ✺✵✪ ♣/♦❜❛❜✐❧✐.② ❛❝❝♦/❞✐♥❣

.♦ .❤❡ ❜❡-. ✜. ❢/♦♠ .❤❡ ▼❊❙❈ -❡❧❡❝.✐♦♥ ❬✻✽❪✳ ❊✈❡♥. ✈✐❡✇- ❛♥❞ ❜❛-✐❝ ✐♥❢♦/♠❛.✐♦♥ ❛❜♦✉. ❡❛❝❤ ♦❢ .❤❡ .❤/❡❡

❡✈❡♥.- ❛/❡ ♣/♦✈✐❞❡❞✳
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'✐♠✉❧❛(✐♦♥'✳ ❖❢(❡♥ (❤❡ ❛✐0 '❤♦✇❡0 '✐♠✉❧❛(✐♦♥ ❈❖❘❙■❑❆ ❬✶✷✸❪ ✐' ✉'❡❞✳ ❚♦ ❛❝❝✉0❛(❡❧② ♠♦❞❡❧ (❤❡ ✜♥❛❧ ♣0♦❞✉❝('
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♠♦0❡ ✐❢ 0❛0❡ '❤♦✇❡0' ❛0❡ 0❡I✉✐0❡❞✱ '✉❝❤ ❛' ✐♥ ❬✻✺❪✳

■♥ (❤❡ '♣❡❝✐✜❝ ❝❛'❡ ♦❢ ❬✻✺❪ ❤✐❣❤ ❡♥❡0❣② ♥❡✉(0✐♥♦' ✇✐(❤ ♥♦ ❛❝❝♦♠♣❛♥②✐♥❣ ♠✉♦♥' ✇❡0❡ (❤❡ ❢♦❝✉' ♦❢ '(✉❞②✳
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✭▲■❋❖✮ ❜✉✛❡0 ✇❛' ✐♠♣❧❡♠❡♥(❡❞✳ ■♥ (❤✐' ❝♦♥✜❣✉0❛(✐♦♥✱ ❛❢(❡0 (❤❡ ✐♥✐(✐❛❧ '❡❝♦♥❞❛0✐❡' ✇❡0❡ ♣0♦❞✉❝❡❞✱ (❤❡ ♠♦'(

0❡❝❡♥(❧② ❣❡♥❡0❛(❡❞ '❡❝♦♥❞❛0② ✇❛' '✐♠✉❧❛(❡❞ ♥❡①(✳ ❙✐♥❝❡ ♥❡✇ ♣❛0(✐❝❧❡' ❛0❡ ❛❧✇❛②' ♣❧❛❝❡❞ ❛( (❤❡ ❢0♦♥( ♦❢ (❤❡

❜✉✛❡0✱ (❤❡ ♠♦'( 0❡❝❡♥(❧② ❣❡♥❡0❛(❡❞ ❝❤✐❧❞ ✇❛' '✐♠✉❧❛(❡❞ ♥❡①(✳ ❚❤✐' ♣0♦❝❡'' ❝♦♥(✐♥✉❡' 0❡♣❡❛(❡❞❧② ✉♥(✐❧ ♥♦ ♥❡✇

♣❛0(✐❝❧❡' ❛0❡ ❛❞❞❡❞ (♦ (❤❡ ❜✉✛❡0 ❛❢(❡0 (❤❡ '✐♠✉❧❛(✐♦♥ ♦❢ ❛♥ ❡①✐'(✐♥❣ ♣❛0(✐❝❧❡✳ ❆( (❤✐' ♣♦✐♥(✱ ❛ '✐❜❧✐♥❣ ♦❢ (❤❡

♣0❡✈✐♦✉'❧② '✐♠✉❧❛(❡❞ ♣❛0(✐❝❧❡ ✐' '✐♠✉❧❛(❡❞✳ ❆❣❛✐♥✱ (❤❡ ❣❡♥❡0❛(✐♦♥ ♦❢ ❝❤✐❧❞0❡♥ 0❡♣❡❛(' ✉♥(✐❧ ♥♦ ♥❡✇ ♣❛0(✐❝❧❡'

❛0❡ ❝0❡❛(❡❞✳ ❚❤✐' ♣0♦❝❡'' 0❡♣❡❛(' ✉♥(✐❧ (❤❡ '❤♦✇❡0 ❝♦♠♣❧❡(❡'✳ ❊✛❡❝(✐✈❡❧② ✇❤❛( ✐' ❤❛♣♣❡♥✐♥❣ ✐' (❤❡ ❝♦♠♣❧❡(❡

'✐♠✉❧❛(✐♦♥ ♦❢ ♦♥❡ ❜0❛♥❝❤ ♦❢ (❤❡ '❤♦✇❡0 ❜❡❢♦0❡ ❛♥♦(❤❡0 ❜❡❣✐♥'✳ ❚❤✐' ❝♦♠♣❧❡(❡' (❤❡ '❤♦✇❡0 ✐♥ ❛ ❞❡♣(❤✲✜0'(



✷✶✵

♠❛♥♥❡'✳ ❍♦✇❡✈❡'✱ .❤✐1 .②♣❡ ♦❢ 1❤♦✇❡' ❞❡✈❡❧♦♣♠❡♥. ✐1 ♥♦. ♦♣.✐♠❛❧ ❢♦' 1❡❛'❝❤✐♥❣ ❢♦' .❤❡ ❤✐❣❤❡1. ❡♥❡'❣② ❤❛❞'♦♥

1✐♥❝❡ ♠♦1. ❡♥❡'❣❡.✐❝ ❤❛❞'♦♥1 ❝♦✉❧❞ ♥♦. ❜❡ 1✐♠✉❧❛.❡❞ ✉♥.✐❧ ♥❡❛'❧② .❤❡ ❡♥❞ ♦❢ .❤❡ 1✐♠✉❧❛.✐♦♥ ♦❢ .❤❡ 1❤♦✇❡'✳

❆♥♦.❤❡' ♦♣.✐♦♥ .❤❛. ❡①✐1.1 ❢♦' ♠❡♠♦'② ♠❛♥❛❣❡♠❡♥. ✐1 .❤❡ ✜'1. ✐♥ ✜'1. ♦✉. ✭❋■❋❖✮ ❜✉✛❡'✳ ■♥ 1✉❝❤

❛ ❝♦♥✜❣✉'❛.✐♦♥✱ ❛❢.❡' .❤❡ ❞✐'❡❝. 1❡❝♦♥❞❛'✐❡1 ❛'❡ ❣❡♥❡'❛.❡❞✱ .❤❡ ✜'1. ❞✐'❡❝. 1❡❝♦♥❞❛'② ✇♦✉❧❞ ❜❡ 1✐♠✉❧❛.❡❞

❛♥❞ ✐.1 ❝❤✐❧❞'❡♥ ♣❧❛❝❡❞ ❛. .❤❡ ❡♥❞ ♦❢ .❤❡ ❜✉✛❡'✳ ❚❤✐1 ❝♦♥.✐♥✉❡1 ✉♥.✐❧ ❛❧❧ .❤❡ ❞✐'❡❝. 1❡❝♦♥❞❛'✐❡1 ❤❛✈❡ ❜❡❡♥

1✐♠✉❧❛.❡❞✳ ❆. .❤✐1 ♣♦✐♥. .❤❡ ❝❤✐❧❞'❡♥ ♦❢ .❤❡ ❞✐'❡❝. 1❡❝♦♥❞❛'✐❡1✱ ✇❤✐❝❤ ❛'❡ ♥♦✇ ❛. .❤❡ ❢'♦♥. ♦❢ .❤❡ ❜✉✛❡'✱ ✇♦✉❧❞

❜❡ 1✐♠✉❧❛.❡❞ ❛♥❞ .❤❡✐' ❝❤✐❧❞'❡♥ ✇♦✉❧❞ ❜❡ ♣❧❛❝❡❞ ❛. .❤❡ ❡♥❞ ♦❢ .❤❡ ❜✉✛❡'✳ ❚❤✐1 ♣'♦❝❡11 ✇♦✉❧❞ ❝♦♥.✐♥✉❡ ✉♥.✐❧

❛❧❧ ♣❛'.✐❝❧❡1 ✐♥ .❤❡ ❜✉✛❡' ❤❛✈❡ ❜❡❡♥ 1✐♠✉❧❛.❡❞✳ ❆ 1❤♦✇❡' 1✐♠✉❧❛.❡❞ ✐♥ .❤✐1 ✇❛② ✐1 ♣'♦♣❛❣❛.❡❞ ❜'❡❛❞.❤✲✜'1.

❛♥❞ ❦❡❡♣1 ♣❛'.✐❝❧❡1 ✐♥ .❤❡ ❜✉✛❡' ✇❤✐❝❤ ❛'❡ '♦✉❣❤❧② .❤❡ 1❛♠❡ ♥✉♠❜❡' ♦❢ ❞❡❝❛②1✴✐♥.❡'❛❝.✐♦♥1 ❛❢.❡' .❤❡ ♣'✐♠❛'②

♣❛'.✐❝❧❡✳ ❲❤✐❧❡ .❤✐1 .②♣❡ ♦❢ 1❤♦✇❡' ❞❡✈❡❧♦♣♠❡♥. '❡I✉✐'❡1 ♠♦'❡ ♠❡♠♦'② .❤❛♥ ❛ ▲■❋❖ .♦ ❝♦♠♣❧❡.❡ .❤❡ 1❛♠❡

.❛1❦✱ ✐. ✐1 ♥❡❛' ♦♣.✐♠❛❧ ❢♦' 1❡❛'❝❤✐♥❣ ❢♦' .❤❡ ❤✐❣❤❡1. ❡♥❡'❣② ❤❛❞'♦♥✳ ❚❤✐1 ✐1 ❜❡❝❛✉1❡ ❡✈❡'② ♣❛'.✐❝❧❡ ✐1 ❦❡♣.

❛. .❤❡ 1❛♠❡ 1.❛❣❡ ♦❢ 1❤♦✇❡' ❞❡✈❡❧♦♣♠❡♥.✳ ❋✉'.❤❡'♠♦'❡✱ ❤✐❣❤ ❡♥❡'❣② ♥❡✉.'✐♥♦1 ❛♣♣❡❛' 1♦♦♥ ❛❢.❡' .❤❡ ✐♥✐.✐❛❧

✐♥.❡'❛❝.✐♦♥ 1✐♥❝❡ ✐. ✐1 ❞✐✣❝✉❧. ❢♦' ❤❛❞'♦♥1 .♦ ❦❡❡♣ ❧❛'❣❡ ❛♠♦✉♥.1 ♦❢ ❡♥❡'❣② .❤'♦✉❣❤ ❞❡❝❛②1✴✐♥.❡'❛❝.✐♦♥1✳

❚❤❡ ♦♥❧② ✇❛② .♦ ♠❛❦❡ .❤❡ ♣'♦❝❡11 ♦❢ ✜♥❞✐♥❣ .❤❡1❡ ♥❡✉.'✐♥♦1 ❢❛1.❡' ✐1 .♦ ✜'1. 1✐♠✉❧❛.❡ .❤❡ ❤❛❞'♦♥1 ✇❤✐❝❤

❝❛♥ ❝'❡❛.❡ ❛ ♥❡✉.'✐♥♦ ❛❜♦✈❡ .❤'❡1❤♦❧❞✳ ❚❤✐1 ❝❛♥ ❜❡ ❞♦♥❡ 1✐♠♣❧② ❜② ♦♣❡'❛.✐♥❣ .❤❡ ❜✉✛❡' ❛1 ❛ ❞✉❛❧ ❡♥❞❡❞

✐♥1❡'. ❛♥❞ 1✐♥❣❧❡ ❡♥❞❡❞ '❡♠♦✈❛❧ ❜✉✛❡'✱ ♠❛❦✐♥❣ ✐. ❛ ❤②❜'✐❞ ❜❡.✇❡❡♥ .❤❡ ❋■❋❖ ❛♥❞ ▲■❋❖✳ ❇② ♣✉..✐♥❣ ♣❛'.✐❝❧❡1

✇❤✐❝❤ ❛'❡ ❛❜♦✈❡ .❤'❡1❤♦❧❞ ❛. .❤❡ ❢'♦♥. ♦❢ .❤❡ ❜✉✛❡' ❛♥❞ ♣❛'.✐❝❧❡1 ✇❤✐❝❤ ❛'❡ ❜❡❧♦✇ .❤'❡1❤♦❧❞ ❛. .❤❡ ❡♥❞ ♦❢

.❤❡ ❜✉✛❡' .❤❡ '❡❧❡✈❛♥. ❤❛❞'♦♥1 ❛'❡ ✐♥1♣❡❝.❡❞ ✜'1. ✇❤✐❧❡ .❤❡ '❡1. ♦❢ .❤❡ 1❤♦✇❡' ✐1 ❤❡❧❞✳ ■❢ ❛ ♥❡✉.'✐♥♦ ❛❜♦✈❡

.❤'❡1❤♦❧❞ ✐1 ♣'♦❞✉❝❡❞✱ .❤❡♥ .❤❡ ❢✉❧❧ 1❤♦✇❡' ❝❛♥ ❜❡ ❝♦♠♣❧❡.❡❞✳ ■♥ .❤✐1 ✇❛② ♦♥❧② .❤❡ ♥❡❝❡11❛'② ❝♦♠♣✉.❛.✐♦♥1

❛'❡ ❝♦♠♣❧❡.❡❞ .♦ ✜♥❞ ♦✉. ✐❢ .❤❡ 1❤♦✇❡' ✐1 '❡❧❡✈❛♥. ♦' ♥♦.✳

❆ ✈❡'1✐♦♥ ♦❢ ❈❖❘❙■❑❆ ✇✐.❤ .❤❡ ✐♠♣❧❡♠❡♥.❛.✐♦♥ ♦❢ .❤❡ ❤②❜'✐❞ ❜✉✛❡' ❛♥❞ ❛ .❤'❡1❤♦❧❞ ❡♥❡'❣② ✇❛1 .❤❡

✜♥❛❧ ♦✉.❝♦♠❡ ♦❢ .❤❡ ♠♦❞✐✜❝❛.✐♦♥1✳ ❚❤❡ .❤'❡1❤♦❧❞ ✇♦'❦1 ❜② 1.♦♣♣✐♥❣ 1❤♦✇❡'1 ❛♥❞ 1.❛'.✐♥❣ .❤❡ ♥❡①. ✐❢ ♥♦

♣❛'.✐❝❧❡1 ❛❜♦✈❡ .❤❡ ❡♥❡'❣② .❤'❡1❤♦❧❞ ❛'❡ ✐♥ .❤❡ ❜✉✛❡' ❛♥❞ ♥♦ ♥❡✉.'✐♥♦ ❛❜♦✈❡ .❤'❡1❤♦❧❞ ❤❛1 ❜❡❡♥ ❝'❡❛.❡❞✳

❙❤♦✇❡'1 ✇❤✐❝❤ ❛'❡ 1.♦♣♣❡❞ 1❛✈❡ .❤❡ ♣'✐♠❛'② ♣❛'.✐❝❧❡✬1 ✐♥❢♦'♠❛.✐♦♥ .♦ .❤❡ ♦✉.♣✉. ✜❧❡✱ ✇❤✐❧❡ ❢✉❧❧② ♣'♦♣❛❣❛.❡❞

1❤♦✇❡'1 ❛♣♣❡❛' ❛1 ♥♦'♠❛❧ ♦✉.♣✉.✳ ❚❤✐1 ♠♦❞✐✜❝❛.✐♦♥ ❤❛1 ❜❡❡♥ 1✉❜♠✐..❡❞ .♦ ❛♥❞ ❛❝❝❡♣.❡❞ ❜② .❤❡ ❈❖❘❙■❑❆

♠❛✐♥.❛✐♥❡'1✳ ■. ✇✐❧❧ ❛♣♣❡❛' ✐♥ .❤❡ ♥❡①. ♠❛❥♦' '❡❧❡❛1❡ ♦❢ ❈❖❘❙■❑❆✳

❇✳✸ #❡%❢♦%♠❛♥❝❡

❇② 1.♦♣♣✐♥❣ 1❤♦✇❡'1 ♦♥❝❡ .❤❡② ❤❛✈❡ ❝'♦11❡❞ ❛ .❤'❡1❤♦❧❞ ❡♥❡'❣② ❢♦' ♥❡✉.'✐♥♦ ♣'♦❞✉❝.✐♦♥ ❛♥❞ 1❛✈✐♥❣ .❤❡✐'

❢✉❧❧ ♦✉.♣✉. ♦♥❧② ✐❢ .❤❡② ♣♦11❡1 ❛ '❡❧❡✈❛♥. ♥❡✉.'✐♥♦ ✇❡ ✐♠♣'♦✈❡ .❤❡ '✉♥ .✐♠❡ ❛♥❞ ✜❧❡ 1✐③❡ '❡I✉✐'❡♠❡♥.1 ♦❢ ♦✉'

1✐♠✉❧❛.✐♦♥✳ ❙✐♥❝❡ .❤❡ '❡❞✉❝.✐♦♥ .'✉♥❝❛.❡1 ❡✈❡♥.1 ❛♥❞ ❞♦❡1 ♥♦. ❝❤❛♥❣❡ .❤❡ ✉♥❞❡'❧②✐♥❣ ❛❧❣♦'✐.❤♠1✱ .❤❡ 1❛✈✐♥❣1

❛'❡ ♣'♦♣♦'.✐♦♥❛❧ .♦ .❤❡ ❛♠♦✉♥. ♦❢ .'✉♥❝❛.✐♦♥ ❛❝❤✐❡✈❡❞✳ ❚❤✐1 ❝❛♥ ❜❡ 1❡❡♥ ✐♥ ❋✐❣✉'❡ ❇✳✶ ♦♥ .♦♣ ♦❢ ❛ ♠✐♥✐♠✉♠

✢♦♦' ✈❛❧✉❡✳
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❇✳✹ ❆♣♣❧✐❝❛)✐♦♥,

❚❤✐% ♠♦❞✐✜❝❛,✐♦♥ ✇❛% ✜/%, ✉%❡❞ ,♦ ♦❜,❛✐♥ %,❛,✐%,✐❝% ❛, ❤✐❣❤ ♥❡✉,/✐♥♦ ❡♥❡/❣② ❢♦/ ❬✻✺❪✳ ❍❡/❡✱ ❛ ❞❛,❛ %❡,

♦❢ %❤♦✇❡/% ✇✐,❤ ♥❡✉,/✐♥♦% ❛❜♦✈❡ ✶✵✵ ❚❡❱ ❛❧❧♦✇❡❞ ❛ ♠♦❞❡❧ ✜, ♦❢ %✉♣♣/❡%%❡❞ ❛,♠♦%♣❤❡/✐❝ ♥❡✉,/✐♥♦ %♦✉/❝❡% ❛%

✇❡❧❧ ❛% ❛ ❝♦♥✜/♠❛,✐♦♥ ♦❢ ,❤❡ ❝♦♥✈❡♥,✐♦♥❛❧ ❛,♠♦%♣❤❡/✐❝ ♥❡✉,/✐♥♦ ✈❡,♦ ❢/♦♠ ❬✸✷❪✳

❖♥❡ ❞❡,❛✐❧ ❛❜♦✉, ♥❡✉,/✐♥♦ ✈❡,♦% ,❤❛, ✇❛% ♥♦, ✐♥ ,❤❡ %❝♦♣❡ ♦❢ ❬✻✺❪ ✐% ,❤❡ D✉❡%,✐♦♥ ♦❢ ✇❤❛, ♣/✐♠❛/✐❡%

❝/❡❛,❡ ♥❡✉,/✐♥♦% ✇❤✐❝❤ ❛/❡ ♥♦, ❛❝❝♦♠♣❛♥✐❡❞ ❜② ❡♥♦✉❣❤ ♠✉♦♥ ❡♥❡/❣② ❛, ❞❡♣,❤ ,♦ ❝♦♥%✐❞❡/ ,❤❡♠ ✈❡,♦❡❞✳ ❚❤✐%

D✉❡%,✐♦♥ ✐% ♣❛/,✐❝✉❧❛/❧② /❡❧❡✈❛♥, ❢♦/ %✉/❢❛❝❡ ✈❡,♦% ♦❢ ♥❡✉,/✐♥♦% %✐♥❝❡ ✐, ❣✐✈❡% ,❤❡ /❡❧❡✈❛♥, ❡♥❡/❣② ♦❢ ♣/✐♠❛/✐❡%

♦♥❡ ♠✉%, ❜❡ ❛❜❧❡ ,♦ /❡❧✐❛❜❧② ❞❡,❡❝, ❛, ,❤❡ %✉/❢❛❝❡ ,♦ /❡❥❡❝, ,❤❡ ❜❛❝❦❣/♦✉♥❞ ♦❢ ❛,♠♦%♣❤❡/✐❝ ♥❡✉,/✐♥♦% ❬✻✼❪

❬✶✷✹❪✳ ❚♦ ❞♦ ,❤✐% /❡D✉✐/❡% ❛ ❝♦♥♥❡❝,✐♦♥ ❜❡,✇❡❡♥ ❛ ♥❡✉,/✐♥♦ ❛♥❞ ✐,% ♣❛/❡♥, ♣/✐♠❛/②✱ ,❤✉% ,❤❡ D✉❡%,✐♦♥ ♠✉%,

❜❡ ❛♥%✇❡/❡❞ ✉%✐♥❣ ▼♦♥,❡ ❈❛/❧♦✳ ❯%✐♥❣ ,❤❡ ♠♦❞✐✜❝❛,✐♦♥✱ ❛ %✐♠✉❧❛,✐♦♥ %❛♠♣❧❡ ✇❛% ♣/♦❞✉❝❡❞ ✇✐,❤ ❛ ♥❡✉,/✐♥♦

❡♥❡/❣② ,❤/❡%❤♦❧❞ ♦❢ ✺✵ ❚❡❱ ❛♥❞ ,❤❡ ❙■❇❨▲▲ ✷✳✶ ✐♥,❡/❛❝,✐♦♥ ♠♦❞❡❧ ❬✶✷✺❪✳ ❋/♦♠ ,❤✐% ❞❛,❛✱ ,❤❡ ❝✉♠✉❧❛,✐✈❡

/❡%♣♦♥%❡ ,♦ ❛ ❣✐✈❡♥ ♥❡✉,/✐♥♦ ❡♥❡/❣② ❢/♦♠ ♣♦%%✐❜❧❡ ♣❛/❡♥, ♣/✐♠❛/② ,②♣❡% ❛♥❞ ❡♥❡/❣✐❡% ✇❛% ❝❛❧❝✉❧❛,❡❞ ❛%%✉♠✐♥❣

,❤❡ ❝♦♠♣♦%✐,✐♦♥ ♠♦❞❡❧ ♦❢ ❬✶✷✻❪ ❛♥❞ ✐% %❤♦✇♥ ✐♥ ,❤❡ ♣❧♦,% ♦❢ ❋✐❣✉/❡ ❇✳✷✳

❚❤❡%❡ ♣❧♦,% %❤♦✇ ,❤❛, ♠♦%, ♦❢ ,❤❡ ❝♦♥,/✐❜✉,✐♦♥ ,♦ ♥❡✉,/✐♥♦% ❢/♦♠ ✺✵✲✺✺ ❚❡❱ ❝♦♠❡% ❢/♦♠ ❤②❞/♦❣❡♥

♣/✐♠❛/✐❡% ❜❡,✇❡❡♥ ✶✲✷ S❡❱✳ ❆❞❞✐,✐♦♥❛❧❧② ♣❧♦,,❡❞ ✐% ,❤❡ ❢/❛❝,✐♦♥ ♦❢ ♥❡✉,/✐♥♦% ✇❤✐❝❤ ❤❛✈❡ ❧❡%% ,❤❛♥ ✸✵✵ ●❡❱

♦❢ ❛❝❝♦♠♣❛♥②✐♥❣ ♠✉♦♥% ✭,❤❡ ♣❛%%✐♥❣ ❢/❛❝,✐♦♥✮✳ ❋♦/ ♥❡❛/❧② ✈❡/,✐❝❛❧ ❡✈❡♥,%✱ ,❤❡ ❧❛/❣❡%, ❝♦♥,/✐❜✉,✐♦♥ ❝♦♠❡%

❢/♦♠ ♥❡✉,/✐♥♦% ✇❤✐❝❤ ,❛❦❡ ♥❡❛/❧② ❛❧❧ ,❤❡✐/ ♣❛/❡♥,✬% ❡♥❡/❣②✳ ❆% ,❤❡ ③❡♥✐,❤ ❛♥❣❧❡ ✐♥❝/❡❛%❡% ,❤❡ ♠✉♦♥ ❡♥❡/❣②

❞❡❝/❡❛%❡% ❞✉❡ ,♦ ✐♥❝/❡❛%❡❞ ♦✈❡/❜✉/❞❡♥ ❧❡❛❞✐♥❣ ,♦ ♠♦/❡ ❡✈❡♥,% ❢/♦♠ ❤✐❣❤❡/ ❡♥❡/❣② ♣/✐♠❛/✐❡% ❝♦♥,/✐❜✉,✐♥❣ ,♦

,❤❡ ♣❛%%✐♥❣ ❢/❛❝,✐♦♥✳

❆♥♦,❤❡/ ✐♥,❡/❡%,✐♥❣ ♣♦,❡♥,✐❛❧ ✉%❡ ❢♦/ ,❤❡%❡ %✐♠✉❧❛,✐♦♥% ✐% ,♦ ❞❡,❡/♠✐♥❡ ,❤❡ %✐❣♥✐✜❝❛♥❝❡ ♦❢ ❡✈❡♥,% ✇✐,❤ ❛

❝♦♥,❛✐♥❡❞ ✈❡/,❡① ❢/♦♠ ■❝❡❈✉❜❡✬% ❤✐❣❤ ❡♥❡/❣② %,❛/,✐♥❣ ❡✈❡♥, %❡❛/❝❤ ❬✼✵❪✳ ■♥ ,❤❡ ♠♦%, /❡❝❡♥,❧② /❡❧❡❛%❡❞ %,❛/,✐♥❣

❡✈❡♥, ❞❛,❛ ❬✶✷✼❪ ❛ ✈❡/② ✈❡/,✐❝❛❧ ♠✉♦♥ ♥❡✉,/✐♥♦ ✇❛% ❢♦✉♥❞✳ ❚❤✐% ❡✈❡♥, %,❛/,% ❛❢,❡/ ♣❛%%✐♥❣ ,❤/♦✉❣❤ ♠♦/❡ ,❤❛♥

✶✵ ❧❛②❡/% ♦❢ ❉❖▼% ❛♥❞ ❞❡♣♦%✐,% ✹✵✵ ❚❡❱ ♦❢ ❡♥❡/❣② ✐♥ ,❤❡ ❞❡,❡❝,♦/✳ ❇❡❝❛✉%❡ ♦❢ ❡♥❡/❣② ❛♥❞ ③❡♥✐,❤ ♦♥❧② ❝❤❛/♠❡❞

❞❡❝❛②% ❝♦✉❧❞ ♣♦,❡♥,✐❛❧❧② ♣/♦❞✉❝❡ ,❤✐% ❡✈❡♥,✳ S/♦❞✉❝✐♥❣ ❛ ,❛/❣❡, %✐♠✉❧❛,✐♦♥ ✇✐,❤ ,❤❡ ♠♦❞✐✜❝❛,✐♦♥ ❛♥❞ ,❤❡

❉S▼❏❊❚ ■■✳✺ ❬✶✷✽❪ ❤❛❞/♦♥✐❝ ♠♦❞❡❧ ❛ ❜❛❝❦❣/♦✉♥❞ ♦❢ ♦♥❡ ❡✈❡♥, ♣❡/ ✸✾✶ ②❡❛/% ✇❛% ❢♦✉♥❞ ,♦ ❜❡ ❛❝❝♦♠♣❛♥✐❡❞

❜② ❛ ♠✉♦♥ ❜✉♥❞❧❡ ✇✐,❤ ❧❡%% ,❤❛♥ ✸✵✵ ●❡❱ ♦❢ ,♦,❛❧ ❡♥❡/❣②✳ ❚❤✐% ❣✐✈❡% ,❤❡ ❡✈❡♥, ❛ ❝♦♥%❡/✈❛,✐✈❡ ❡%,✐♠❛,❡ ♦❢

❛ ✸σ ❞❡✈✐❛,✐♦♥ ❢/♦♠ ❜❛❝❦❣/♦✉♥❞ %✐♥❝❡ ❉S▼❏❊❚ ■■✳✺ ✐% ❦♥♦✇♥ ,♦ ❡①❝❡❡❞ ,❤❡ ❧✐♠✐,% ♦♥ ❝❤❛/♠❡❞ ❛,♠♦%♣❤❡/✐❝

♠✉♦♥% ❛♥❞ ♥❡✉,/✐♥♦% ❬✶✷✾❪ ❬✶✸✵❪✳

❇✳✺ ❈♦♥❝❧✉,✐♦♥

▼♦❞✐✜❝❛,✐♦♥% ,♦ ❈❖❘❙■❑❆✬% ♠❡♠♦/② ♠❛♥❛❣❡♠❡♥, ✇❡/❡ ♠❛❞❡ ✇❤✐❝❤ ♠❛❦❡ ✧❜/❡❛❞,❤✲✜/%,✧ %❤♦✇❡/ ♣/♦♣✲

❛❣❛,✐♦♥ ♣♦%%✐❜❧❡✳ ❲✐,❤ ,❤✐% ✐, ✐% ♣♦%%✐❜❧❡ ,♦ %,♦♣ %❤♦✇❡/% ✇❤❡♥ ♣❛/,✐❝❧❡% ✐♥ ,❤❡ %❤♦✇❡/ ❤❛✈❡ ❞/♦♣♣❡❞ ❜❡❧♦✇ ❛

,❤/❡%❤♦❧❞ ❡♥❡/❣②✳ ■♥ ,❤❡ ❝❛%❡ ♦❢ ,❤✐% ♠♦❞✐✜❝❛,✐♦♥ ♥❡✉,/✐♥♦% ✇❡/❡ ,❤❡ ❢♦❝✉%✱ ❛♥❞ ❛ ♥❡✉,/✐♥♦ ❡♥❡/❣② ,❤/❡%❤♦❧❞



θ θ



✷✶✹

✇❛% ❛❧%♦ ✐♠♣❧❡♠❡♥-❡❞✳ ❚❤❡ ♠♦❞✐✜❡❞ ❝♦❞❡ ✇✐❧❧ ❜❡ ❛✈❛✐❧❛❜❧❡ ❢♦7 ✉%❡ ✐♥ -❤❡ ♥❡①- ♣✉❜❧✐❝ 7❡❧❡❛%❡ ♦❢ ❈❖❘❙■❑❆✳

❆❧7❡❛❞② -❤✐% ♠♦❞✐✜❝❛-✐♦♥ ❤❛% ❛%%✐%-❡❞ ✐♥ ❞❡-❡7♠✐♥✐♥❣ -❤❡ %✐❣♥✐✜❝❛♥❝❡ ♦❢ ❛ %-❛7-✐♥❣ ❡✈❡♥- ❢7♦♠ ■❝❡❈✉❜❡✬% ❤✐❣❤

❡♥❡7❣② %-❛7-✐♥❣ ❡✈❡♥- %❛♠♣❧❡ ❛♥❞ ❝❛♥ ♣❧❛② ❛ 7♦❧❡ ✐♥ ❞❡-❡7♠✐♥✐♥❣ -❤❡ ❜❛❝❦❣7♦✉♥❞% ❢♦7 ❛ ♣♦%%✐❜❧❡ %✉7❢❛❝❡ ✈❡-♦

❛❜♦✈❡ ■❝❡❈✉❜❡✳



✷✶✺

❆!!❊◆❉■❳

❚❤❡ ♣❉❖▼ ❉❆◗

❚❤✐& ❛♣♣❡♥❞✐① ❞❡&❝.✐❜❡& ❛ ♣.♦❥❡❝2 ❝♦♠♣❧❡2❡❞ ❢♦. 2❤✐& 2❤❡&✐& 2♦ .❡❞❡&✐❣♥ 2❤❡ ❉❆◗ ♦❢ 2❤❡ ❉❖▼✳ ❚❤✐&

♣.♦❥❡❝2 ✇❛& ❛ &✉❜ ♣.♦❥❡❝2 ♦❢ ✇❤❛2 ✐& ❦♥♦✇♥ ❛& 2❤❡ ♣❉❖▼ ♦. ♣.♦2♦2②♣❡ ❉❖▼ ✇❤✐❝❤ ✇❛& ❛ ❝♦♠♣❧❡2❡ ♦✈❡.❤❛✉❧

♦❢ 2❤❡ ❉❖▼✬& ❡❧❡❝2.♦♥✐❝& ❢.♦♠ 2❤❡ ♦.✐❣✐♥❛❧ ❞❡&✐❣♥✳ ❚❤❡ ✐♥2❡♥❞❡❞ &❛♠♣❧✐♥❣ &♣❡❡❞ ✇❛& ✸✵✵ ▼❍③✱ ❜✉2 ✇❛&

♥❡✈❡. ❛❝❤✐❡✈❡❞ ✇✐2❤ 2❤✐& ❞❡&✐❣♥✳ ❆ &✐♥❣❧❡ ✐♠♣❧❡♠❡♥2❛2✐♦♥ ♦❢ 2❤✐& ❞❡&✐❣♥ ❝❛♥ ❜❡ .✉♥ ❛2 ✷✵✵ ▼❍③✳ ■♥ ♦.❞❡. 2♦

❛❝❤✐❡✈❡ 2❤✐& ❛ 2.✐♣❧❡ ✐♠♣❧❡♠❡♥2❛2✐♦♥ ♦❢ 2❤❡ &②&2❡♠ ❞❡&✐❣♥❡❞ ❜❡❧♦✇ ✇❛& .✉♥ ✐♥ ♣❛.❛❧❧❡❧ ❛2 ✶✵✵▼❍③ ❛♥❞ ❣❛✈❡

2❤❡ ❞❡&✐.❡❞ ✸✵✵ ▼❍③✳ ❚❤✐& ✸✵✵ ▼❍③ &②&2❡♠ ✇❛& ♥♦2 ✐♠♣❧❡♠❡♥2❡❞ ❜② ♠❡ &♦ ■ 2❛❦❡ ♥♦ ❝.❡❞✐2 ❜❡②♦♥❞ 2❤❡

✐♥✐2✐❛❧ &②&2❡♠✳

❈✳✶ ❉❡%❝'✐♣*✐♦♥ ♦❢ *❤❡ ❉❆◗ ❙②%*❡♠

❚❤❡ ❉❆◗ &②&2❡♠ ✇❛& ❝♦♥&2.✉❝2❡❞ ♦❢ 2❤.❡❡ ❝♦♠♣♦♥❡♥2&✱ ❛ ❋✐❡❧❞ J.♦❣.❛♠♠❛❜❧❡ ●❛2❡ ❆..❛② ✭❋J●❆✮

❡♠❜❡❞❞❡❞ ✐♥ ❛ 2❡&2 ❦✐2✱ ❛ ❆♥❛❧♦❣ 2♦ ❉✐❣✐2❛❧ ❈♦♥✈❡.2❡. ✭❆❉❈✮✱ ❛♥❞ ❛ ❤✐❣❤ &♣❡❡❞ ❜.✐❞❣❡ 2♦ ❝♦♥♥❡❝2 2❤❡♠✱

&❤♦✇♥ ✐♥ ❋✐❣✉.❡ ❈✳✶✳ ❆❧❧ ♦❢ 2❤❡ ❧♦❣✐❝ 2♦ &2♦.❡ 2❤❡ ❞❛2❛ ❢.♦♠ 2❤❡ ❆❉❈ ✇❛& ✐♠♣❧❡♠❡♥2❡❞ ♦♥ 2❤❡ ❋J●❆✳

❚❤❡ ❧♦❣✐❝ ♦❢ ❛❧❧ ♣.♦❝❡&&❡& ♦♥ 2❤❡ ❋J●❆ ✇❛& ✐♠♣❧❡♠❡♥2❡❞ ❛& &2❛2❡ ♠❛❝❤✐♥❡& 2♦ ♠❛❦❡ 2❤❡ ❞❡&✐❣♥ ♠♦❞✉❧❛.✱

.❡♣.♦❞✉❝✐❜❧❡✱ ❛♥❞ ♦♣2✐♠✐③❡❞✳

❚❤❡ ❋J●❆ ♣❡.❢♦.♠& ❛ ❢❡✇ ♦♣❡.❛2✐♦♥& ❝♦♥2✐♥✉♦✉&❧② 2❤❛2 ❛.❡ ✈✐2❛❧ 2♦ ✐2✬& ♦♣❡.❛2✐♦♥✳ ❆ ❝❧♦❝❦ &✐❣♥❛❧ ✐&

❞❡.✐✈❡❞ ♦✛ ♦❢ ❛ ✶✹✽✳✺ ▼❍③ ♦&❝✐❧❧❛2♦. ✐♥❝❧✉❞❡❞ ♦♥ 2❤❡ 2❡&2 ❦✐2 ❛❢2❡. ❜❡✐♥❣ ❢❡❞ 2❤.♦✉❣❤ ❛ ♣❤❛&❡ ❧♦❝❦❡❞ ❧♦♦❦

✭J▲▲✮ ✇❤✐❝❤ ❝♦♥✈❡.2& 2❤❡ &✐❣♥❛❧ 2♦ ❛ ✷✵✵✳✵✻✷✺ ▼❍③ ❝❧♦❝❦ ❛♥❞ ❢❡❡❞& ✐2 ♦✛ 2❤❡ ❜♦❛.❞ ✈✐❛ ❙✉❜▼✐♥✐❛2✉.❡ ✈❡.&✐♦♥

❆ ✭❙▼❆✮ ❝❛❜❧❡✱ ❤✐❣❤❧✐❣❤2❡❞ ✐♥ ❜❧✉❡ ✐♥ ❋✐❣✉.❡ ❈✳✷✱ 2♦ 2❤❡ ❝❧♦❝❦ ✐♥♣✉2 ♦❢ 2❤❡ ❆❉❈✱ ❛& ❝❛♥ ❜❡ &❡❡♥ ✐♥ ❛& 2❤❡

❝❛❜❧❡ ❝♦♥♥❡❝2✐♥❣ 2❤❡ ❋J●❆ ❛♥❞ ❆❉❈ ❛2 2❤❡ ❜♦22♦♠ ♦❢ ❋✐❣✉.❡ ❈✳✶✳ ❚❤❡ ❆❉❈ 2❤❡♥ ✉&❡& 2❤✐& ❝❧♦❝❦ 2♦ &❛♠♣❧❡

✐♥❝♦♠✐♥❣ &✐❣♥❛❧& ❛♥❞ ❢❡❡❞& 2❤❡ &❛♠♣❧❡❞ ✈❛❧✉❡& ❛♥❞ &2❛2❡ ♦❢ 2❤❡ &❛♠♣❧❡ ❝❧♦❝❦ ❜❛❝❦ 2♦ 2❤❡ ❆❉❈ ✈✐❛ 2❤❡ ❍❙▼❈

✭❍✐❣❤ ❙♣❡❡❞ ▼❡③③❛♥✐♥❡ ❈❛.❞✮ ❜.✐❞❣❡✳ ❚❤❡ ❝❧♦❝❦ ❛♥❞ ❞❛2❛ ❛.❡ 2❤❡♥ &❛♠♣❧❡❞ ❜② ❛ ❞♦✉❜❧❡ ❞❛2❛ .❛2❡ ♠♦❞✉❧❡

❛♥❞ ❛❧✐❣♥❡❞ 2♦ ❡❛❝❤ ♦2❤❡. ❜② ❛ J▲▲✳ ■2 ✐& ✐♠♣♦.2❛♥2 2♦ ♥♦2❡ 2❤❛2 2❤❡ ❜✐2& ♦❢ ❡❛❝❤ &❛♠♣❧❡ ❛.❡ ✐♥2❡.❧❡❛✈❡❞ ❛2

2❤✐& ♣♦✐♥2 ❛♥❞ ♠✉&2 ❜❡ ❞❡✲✐♥2❡.❧❡❛✈❡❞ 2♦ ♣.♦♣❡.❧② .❡❝♦✈❡. 2❤❡ &❛♠♣❧❡✳ ❚❤❡ ❝❧♦❝❦ 2❤❛2 ✐& ❞❡.✐✈❡❞ ❛2 2❤✐& ♣♦✐♥2

✐& 2❤❡ ❝❧♦❝❦ ✇❤✐❝❤ ❝♦♥2.♦❧& ❛❧❧ ♦2❤❡. ♦♣❡.❛2✐♦♥& ♦❢ 2❤❡ ❋J●❆✳

❚❤❡ ♠♦♠❡♥2 2❤❡ ❋J●❆ ♣.♦❣.❛♠ ✐& ❧♦❛❞❡❞ ❛ ❧♦❝❛❧ ❝♦✉♥2❡. ❜❡❣✐♥& ✐2❡.❛2✐♥❣ ✉♣ ❢.♦♠ ✵ 2♦ ✐♥❞✐❝❛2❡ 2❤❡ ❧♦❝❛❧

2✐♠❡ ❢♦. 2❤❡ ❞✐❣✐2✐③❡. &②&2❡♠✳ ❚❤❡ ❝♦✉♥2❡. ✐& ✹✽ ❜✐2& ✐♥ ❧❡♥❣2❤ ❛♥❞ ❤❛& ❛ .♦❧❧♦✈❡. ❛♣♣.♦①✐♠❛2❡❧② ❡✈❡.② ✶✹✵✼✸✼✹







∼



✷✶✾

❚❤❡ ♥♦(♠❛❧ ❛♥❞ ❢♦(❝❡❞ ❞❛/❛ /❛❦✐♥❣ ♠♦❞❡3 ❛(❡ ❛❝/✉❛❧❧② /❤❡ 3❛♠❡ 3❡/ ♦❢ ❝❛3❡ 3/❛/❡♠❡♥/3 ✇✐/❤ ❞✐✛❡(❡♥/

3✉❜ ❝❛3❡ 3/❛/❡♠❡♥/3 /❤❛/ ♣❡(❢♦(♠ ♦♣❡(❛/✐♦♥3 ❞❡♣❡♥❞✐♥❣ ♦♥ /❤❡ 3/❛/❡ ♦❢ /❤❡ ❢♦(❝❡❞ /(✐❣❣❡( ✢❛❣✱ ✵❂♥♦/ ❛

❢♦(❝❡❞ /(✐❣❣❡(✱ ✶❂❢♦(❝❡❞ /(✐❣❣❡(✳ ❚❤❡ ❛❝/✐✈❛/✐♦♥ ♦❢ /❤❡ ♥♦(♠❛❧ ♦( ❢♦(❝❡❞ ♠♦❞❡ ❛❧3♦ 3/❛(/3 ❛ 3❝❛❧❡( ❝♦✉♥/❡(✱

/❤✐3 ❝♦✉♥/❡( ❝❤❡❝❦3 ♦♥ ❡✈❡(② ❝❧♦❝❦ ❝②❝❧❡ ✐❢ /❤❡ ✐♥❝♦♠✐♥❣ ❞❛/❛ ✐3 ❛❜♦✈❡ ❛ 3❝❛❧❡( /❤(❡3❤♦❧❞✱ ✇❤✐❝❤ ❝❛♥ ❜❡ 3❡/

✐♥❞❡♣❡♥❞❡♥/ ♦❢ /❤❡ ♥♦(♠❛❧ /❤(❡3❤♦❧❞✳ ■❢ /❤❡ /❤(❡3❤♦❧❞ ✐3 ❡①❝❡❡❞❡❞ /❤❡ 3❝❛❧❡( ❝♦✉♥/❡( ✐3 ✐♥❝(❡♠❡♥/❡❞ ❜② ♦♥❡✳

❊✈❡(② 218 ❝❧♦❝❦ ❝②❝❧❡3 ✭ ❡✈❡(② ♠✐❧❧✐3❡❝♦♥❞✮ /❤❡ ✈❛❧✉❡ ♦❢ /❤❡ 3❝❛❧❡( ❝♦✉♥/❡( ✐3 ♣✉3❤❡❞ /♦ /❤❡ ❛ ♣(♦❝❡33♦( ❢♦(

(❡❝♦(❞✐♥❣ ❛♥❞ /❤❡♥ (❡3❡/ /♦ ✵✳ ❚❤❡ ♣(♦❝❡33♦( ✐3 3❡/ ✉♣ /♦ ❞✐(❡❝/❧② (❡❛❞ /❤❡ ♦✉/♣✉/ ♦❢ /❤❡ 3❝❛❧❡( ❝♦✉♥/❡(

❛♥❞ ❜✉✛❡(3 ✇❤✐❝❤ ❝♦♥/❛✐♥ ✇❛✈❡❢♦(♠3 ❛♥❞ ❤❡❛❞❡( ✐♥❢♦(♠❛/✐♦♥ ❢♦( /❤♦3❡ ✇❛✈❡❢♦(♠3✳ ❆3 ❛ (❡3✉❧/ /❤❡(❡ ❛(❡

3♦♠❡ ❝♦♠♠✉♥✐❝❛/✐♦♥3 ✇❤✐❝❤ ❣♦ ❜❡/✇❡❡♥ /❤❡ ❋G●❆ ❛♥❞ ♣(♦❝❡33♦( /❤❛/ ❜❡❝♦♠❡ ♥❡❝❡33❛(②✳ ❚❤❡ ❡①/❡♥/ ♦❢

/❤❡ ♣✉(♣♦3❡ ♦❢ /❤❡3❡ ❝♦♠♠✉♥✐❝❛/✐♦♥3 ✐3 /♦ 3/❛(/ ❛♥❞ 3/♦♣ ❞❛/❛ ❛❝I✉✐3✐/✐♦♥ 3♦ /❤❡ ♣(♦❝❡33♦(✬3 ❜✉✛❡(3 ❞♦♥✬/

♦✈❡(✢♦✇ ❛♥❞ 3✉❜3❡I✉❡♥/❧② ❧♦3❡ ❞❛/❛ ❜❡❢♦(❡ /❤❡② ❛(❡ ❡♠♣/✐❡❞✳ ❚❤✐3 ✐3 ❛ ❞✐✣❝✉❧/ ♣(♦❜❧❡♠ /♦ ♦✈❡(❝♦♠❡ ❜❡❝❛✉3❡

/❤❡ ♣(♦❝❡33♦( ✐3 (✉♥♥✐♥❣ ❛/ ❛ ♠❛①✐♠✉♠ 3♣❡❡❞ ♦❢ ✶✵✵ ▼❍③ ❛♥❞ /❤❡(❡❢♦(❡ ❝❛♥ ♦♥❧② ♣✉❧❧ ♦♥❡ 3❛♠♣❧❡ ♦✛ ❛ 3/♦(❛❣❡

❛((❛② ❢♦( ❡✈❡(② /✇♦ ✇(✐//❡♥ ✐♥/♦ ✐/✳ ❆3 ❛ (❡3✉❧/ /❤❡ ❉❆◗ ♠✉3/ 3/♦♣ ❞❛/❛ ❛❝I✉✐3✐/✐♦♥ ❛♥❞ ❞(❛✐♥ /❤❡ ❜✉✛❡(3

✇❤❡♥ ✉3✐♥❣ /❤❡ ♣(♦❝❡33♦(✳ ▼♦(❡ ❛❜♦✉/ /❤✐3 ✇✐❧❧ ❜❡ ❞✐3❝✉33❡❞ ❛❢/❡( ❞❡3❝(✐❜✐♥❣ /❤❡ ✢♦✇ ♦❢ /❤❡ ❞❛/❛ ❛❝I✉✐3✐/✐♦♥✳

❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ /❤❡ ❞❛/❛ ❛❝I✉✐3✐/✐♦♥ 3②3/❡♠ ✐3 /♦ ❤❛✈❡ ❛ ❜✉✛❡( ♦❢ /❤❡ ♣❛3/ ◆ ❡✈❡♥/3 ❛♥❞ ✐♥3♣❡❝/ /❤❡ ♠♦3/

(❡❝❡♥/ ❢♦( ♣❛33✐♥❣ ♦❢ ❛ /❤(❡3❤♦❧❞✳ ❲❤❡♥ /❤✐3 ✐3 /(✉❡ /❤❡ ❜✉✛❡(✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡3 /❤❡ ❛❜♦✈❡ /❤(❡3❤♦❧❞ ♣♦✐♥/✱

❜❡❣✐♥3 ❜❡✐♥❣ 3❛✈❡❞ ✐♥ ❛ ✇❛✈❡❢♦(♠ ❜✉✛❡( ✉♥/✐❧ /❤❡ ✐♥❝♦♠✐♥❣ ❞❛/❛ ❤❛3 ❣♦♥❡ ❜❡❧♦✇ /❤(❡3❤♦❧❞ ❢♦( ❛ 3♣❡❝✐✜❡❞

❛♠♦✉♥/ ♦❢ /❤❡♠✳ ❆/ /❤✐3 ♣♦✐♥/ ❛ ❤❡❛❞❡( ✇✐/❤ /❤❡ ❡✈❡♥/ /✐♠❡✱ ❡✈❡♥/ ❧❡♥❣/❤✱ ❢♦(❝❡❞ /(✐❣❣❡( ✐♥❢♦✱ ❛♥❞ ❜❛3❡❧✐♥❡

❛❞❥✉3/♠❡♥/ ♣❛(❛♠❡/❡(3 ✐3 3❛✈❡❞ ✇❤✐❧❡ ♥❡✇ ❞❛/❛ ✐3 ❛♥❛❧②③❡❞✳ ❚❤✐3 3②3/❡♠ ✐3 ✈✐3✉❛❧✐③❡❞ ✐♥ ❋✐❣✉(❡ ❈✳✹ ❛♥❞ /❤❡

3/❛/❡ ❞✐❛❣(❛♠ ✐3 ✐♥ ❋✐❣✉(❡ ❈✳✺✳ ❚❤❡ ❞❛/❛ ❛❝I✉✐3✐/✐♦♥ 3/❛/❡3 ❛(❡ ❞❡3✐❣♥❡❞ /♦ ❤❛✈❡ ♥♦ ❞❡❛❞/✐♠❡ ✇❤❡♥ ♦♣❡(❛/✐♥❣

✇✐/❤♦✉/ /❤❡ 3❧♦✇ ♣(♦❝❡33♦(✱ ✇(✐/✐♥❣ /♦ /❤❡ ✇❛✈❡❢♦(♠ ❜✉✛❡( ❤❛♣♣❡♥3 ♦♥ ❡✈❡(② ❝❧♦❝❦ ❝②❝❧❡ ❛♥❞ ✇(✐/✐♥❣ /♦ /❤❡

✇❛✈❡❢♦(♠ ❤❡❛❞❡( ❜✉✛❡( ♦❝❝✉(3 ❛❢/❡( ❛♥ ❡✈❡♥/ ❤❛3 ✜♥✐3❤❡❞ 3✐♠✉❧/❛♥❡♦✉3❧② ✇✐/❤ ❛ ♥❡✇ ❡✈❡♥/ ❜❡✐♥❣ ❧♦♦❦❡❞ ❢♦(✳

❈✳✷ ❉❛%❛ ❚❛❦✐♥❣ ❙❡%✉♣ ❢♦1 %❤❡ ❉❆◗ ❙②6%❡♠

❚❤❡ 3②3/❡♠ ✇❛3 ✈❛❧✐❞❛/❡❞ ✇✐/❤ ❛ 3✐♠♣❧❡ ❡①♣❡(✐♠❡♥/❛❧ 3❡/✉♣ ✇❤✐❝❤ ✐♥✈♦❧✈❡❞ ❛ ❧✐❣❤/ ♣✉❧3❡ ❣❡♥❡(❛/♦(✱
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